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Random lattice networks generally exhibit spurious heterogeneity that can overshadow
important aspects of material behavior, particularly when modeling fracture in homogeneous
materials. This issue is resolved through the innovative use of a crack band model for fracture
within the Rigid-Body-Spring Network approach. Analyses of concrete compact tension specimens
are conducted to demonstrate model objectivity with respect to size and geometry of the network
components. During mode I cracking, fracture energy consumption is uniform along the crack

path, independent of the meshing strategy.
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1. INTRODUCTION

Lattice models are an effective means for
studying the fundamental aspects of fracture
in various natural and engineered materials®.
In particular, lattice models have been used to
study the process of fracture localization and
macroscopic softening of quasi-brittle materials,
such as concrete?»®). The lattices are typically
formed from basic mechanical elements, such as
central-force springs or beam-springs, which are
interconnected at nodal sites. The distribution
of nodal sites is often regular, so that each site
has the same coordination number. However,
random site distributions are preferred for some
applications since random geometry networks
have exhibited less mesh bias with respect to
potential cracking directions®.

Fracture is represented by breaking the springs
according to simple rules, which are typically
defined local to the lattice element axes. Com-
monly, a measure of stress is determined from
spring axial force (and moments in beam-springs),
which is then used within criteria for deciding
crack initiation and propagation. As shown in

this paper, lattice elements that are oriented
skew to the prevailing loading direction tend
to provide excessive strength and toughness
during fracture, similar to the stress locking that
occurs in finite element models with smeared
cracking®. Consequently, local fracture energy
consumption varies greatly during crack advance
through random networks. Although disorder in
actual materials causes fluctuations in strength
and toughness, the spurious heterogeneity arising
from network geometry is undesirable in that it
bears no connection to actual material features
and, as will be shown later, can lead to unrealistic
results. One general goal is to remove mesh bias
on fracture so that disorder can be implemented
in a rational manner, either by explicit or
probabilistic means. Reduction of mesh bias has
been accomplished in finite element models of
softening materials using various sophisticated
approaches, including the use of:

e nonlocal and higher-order continuum
theories®: 7)),

e a displacement (or displacement gradient)
jump embedded within the element shape
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9),10),11)

functions , O

e adaptive remeshing about the crack tip
12),13)

region .

As noted above, smeared crack finite element
models of fracture in softening materials gener-
ally exhibit stress locking®. The problem can be
severe even for mode I type cracking when the
crack runs skew to the principle directions of a
regular mesh or, more generally, when the crack
traverses a mesh based on irregular geometries,
such as those constructed using random numbers.
The use of random geometries to discretize
the domain is attractive in that it facilitates
automatic mesh generation.

In this work, fracture is modeled using a
Rigid-Body-Spring Network (RBSN), which is
a special type of random lattice network™®.
More specifically, the crack band concept!® is
implemented within the RBSN to obtain uniform
fracture energy consumption along the principal
crack trajectory, independent of network size
and geometry. The technique is demonstrated
through analyses of concrete fracture specimens.
As mentioned, concrete materials exhibit soften-
ing behavior during tensile cracking!®1"). To
relate this demonstration to actual test results,
the material softening relations used in the anal-
yses are determined through an inverse analy-
sis procedure that utilizes Levenberg-Marquardt
minimization.

2. THE RBSN APPROACH

The RBSN is based on the Rigid-Body-Spring
Model (RBSM) developed by Kawail®). In
the RBSN approach, the material domain is
discretized using a Voronoi diagram'® on a
set of randomly distributed points, or nuclei
(Fig. 1); network degrees of freedom are defined
at the nuclei. System flexibility is lumped
into zero-size spring sets that interconnect the
rigid Voronoi cells along their common boundary
segments. Each spring set consists of a normal,
tangential, and rotational spring oriented local
to the boundary segment. Spring stiffnesses are
scaled in proportion to the distance between the
cell nuclei, h, and the length of the common
boundary segment, £, in a manner that represents
the elastic properties of the continuum!®)20),
System equilibrium equations are constructed
from each elemental unit (i.e. each two-cell

