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According to experimental results of dynamic field tests, a response of external girder is considerably
different from internal one's. This difference is come from influence of torsional vibration coupling with
bending vibration of a bridge. In this study, simultaneous nonstationary random vibrations of a bridge and
moving vehicles are theoretically analyzed by means of random vibration theory, taking account of
roadway roughness and coupling vibration of bending and torsion. RMS values of random response of
girder bridges are calculated and compared with those from simulation analysis.
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1. INTRODUCTION Meanwhile, according to experimental results of

Dynamic response of highway bridges under moving
vehicles has been investigated in connection with impact
factor used in strength design of bridges"”™. Traffic-
induced vibration of highway bridges is affected
considerably by not only dynamic characteristics of
bridge and vehicle but also roadway roughness. Even
assuming that a sequence of roadway roughness is a
stationary random process, traffic-induced vibration of
bridges shows properties of nonstationary ones, because
vibrating vehicles are moving on bridges”>"?'%. For
theoretical analyses of dynamic response of highway
bridges under moving vehicles taking account of
roadway roughness, random vibration theory is utilized
as well as simulation method”®. One of authors
presented an analytical method of  simultaneous
nonstationary random vibrations of both bridge and

moving vehicles by means of random vibration thecryw),

and proposed formulae of impact factor'".

This paper is translated into English from the
Japanese paper, which originally appeared on J.
Struct. Mech. Earthquake Eng., JSCE, No.570/1-40,
pp-231-238, July, 1997.

dynamic field tests, dynamic response of external girder
is considerably different from internal one's'>". This
difference comes from influence of torsional vibration
coupled with bending vibration of a girder bridge. When
a moving vehicle is running on the lane eccentric from a
shear center of cross section of a bridge with more than
two traffic lanes, tortional vibration coupled with
bending vibration of a bridge must be considered for
estimating dynamic response of a bridge. Torsional
vibration also has a large effect on estimating vibration
serviceability of pedestrians because sidewalk is located
at the edge of deck.

In this study, simultaneous nonstationary random
vibrations of both bridge and moving vehicles are
theoretically analyzed by means of random vibration
theory, taking account of roadway roughness and
coupling vibration of bending and torsion. The validity
of this method is investigated by comparing root mean
square (RMS) values of dynamic response of a bridge
based on the present procedure with those due to
simulation analytical method. RMS values of the internal
girder are compared with those of the external one. The
influence of characteristics of moving vehicles on
dynamic response of a highway bridge is investigated.
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2. ANALYTICAL PROCEDURE

(1) Fundamental equations of motion

Fundamental equations of motion for a simple girder
bridge subjected to loadings of a series of moving
vehicles are firstly derived under the following
assumptions.

@ A simple girder bridge is a plane system, having a
certain cross section over the whole length.

@ Each moving vehicle is a two-degree-of-freedom
damped sprung-mass system which has front and rear
axles.

® A sequence of the roughness of roadway surface is a
stationary random process.

As shown in Fig.1, the center of gravity G of a bridge
cross section is defined as the origin, the y coordinate
axis is taken in the direction of vertical downward.
Disregarding  vibration of horizontal  direction,
simultaneous equations for bending vibration and
torsional vibration can be written as follows;

&ty v &
EIZE;Z"+mA +mAz, ¢~qy(t x)
2 2 2
EC, yf—GKﬁ‘% mAz §Z+m]5—01~?=mx(t,x)
Ox Ox? ' ot ot
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where,

m :mass per unit volume of a bridge,
A area of cross section of a bridge,
z, 1z coordinate of the shear center,

EI, :bending rigidity around z axis,

GK torsional rigidity, EC, :warping rigidity,

q,(t,x) :external force in the direction of

vertical downward,
m,(t,x) :external moment around X axis
(longitudinal axis of a bridge),
1, :inertia moment around the shear center
( =lg+Az +30) ),

I; :inertia moment around the gravity center.

