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ELASTO-PLASTIC BEHAVIOR OF STEEL CANTILEVER
COLUMNS WITH VARIABLE CROSS-SECTION
SUBJECTED TO HORIZONTALLY CYCLIC LOAD
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This paper deals with the elasto-plastic behavior of cantilever columns with variable cross-section sub-
jected to horizontally cyclic load. The numerical results based on the plastic zone theory show that the dif-
ferent collapse modes may appear in such columns every half cycle. This phenomenon occurs due to the
presence of two or more collapse mechanisms as well as the combined action of vertical load and accumu-
lated residual deformation of column by cyclic bending. This behavior can be classified as an instability
phenomenon of columns under cyclic loading which cannot be predicted through the overall buckling and

bending strengths of columns.
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1. INTRODUCTION

Steel framed structures such as bridge piers and
pylons have generally been composed of variable
cross-section members”. In most cases, the cross-
sectional and material properties change abruptly in
the longitudinal directions of frame members. The
variable cross-section has been designed on the basis
of the rational design concept to utilize as fully as
possible the potential capacity of given materials.
However, very little is known about the effects of
variable cross-section on the earthquake resistance of
frames.

For steel columns and frames with uniform cross-
section which are subjected to horizontal cyclic load-
ing, the fundamental inelastic behavior can be sum-
marized as follows™™; i) the hysteresis loops of
frames made of low vield mild steel approach the
upper bound mechanism line obtained by assuming
zero thrust force in the second order rigid plastic
analysis, ii) frames made of high tensile strength steel
would not always have the corresponding capacity,
and 1ii) the decrease in load carrying capacities of

This paper is translated into English from the Japanese pa-
per, which originally appeared on J. Struct. Mech. Earth-
quake Eng., JSCE, No.446/1-19, pp.127 -136, 1992 4.

518

frames are almost caused by local and torsional buck-
lings. In addition, Nakamura and Uetani® have
pointed out the other factor except local and torsional
bucklings for the decrease in strength of cantilever
columns.

In the case of columns with variable cross-section,
the resistance bending moment distributes similar to
the induced one with distance along the columns.
Then plastic deformation may occur near the location
of change in cross-section as well as column base and
beam-to-column connections. Such inelastic behavior
must be greatly different from the one of columns
with uniform cross-section.

This paper studies the elasto-plastic behavior of
columns with variable cross-section subjected to
horizontally cyclic load under the constant vertical
load. Firstly, the numerical method for columns is
briefly described by using the plastic zone theory”
and arc length method®. Secondly, the collapse
modes of columns are investigated by means of the
second order rigid plastic analysis. Through the nu-
merical results, the inelastic hysteretic behavior of
columns with variable cross-section is discussed in
detail by focusing on the collapse modes, strain and
energy absorption of each cross-section and restoring
force. Finally, the variation of collapse modes with
the location of change in cross-section demonstrates



Table 1 Dimension and properties of cross-section

4
=B /R(tesidual tems | B(=D) | t; | A I oyi | Nyi | Mpi
Oyi [ | () stress Sec. i (mn) | (mm) | (em®) | (x10°cm’) | (MPa) | (KN) | (KN-m)
T [ ¢ 1 750 | 33 | 990 | 9.2992 | 314 | 31,069 8,744
Ope 1 ——’._1 2 750 22 660 6.1928 314 | 20,713 | 5,827
° ¥ } D (=B) Notes: Aj: Cross-sectional area, Ij: Moment of inertia,
2 X Oyi: Yield point, Nyj: Squash force, and My;: Fully-
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TTITTTT Table 1 gives the cross-sectional dimensions and
(b) Sgig’fzn‘:”h variable cross- properties of Sec.1 and Sec.2. The columns C0-C12

Fig.1 Column subjected to cyclic load H

the transition region of the instability phenomenon
peculiar to variable cross-section .

2. ELASTO-PLASTIC ANALYSIS PRO-
CEDURE OF COLUMNS WITH VARI-
ABLE CROSS-SECTION

(1) Numerical model of columns with variable
cross-section

There are many factors which influence upon the
elasto-plastic hysteretic behavior of columns with
variable cross-section ie., the number of cross-
sections, the location of change in cross-section,
combination of cross-sectional and material proper-
ties, column slendemness, initial imperfection, magni-
tude of vertical load and cyclic loading condition.