Fig. 1 RBSN model: a) Voronoi discretization of
a multi-phase material; b) basic elemental
unit along material interface; and c¢) basic

elemental unit within homogeneous phase

subassembly) using the direct stiffness method.
Tensile fracture within the RBSN is repre-
sented using the crack band concept of Bazant
and Oh ). For each load step, and during equi-
librium iterations, the forces in the spring sets
are determined from the displacement solution.
Average measures of normal and tangential stress
are computed by dividing the corresponding
spring set force components by the associated
boundary segment area. The strength and
fracture energy properties of each spring set are
defined according to a softening diagram, such
as that shown in Fig. 2, where o is crack normal
stress and w is the crack opening displacement.
The elastic properties of critical spring sets
are degraded through a series of fracture events.
The ratio R of normal stress to initial strength
(or to residual strength defined by the soft-
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Fig. 2 Bilinear softening diagram

ening curve after crack initiation) defines the
criticality of each spring set. As is common
for lattice models, only the spring set with the
greatest R > 1 undergoes fracture during a
computational cycle. With each fracture event,
spring forces are released in accordance with the
softening relation, which produces an inbalance
between the external and internal nodal force
vectors. Conventional Newton-Raphson type
iterations are performed to eliminate the out-of-
balance forces to within a preset tolerance. Such
convergence is required before incrementing the
external forces and/or displacements.

Specific fracture energy, Gp, is equal to
the area under the stress versus opening dis-
placement diagram (i.e., the energy consump-
tion per unit area of crack formation). To
realize constant fracture energy consumption for
different cell sizes, damage is assumed to be
uniformly distributed over the element length
according to the crack band concept. Strain
values characterizing the softening response are
dependent on crack band width:

€7 = — 1

where € is the crack strain and h is the crack
band width, defined as the distance between
contiguous cell nuclei. This definition implies
that the crack band forms parallel to the bound-
ary segment and has the dimensions shown in
Fig. 3a.

3. NETWORK GEOMETRY BIAS ON
FRACTURE

When modeling heterogeneous materials, the
geometry of the network either:

1. corresponds to specific features of the mate-
rial structure, such as an interface between
different phases of a composite material like
concrete (Fig. 1b); or

Fig. 3 Crack band orientation and dimensions for:
a) band direction parallel to boundary segment;
and b) band direction defined by angle

2. is not related to any material feature, such as
when representing homogeneous properties
within a single phase (Fig. 1c).

In most lattice models, including previous appli-
cations of the RBSN approachm)m), the fracture
properties depend on element orientation with
respect to the loading direction. For example,
lattice element fracture criteria often contain an
axial force term. As shown by the following
example, such models are not well-suited for
modeling arbitrary crack movement in homoge-
neous media (i.e. case 2 above).

Figure 4 shows a two-cell assembly loaded
under controlled axial displacement. The relative
displacement between the two nuclei in the
direction of loading is d; the average stress over
the assembly cross-section (taken perpendicular
to the direction of loading) is denoted by &. The
stress acting normal to the boundary segment is

5
On = ?% (2)

where F,, is the force in the spring oriented
normal to the boundary segment and ¢ is the
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Fig. 4 Uniaxial tension analyses

material thickness. The fracture criterion is
based on oy, in conjunction with the softening
relation shown in Fig. 2.

Load-displacement curves are produced for
boundary segment inclinations ranging from o =
0° to 60° (Fig. 4). Length a is the distance
between the nuclei in the direction of loading;
its value is held constant as one means for
interpreting the effects of a. Peak load, &max,
and traction-free crack width, dp, are simple
functions of &2, both increasing with larger «.

Tmax = [t sec’ o (3)

and
8o = w2 seca, (4)

where f; is the uniaxial tensile strength of the
material and wy is the traction free opening in
the direction normal to the common boundary
segment. Clearly, fracture energy consumption
depends on the boundary segment orientation
with respect to the principal tension direction.
This is precisely the type of bias present in lattice
models that rely on element axial force terms
within the fracture criteria.

4. AN OBJECTIVE FRACTURE
CRITERION

Consider crack band orientation as defined
by angle 6 with respect to the element axis
(Fig. 3b). The crack band width is hcosé,
which is the distance between the corresponding
cell nuclei in the direction defined by #. The
crack band length is £cosf. Angle 6 can be
determined so that fracture runs perpendicular

Fig. 5

Crack band model for objective fracture
criterion

to the direction of major principle tensile stress,
as supplied by an algorithm for computing
tensorial stress measures within the RBSN20),
For the tensile type loadings considered here, the
following alternative approach is used.