The dynamic vertical deflection v and torsional
deflection ¢ at an arbitrary point x of longitudinal

axis of a bridge and at any time ¢ are expressed by the

following equations, employing generalized coordinates

a (t)and c,(¢), and normal mode functions v,(x) and

¢,(x) satisfied with the boundary conditions of a bridge,
respectively.

v(t,x) =2 a, (), (x)

} @

pt,x) =2 ¢, ()@, (x)
The simultaneous differential equations of bending and

torsional vibration of a bridge under moving vehicles on
the lane eccentric from the shear center by taking
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Fig.2 Analytical models of a bridge and moving vehicles

account of viscous damping of a bridge can be written as
follows;
a, (8) +2hy, Pyt (:) + p,fna () +2,8,(2)
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where,

2 YA
Dy = [ﬂ) [EZ} :the » -th natural circular

IA m

frequency of bending vibration of a bridge,

: VP %
|| GK)(nz -| GK
Pm—[lb ]L’L{( k) +1H k= l{ C”} ithe

n -th natural circular frequency of torsional vibration,
by, h,, :damping constant of bending and
torsional vibration,
yi=1,14,
e :eccentric distance between the shear center

and the loading point of vehicles,
h :number of vehicles,
=v(t~1,)- 4

Jsk 3

Py (t) = ———P (t) , P,(2) are the loading forces of

ax(s)

front and rear wheels,

ax(s) mumber of axles of front and rear wheels,
where, ax(1)=1,ax(2)=2.
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As shown in Fig.2, if each moving vehicle is idealized
in a two-degree-of-freedom sprung-mass system, the
motion of the vehicle can be described in terms of the
vertical displacement z,(#) of the center of gravity G

and the rotational angle 6,(r) about it of the j-th

moving vehicle as follows;

m;z () + ivﬁ(x)zo

mr20, ()~ z( 1) Ay () =0 @
(=12, ... )
where,
ax(s)
Vjs(t)zkvjs{z ( ]) ﬂ' 9 RN Z y\ysm}
( )
ax(s) (%)
yys{z -(- 1) /1 9 —_a‘x“(-_)' Zyv_jsm}
where
m; J : the mass moment of inertia of vehicle.

The other symbols are referred in Fig.2 and the
displacement y,,, of the loading point of the moving
vehicle is expressed as follows;

= v(’:xjsm)+¢(tsxjsm)e—20(xjsm)

= Z ag(t)vg(xjsm)+z cg (f)¢’g(xjsm)e—20 (xjsm)
g g

(G=12-h, s=12, m=1,ax(s)) (6)
The loading forces of front and rear wheels are
expressed as follows;

A
Py(n)= 1—7— m;g+v (1)
J
(=12,h s=12)
where, g :the acceleration of gravity.

By using Eqgs.(5),(6) and (7), simultaneous differential
equations of a bridge and moving vehicles on roadway
roughness can be derived from Eqgs.(3) and (4).

When the mean values of nonstationary random
process a,(1),c, (1), z; (1), 8,(¢) atan arbitrary time ¢

y vjsm

0

are expressed as @,(1),G,(1), Z;(1), 6,(1), they are
dynamic response taking no account of roadway
roughness. Expressing centered random values from the
mean values as  d,(t), ¢,(t), Z (1), 51 (#) , nonstationary
random process can be expressed as follows;
a,(t) = a,(1) +a,(1), ¢, (1) =3¢, () +C,(®) @)
(O =F,(O+Z,(0), 0,()=6,()+ 5;(1‘)
The dynamic response of a bridge at an arbitrary point
x is expressed as follows;
wt,x) = y(t,x) + Y(t,x) ®
Substituting Egs.(8) and (9) into Egs. (3) and (4), the
differential equations for centered random response are
derived as follows;
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(2) System of linear differential equations
The state vector w(z) associated with both bridge and
moving vehicles as well as the external force vector
z(#) are defined as Eq.(12).
W) = {38338, 853

C13€257 56y €156257775 65

7,;?1;51;51;"-;5;,;?;,;5,7;5;,}
= {wl;WZ;"';WZn;WZnH;W2n+2;"';
W4n+4h-1;W4n+4h}
2(1) = {zo[v(t =1, 20 [V(t = 1,) = A J;
2oVt~ t,1) = A 12 [v(E - 1,));
Zov(t=t,) = A V-6 = Ain
zov(t — 1)l 2oV =) = A 15
2ot =ty) = Ay 13 2o V(= 14));
Zo[v(t ~ty) = Ay L 2o Iv(E = 1) = Ay ] }
Using Eq.(12), Eq.(10) can be expressed in a matrix
form as Eq.(13).
w(t) = A(w() + B(1)z(1) (13)
Equation(13) is regarded as a linear differential
equation, and has the following initial conditions for