By considering these factors, the attention is paid
to the cantilever columns consisting of two portions,
Sec.1 and Sec.2, in Fig.1. Sec.1 and Sec.2 have the
same dimensions, B and D, and yield stress o, but the
plate thickness #, is larger than 7, so that the cross-
sectional properties change abruptly at the location of
x=kh. Vertical load P is kept constant while horizon-

used in analysis are listed in Table 2 as parameters of
column height (4=9m and 12 m), location of change
in cross-section (k=0 to 0.6), existence of initial im-
perfection, and squash force ratio P/N;, (=0.3 and
0.5) of vertical load P to squash force N, of Sec.2.
These columns were designed by considering
which of sections, Sec.l or Sec.2, reaches yield or
fully-plastic state first. Table 2 includes the horizon-
tal load H, corresponding to initial yield of columns
and the plastic hinge loads, Hj, Hy, H, and H,p,
which mean the points of intersection between a lin-
ear elastic solution and plastic collapse mechanism
lines as explained later. 7, is the reference value of
column slenderness, which is obtained by correlating
the inelastic buckling strength of variable cross-
section columns with that of columns with uniform
cross-section, Sec.2, on the SSRC column strength
curve I1'”
The columns in Table 2 are denoted by the follow-
ing expression,
Cl W R -04-07
. e) Column slenderness 7,
d) Ratio of length in Sec.1 to
column height 4
¢) R: with residual stress
—— b) W: with initial deflection
— a) No. of analytical model
For a more convenient treatment for discussion,
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Table 2 List of columns with variable cross-section analyzed in this paper

Ttems | b TP | i Hor | oo | Hoor | Hour | Hom | Houm
Colum | | 2w W | 9N (KN) @ | | @ | @ i T,
W0 002 1 9.0 01072 0.5] 0.777| 0.00892 | 279.7(5) | ~— | 358.9] =— | 531.0 | — |1.898
¢l -0.4-0.49

2 -0.4-0.49 | 9.0| 0.410.49| 0.5| 0.883| 0.00728 | 466.2(S2) | 712.4| 566.4 | 836.2| 849.9 | 1.215|1.794
C3WR-0.4-0.49

C4WR-0.2-0.61 0.2 0.61 0,831 | 0.00620 | 349.6(52) | 690.4 | 438.8 | 820.9| 658.3 | 1.355 | 1.883
C5WR-0.3-0.55 0.3 | 0.55 0.857 | 0.00603 | 399.6(S2) | 706.7| 495.4| 829.6| 743.2 | 1.239 | 1.860
COWR-0.4-0.49 | 9.0| 0.40.49| 0.5 0.883| 0.00728 | 466.2(S2) | 712.4| 566.4| 836.2| 849.9 | 1.215]1.794
CTHR-0.5-0.43 0.5 0.43 0.907 | 0.00827 | 552.2(S1) | 716.5| 658.7| 841.0| 988.3 | 1.193 | 1.523
C8WR-0.6-0.37 0.6 0.37 0.930 | 0.00803 | 552.2(s1) | 719.3| 783.6| 844.3|1,175.7 | 1.302 | 1.529
COWR-0.2-0.88 0.210.88 0.685 | 0.01542 | 367.1(52) | 576.0| 429.2| 609.4| 487.7 | 1.169 | 1.329
CIOVR-0.3-0.62 |, | 0.3]0.82| | | 0.718] 0.01643| 419.6(52) | 583.3| 454.2 | 616.2] 550.0 | 1154|1311
Cc11iR-0.4-0.76 | 20| 0.4 |0.76| "0 | 0.755 | 0.01813 | 489.5(S2) | 588.3 | 553.1| 621.4| 628.5 | 1.299 | 1.269
C12WR-0.5-0.68 0.5 | 0.68 0.796 | 0.01765 | 497.0(S1) | 591.9| 642.1| 625.2| 729.7 | 1.191]1.258

Notes; 1)h and k: See Fig.1(b).

2) Ay: Column slenderness on the basis of Sec.2.

3)P.: Overallbuckling strength

of columns with initial imperfections (w.(h)=0.001h and o..=-0.40,) under the condition of E.=0.01E.

4)Ny2: Squash force of Sec.2 (See Table 1).

5)H, and &y: Horizontal load and sway displacement,
respectively, corresponding to initial yield (See Fig.4).

6) (S1) and (S2) mean that initial yield occurs

at the location of Sec.1(X=0) and Sec.2(x=kh), respectively. T)Hs:, Hoz, Hou: and Heuz: See Fig.4.
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Fig.2 Stress - strain relationship

the columns are specified by the notation a) or a)b)c).