Figure 5 shows normal and tangential spring
set forces for a two-cell assembly. The crack band
is assumed to form perpendicular to the resultant
of this force pair, Fr. The average stress acting
over the crack band is

O’R=FR/(1€£COS¢9R). (5)

The stress op is compared with the current
strength of the spring set, defined by the soft-
ening relation, to determine the criticality of the
spring set. If the direction of force resultant
approaches that of the boundary segment (i.e.,
if |0g| approaches 7/2), then the denominator
in Eq. (5) goes to zero. This is generally not a
problem because Fg also diminishes, if the stress
state is primarily uniaxial tension. However,
to avoid potential difficulties, especially when
|0r| ~ 7/2, a minimum threshold is set on the
cosfp term.

Using this approach, the load displacement
curves produced for the specimen in Fig. 4
are independent of « and match the results for
a = 0. Moreover, this approach preserves proper
fracture energy consumption under changes in
both mesh size and geometry, as demonstrated
in the next section.
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Fig. 6 CT specimen configuration®)

5 MODEL APPLICATION

(1) Problem description

Objectivity of the new fracture criterion is
demonstrated through analyses of concrete com-
pact tension (CT) specimens. The experimental
results produced by Wittmann et al.2®) are used
for comparison. The specimen configuration is
shown in Fig. 6. Two varieties of discretization
are considered here: 1) one that anticipates the
crack trajectory with a straight line discretization
along the ligament length, and 2) one that uses
a random geometry discretization of the liga-
ment, so as not to anticipate cracking direction
(Fig. 7). Both specimens are based on nearly the
same average cell density in the ligament region.

(2) Inverse analysis of softening
parameters

The parameter values for the bilinear soft-
ening relation (i.e., fy, o1, wi, and ws in
Fig. 2) are determined through an inverse anal-
ysis procedure, which maximizes the correlation
between the numerical and experimental curves
representing load versus crack mouth opening
displacement (CMOD). For any given CMOD,
represented by A in Fig. 8, there is typically
a difference, or error, between the calculated
and measured reactive forces. An optimal set
of parameters can be extracted by minimizing
the square of this error over a length of the
response curve (e.g., for A ranging from 0
to a maximum opening, Ag). A Levenberg-
Marquardt algorithm is used to minimize the

Fig. 7 Mesh designs: a) straight line discretization
along ligament length; b) random discretiza-
tion along ligament length

P —— nummerical analysis
| — —— experiment

Fig. 8 Inverse analysis of softening parameters
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following functional relation??:

Do
F(fro1,w1,w2) ‘—:/
0

[Po(foorwnws) — P2 dA (6)

where P, and P. represent the numerical and
experimental reactive forces, respectively. To
determine the softening parameter set for the
analyses that follow, this procedure was applied
using the CT specimen with the embedded
straight crack path. Using the derived param-
eter set, shown in Fig. 9, a forward analysis
reproduces the experimental result. Alternative
methods for inverse analysis of the softening
parameters are described elsewhere?4)25),26)

(3) Load-CMOD response

Using the random discretization over the
ligament region, the CT specimen is analyzed
using the fracture criteria based on ¢, and og,
as determined from egs. (2) and (5), respectively.
Load-CMOD curves produced by each analysis
are compared with the benchmark case result
(i-e., that obtained from the embedded straight
crack path) in Fig. 10. The results from the o,
criterion exhibit higher peak load and increased
energy consumption in the post-peak regime of
the loading history. On the other hand, the
oR criterion results agree well with those of the
benchmark case. The slight differences between
the results of the oy criterion and the benchmark
case are due to the non-horizontal action of op
for spring sets located off the plane of symmetry,
especially near the prenotch tip. Fixing angle 6
for each spring set so that the crack band is
vertical yields results that are identical to the
benchmark case.
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Fig. 10 Load versus CMOD diagrams for different
modeling strategies

Analyses based on different realizations of the
random geometries produce the results shown
in Fig. 11. Using the o, criterion, analyses
exhibit significant scatter in the results. Using
the og criterion, however, consistent results are
obtained. The reasons for this behavior can
be explained by examining energy consumption
along the crack trajectory.

(4) Fracture energy consumption

Each discrete fracture event consumes an
amount of energy, which can be computed from
the change in reactive force at the load points
for that computational cycle. The energy value
and the associated spring-set number are stored
in memory for later use in a post-processing
module, so that the distribution of local en-
ergy consumption, gp, can be viewed at any
load stage. Figure 12 shows distributions of
energy consumption (up through a load point
displacement of 2.25 mm) for the specimens
with straight crack and random crack geometries.
Fach segment of the energy distribution plot
corresponds to a damaged spring set. The
energies have been normalized by Gy, the area
under the bilinear softening diagram used for
the analyses (Fig. 2). The thicknesses of the
lines indicating cracking are scaled in proportion
to crack opening displacement. Minor damage
occurs outside of the crack band, yet such
information does not appear in the graphics since
the corresponding opening displacements and
energy consumptions are orders of magnitude less
than those of the crack band.