WansWans1sWans25"s

(12)

moving vehicles attime £, f,, ...and f,.
w(l,1)=wy = {0§~--;0§ Wanatseos Wanea 05erent ;0}
w(t,y) =Wy :{O;...;O;w4n+1; ..... 3 Wanig30;. } (14)
W(t ) = Wop = {05030 Wapa3eveennone Wanean }



According to the theory of a linear differential
equation', the solution of Eq.(13) can be given under
the initial conditions of Eq.(14) as follows;

Where, E[ ] is the linear operator of the mean value and
the superscript 7" denotes the transpose of a vector or a
matrix.

The initial conditions for the bridge and each moving
vehicle are assumed as follows ;

1) The bridge remains at rest till the first vehicle
enters its span.

II) Each vehicle has been moving on the roadway
having the statistically same surface roughness as those
of the bridge roadway. Consequently, it can be expected
that a stationary random vibration has been already
produced in each vehicle before entering the span of the
bridge.

Under the initial conditions mentioned above, the

w(t) = D(t, )Wy + j,i) O(t,7)B(r)z(r)dr (15)

where, @(¢,7) is a transition matrix, and k& is the
number of moving vehicles entering the bridge by time ¢ .

(3) Covariance matrix of response
The covariance matrix R, (#,1,) of the state vector

w(t) can be written as Eq.(16).
R, (0.) = Ewi)w' ()]
= ¢(f1>’o)E{Wo,kl WOT,kZ](DT(tZJO)
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. Aot o by the following equation based on the Wiener-
+ ¢(f1,lo)E{Wo,klz (S)}B P (t,5)ds Khintchine relations between the spectral density and the
covariance of a stationary random process.
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From Eq.(17), RMS values of the deflections of the bridge at an arbitrary point x can be expressed as
follows;

Ry @.0) = ZEv, (v () B[, (0@, (0] +5* X 0,0 () B[, (0.8 (0]+ 253 T, (9 ([, (0 & ()] (19)

where, s : the distance between the shear center and noted point.

ol 123,
(18)
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3. NUMERICAL ANALYSIS

(1) Analytical models
a) A simple girder bridge

Structural quantities of a model bridge with span length
of 404m are listed in Table 1. These quantities are
estimated for a full cross section of the bridge with two
lanes. The 1st. mode to the 3rd. one of bending and
torsional vibration, respectively, are considered in
analysis. These degrees of vibration modes are
determined by confirming that the dynamic responses of
a bridge by means of simulation analysis agree with the
experimental results of field test'”.

b) A moving vehicle

The vehicle model of two-degree-of-freedom sprung-
mass system with one front axle and two rear axles is
used as shown in Fig.2. The geometrical dimensions of
the vehicle model is also shown in Fig3 and its
mechanical quantities are listed in Table 2. The mass
moment of inertia is calculated based on an assumption
of dividing the weight in the ratio 1:4 to the front axle
and rear one. The spring constant &, and the damping
coefficient ¢, are calculated on assumptions of the
natural frequency f, =3.0Hz and the damping constant
h, =0.03, respectively, and are divided in the ratio 1:4 to
front axle and rear one. Mechanical quantities of 20tf
vehicle are modeled appropriately from an actual dump
truck. Those of 25tf vehicle are chosen from literature as
vehicle length of 11.0m, the farthest distance between
front and rear axles of 7.0~8.8m and adjacent distance
of the tandem wheels of 1.8m. Table 2 shows the case
that the farthest distance between front and rear axles is
7.0m. The vehicles have a constant speed of 10m/s. This
bridge model has two traffic lanes and the running
position of the vehicle is eccentric at 1.442m from the
shear center.
¢) Power spectra of roadway roughness

The power spectral density function of road surface

roughness may be usually expressed by a formula as
follows;
_*
Q"+ B
where « is the parameter of smoothness, » is the
parameter of distribution of the power in frequency
domain, # is the shape parameter as for §,,(¢2) must
not become infinity at 2=0.

Three kinds of power spectra are used in this analysis
as shown in Fig.4, in which straight broken lines indicate
the boundaries of ISO estimate of roadway roughness.
Roadway roughness No.(D is modeled based on the
measurement roughness at Yasugawa bridge on Meishin
Expressway just after completion”. No.® is defined
insafety side from some measurement roughnesses on
Hanshin Expressway'". No.(® is defined as the mean

S0(2)= (20)

II1S

Table 1 Structural properties of model bridge

Span length

Weight per unit length
Area of section

Moment of inertia of area
Polar moment of inertia

(m)|40.4

(KN/m){74.01
(m*)|2.553
(m*)}0.2197

x Weight per unit length (kN -m)|579.1

Torsion constant

(m*)|5.479 % 107

Warping constant (m%)|1.126
Damping constant
for 1st. and 2nd. modes 0.026
Natural frequency
Bending vibration 1st (Hz)|2.35
2nd (Hz)|9.42
3rd (Hz)|21.19
Torsional vibration  1st (Hz)|3.86
2nd (Hz)|10.16
3rd (Hz)|19.89
Table 2 Dynamic properties of model vehicle
Total weight (kN)(t) | 196(20) |245(25)
Mass moment of inertia ~ (KN-m%)[499.2  |1458.6
Spring constant ki (kN/m)|1421.2 | 1776.5
kj » (kN/m)|5684.9 |7106.1
Damping coefficient ¢, (kKN-s/m)| 4.528 | 5.655
G o(kN-s/m)|18.101 |22.618
Natural frequency (Hz)| 3.0 3.0
Damping constant 0.03 0.03
3.99 6.10
0.798 _3.192 1.22 4.88

T T

(1) 20tf

(196kN)
Fig.3  Dimension of moving vehicles
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value of many measurement roughnesses on the various
short or medium-span bridges'.

(2) Analytical results

In the above formulation a series of moving vehicles
is considered, however in the following numerical
examples, only a single moving vehicle is considered.
RMS values of random response are calculated in
terms of physical quantities of stress.

a) Comparison with simulation method

A RMS value of stress response is estimated as non-
dimensional that dynamic RMS value is divided by the
maximum static response, because stress response is
related to impact factor used in strength design. Non-
dimensional RMS values at the span center of the
bridge by the present theory are compared with those
by simulation analysis of Monte Carlo method as
shown in Fig.5. The result of simulation method is
estimated from frequent calculations using 100 samples
of roadway roughness. Both results are in good
agreement, and the present theoretical procedure is
validated.

In Fig.5 the RMS values of the internal and  external
girder are shown, respectively, and non-dimensional
RMS value of the external girder is smaller than that of
the internal one. A response of the external girder is
larger than that of the internal one due to torsional
component added to bending component under an
eccentric loading of vehicle. In this analytical result,
dynamic RMS response of torsional component does
not increase as the static response compared with that
of bending component. Also this phenomenon will be
discussed in the following section d).

b) Effect of roadway roughness

Non-dimensional RMS values under the conditions of
three kinds of roadway roughness are shown in Fig.6 .
There is a remarkable difference among RMS values
due to the condition of roadway roughness. It is
obvious that characteristics of roadway roughness have
a great influence on traffic-induced vibration of a
bridge including torsional vibration as well as bending
one.
¢) Comparison of new and old live load

Non-dimensional RMS values due to two types of
vehicles of 20tf and 25tf are shown in Fig.7. In the case
of 20tf vehicle, the non-dimensional RMS value of the
external girder is smaller than that of the internal one as
described in section a) and shown in Fig.5. On the
other hand, in the case of 25tf vehicle with a different
distance between front and rear axles, the non-
dimensional RMS value of the external one becomes
larger than that of the internal one over the loading
position of about 3/10 of span length. Also the non-
dimensional RMS values due to 25tf vehicle are
smaller than those due to 20tf vehicle, and this shows

that the increase of dynamic response is smaller than
that of static response with increasing of the vehicle’s
weight. This is also affected that the distance between
axles of 25tf vehicle is larger than that of 20tf vehicle.