As expected, the straight crack analysis pro-
duces uniform energy consumption along the
crack trajectory. In contrast, the random geom-
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Fig. 11 Analysis results for different random realiza-
tions of network geometry

etry analysis based on the o, criterion exhibits
large variations in energy consumption over the
ligament length, which may be viewed as artificial
heterogeneity of the network. Elements with
boundary segments that are nearly in line with
the preferential crack direction consume fracture
energy gr ~ Gp, while those oriented at larger
angles consume a proportionally greater amount
of energy. This form of locking can cause the
damage band to broaden and is not compatible
with the use of a softening relation derived from
inverse analysis. This problem with element
locking can be partially avoided through the
use of a fracture surface in stress space (e.g.,
a Mohr-Coulomb surface®?)), yet the physical
interpretation of such a model is unclear.

For the random geometry analysis based on
the ogr criterion, the energy distributions are
nearly uniform along the principal crack trajec-
tory, with gr =~ Gp. (Fixing 8 to achieve a
vertical crack band for each spring set yields gp =
G over the ligament length.) Crack propagation
through the random mesh produces practically
the same results as crack propagation along a
smooth, predefined pathway. This is desirable
in that the random geometry does not represent
any structural features within the material, but

b) 01 2 3 95/Gp

S

c) 01 2 3 95/Gp

Fig. 12 Fracture energy distributions along liga-
ment length for: a) embedded straight crack
path; b) random discretization (o, criter-
ion); ¢) random discretization (o g criterion)

rather has been used to facilitate discretization
of the domain.

(5) Observations

The reduction of stress locking in continuum
finite elements is complicated due, in part, to
the dependence of element cracking on multiple
nodal points: at least three nodes affect cracking
within planar finite elements, while at least four
nodes affect cracking within volume elements
for three-dimensional analysis. In contrast, the
modeling of material separation within a RBSN
element involves only two nodal points, even
when extending the analysis framework to three
dimensions. For the mode I openings considered
here, stress locking is effectively eliminated using
the simple concept outlined in Sec. 4 (i.e., the
use of a crack band directed perpendicular to
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the tension force resultant of the corresponding
spring set). Both the crack initiation and crack
propagation criteria are invariant with respect
to the local geometry of the lattice, which has
important implications for the lattice modeling
of fracture, in general.

Nonlinear fracture mechanics models are prac-
tical because the complex mechanisms of the
fracture process are not explicitly modeled, but
rather are treated from an energy balance per-
spective. Here, through the use of the crack
band approach’®), the softening relation accounts
for the various toughening mechanisms active
during concrete fracture, such as distributed mi-
crocracking, resistance to separation of tortuous
surfaces, and crack face bridging. The crack band
modeling of fracture also applies when there is no
abrupt change in geometry, such as a prenotch,
to promote fracture initiation. For example, the
RBSN approach has been successful in modeling
distributed cracking (including crack spacing and
crack widths) over the constant moment region of
structural concrete members?):27),

The fracture model presented in this paper is
applicable when the local stress state is primarily
uniaxial tension. Although this capability is
important for a variety of material and structural
analyses, many of the research needs in struc-
tural concrete involve compressive failure and/or
fracture under multi-axial loadings. Current
work involves extending the RBSN modeling of
fracture to handle more general loading cases.

6. CONCLUSION

For most lattice models, fracture depends on
the orientation of the lattice components with
respect to the governing tension field. The result-
ing local variations in strength and toughness can
be viewed as artificial heterogeneity of the lattice
network. Such behavior is often problematic,
particularly when modeling crack propagation
through homogeneous media, where the lattice
component geometry and orientation bear no
relation to any specific features of the material.

In this work, objectivity with respect to
network component geometry has been achieved
through the innovative use of a crack band model
within the RBSN approach. Analyses of concrete
CT specimens have been used to demonstrate
the method’s ability to realize uniform fracture
energy consumption during mode I cracking,
independent of the mesh design. This basic

result for the homogeneous case is applicable
to many types of concrete analysis and is a
starting point for more rational representations of
heterogeneity, either by explicit or probabilistic
means. Since this new method eliminates mesh
bias on cracking, one of the primary motivations
for using random lattices has been removed. The
issue of whether to use regular or random lattices
should be revisited.
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