In Fig.8, the analytical results are shown under the
conditions that the farthest distance of axles of 25tf
vehicle is changed to 7.0m, 7.8m and 8.8m,
respectively. There is no remarkable difference among
non-dimensional RMS values, and this shows that
effects of the farthest distance defined for new live load
on traffic-induced vibration of bridge are small.

d) Effect of natural frequency of vehicle

According to the past studies, it is well known that the
relationship of the natural frequency between the
vertical bending vibration of a bridge and the vibration
of a moving vehicle affects the dynamic response of
the bridge. In the analytical bridge model of this study,
it is expected that not only the vertical bending
vibration but also the torsional vibration of the bridge
is resonant with the vibration of a moving vehicle
because of low natural frequency of the torsional
vibration. As described in section a), however, the
bending vibration of the bridge is predominant over the
torsional vibration, because the natural frequency of
the moving vehicle is closer to that of the bending
vibration than to that of the torsional vibration. In this
section, effects of the relationship between the natural
frequencies are examined by changing the natural
frequency of the vehicle due to the changing the spring
constant, still keeping the mass constant.

Analytical results are shown in Fig. 9. When the
natural frequency of the vehicle £, is close to that of
the bending vibration of the bridge £, =2.35Hz, non-
dimensional RMS value of the bridge is largest,
because the bending vibration of the bridge is resonant
with the vibration of the vehicle. On the other hand,
when the natural frequency of the vehicle £, is close
to that of the torsional vibration of the bridge
/., =3.86Hz, the response of the external girder
becomes larger a little bit than that of the internal one
due to the torsional response, but the response of the
bridge does not attain resonant with the tortional
vibration. This reason is that the moving vehicle
eccentric from the shear center raises not only the
torsional vibration but also the bending vibration.
However, these analytical results are just for one model
bridge, and it is expected that there are some cases of
other bridges in which effects of the torsional vibration
become large.

e) Effect of weight of vehicle

So far it has been believed that effects of the traffic-
induced vibration on bridges are relatively smaller in
heavy bridges such as concrete bridges than in light
bridges such as steel bridges. So, an impact factor that is
provided as multiplying ratio of static response of bridges
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to dynamic response due to live load, is smaller in concrete

bridges than in steel bridges'®. Meanwhile, authors have
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to dynamic response due to live load, is smaller in concrete
bridges than in steel bridges'®. Meanwhile, authors have
reported that the impact factor of steel bridges is not so
different from that of concrete bridges based on the
simultaneous nonstationary random vibration analysis
considering only bending vibration of bridges'”.

In this section, using the present analytical procedure,
dynamic response of the model bridge is analyzed under
the condition of moving vehicles with different weights
keeping the natural frequency constant, such as different
weight ratios of vehicle to bridge. Analytical results are
shown in Fig.10. The ordinate represents non-
dimensional response that dynamic RMS value is
divided by the maximum static response. The heavier
weight of the moving vehicle, the smaller non-
dimensional RMS value. When the simultaneous
vibration of a bridge and a moving vehicle is considered,
the analytical results of non-dimensional dynamic
response of a bridge related to impact factor change due
to  weight ratio, and differ from -a general
understanding™®'?. These analyses are carried out in
one model bridge, and it is necessary to do more detail
investigations.

4. CONCLUSIONS

The simultaneous nonstationary random vibration with
coupling of bending and torsion of bridge is formulated
and the analytical results are summarized as follows.
(DAnalytical method of simultaneous nonstationary

random vibration of a bridge under moving vehicles is
modified being able to take account of coupling
vibration of bending and torsion.

(2)RMS value of dynamic response due to the present
procedure is in good agreement with that due to
simulation analysis method and the validity of the
present method is verified.

(3)When the traffic-induced vibrations are considered,
parameter of roadway roughness is significant even in
the case including the torsional vibration.

(HIn the case of 20tf vehicle the non-dimensional RMS
value of stress response of the external girder is smaller
than that of the internal one. On the other hand, in the
case of 25tf vehicle the former one becomes larger than
the latter one over the loading position of about 3/10 of
span length.

(5)In this model girder bridge, the resonant behavior of a
torsional vibration of a bridge with a vibration of a
moving vehicle is not obvious than that of a bending
vibration.

(6)Non-dimensional RMS value of the bridge that
dynamic response is divided by the maximum static
response tends to become smaller, when the vehicle’s
weight becomes heavier.
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