(2) Numerical procedure for columns under cyclic

loading

In the numerical analysis, the geometrical and
material nonlinearities of columns are taken into ac-
count by the updated-Lagrangian method and plastic
zone theory”, respectively. A subroutine program for
applying the arc length control method® is added to
the software presented before”. In order to perform
the elasto-plastic hysteretic analysis of columns, the
following points are modified.

a) Stress - strain relationship

Fig.2 shows the bi-linear type of stress - strain
relationship” used in the analysis. £ is Young’s
modulus (=2.1x10° Mpa). E, is strain hardening
modulus and will be explained in the numerical re-
sults. The cross-section is divided into small seg-
ments to consider the propagation of plastic zone.
The tangent modulus varying linearly is assumed in a
small segment”.

b) Solution algorithm for nonlinear analysis

The solution algorithm for nonlinear analysis is
based on the arc length control method® which can
automatically go through the limit points of loads as
well as displacements. This method is a powerful
nonlinear analytical technique for a parameter of an
arc length on the equilibrium path, but has the diffi-
culty to directly control the displacement of a speci-
fied point like the displacement control method.

In this paper, a conventional procedure for judg-
ing the displacement reversal is described for the
hysteretic analysis of columns under altemating sway
displacement amplitude at the top of the column.

Firstly, when nonlinear calculation goes forward
from a certain equilibrium state 7 to the next state i+1,
the displacement &1, at a specified point for the state
i+1 is approximated by

Al
S = 8, + (5, =8, ) =itk
i+l i (1 11) AL

1

@

where & = displacement at the state i, A/, = incre-
mental arc length used in the state /-1 to 7, and Al=
incremental arc length assumed in the state 7 to i+1
according to Ref 8).

Secondly, |64| 1s compared with the maximum
displacement amplitude &,, which is given as an input
datum. If |§+| is larger than |§, |, Al has to be
modified by

[0 =5

Al = AL/
. !‘5i+1 _51']

3)

In the case of |6+1]<|3,), of course, the calculation is
proceeded without modifying the arc length Al;.
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Fig.3 Plastic collapse mechanism of columns with variable
cross-section

When the difference between the numerical re-
sponse &1 corresponding to Al and &, is less than
0.01%, the sign of load vector is changed in order to
give the displacement reversal at the specified point in
the column.

3. RIGID PLASTIC AND ELASTO-
PLASTIC ANALYSES OF COLUMNS
SUBJECTED TO MONOTONIC LOAD-
ING

(1) Rigid plastic analysis of columns with variable
cross-section

For comparison purposes, the second order rigid
plastic analysis is performed for columns with vari-
able cross-section subjected to increasing horizontal
load H and constant vertical load P.

For the columns with two cross-sections, the
plastic moment changes abruptly at the location of
change in cross-section. Then, as shown in Fig.3,
there exist two plastic collapse mechanisms, ¥ and 7,
in which the plastic hinges are assumed at the bot-
toms of Sec.l and Sec.2, respectively. These mecha-
nisms are also thereafter referred to as collapse
modes.

a) Plastic mechanism line of mode V' (See Fig.3(a))

The equilibrium of external and internal work in
mode ¥ leads to an equation relating the vertical load
P, horizontal load H, sway displacement &, vertical
displacement « and rotational angle @, which is given
by

HS+Pu=M,,0 “

Seeing the geometrical form of deformed column, the

following relationships can be found.
fztand=356/h, u=4Stand (5a,b)

Substituting Eq.(5) into Eq.(4), the relationship be-
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Fig.4 Horizontal load - sway displacement curves predicted by
rigid plastic theory

tween H and & can be obtained as

M
R ©

b) Plastic mechanism line of mode ¥ (See Fig.3(b))
In the case of the mode Y, noting that the plastic
hinge is formed in Sec.2 at the junction of Sec.1 and
Sec.2, H - Srelationship is given by
= My PS 0

-k (1-k)h

In Egs.(4), (6) and (7), M, is the reduced plastic
moment of Sec.i depending on the magnitude of verti-
cal load P.
¢) Upper bound mechanism lines of modes V'
and Y

Substitution of the fully plastic moment M, into
M,,,,; in Egs.(6) and (7) gives the upper bound mecha-
nism lines, ¥, and Y, , which have the same slopes as
V and Y, respectively. These are helpful to under-
standing the variation of hysteresis loops® due to
strain hardening discussed later.
d) Variation of collapse mechanism lines

As illustrated in Fig.4, the column with variable
cross-section under consideration has four mecha-
nism lines given by Eqs.(6) and (7) in the H - Splane.
In this figure, I(/,) is the crossing point of ¥(¥,) and
V(V.), and means the instability point where the plas-
tic hinges are formed in Sec.1 and Sec.2 at the same
time. The negative slope of lines Y and Y, becomes
significant with an upward movement of the junction
between cross-sections and an increase in vertical
load P. Clearly, for the columns with uniform cross-
section, Y and Y, are coincident with ¥ and V,, re-
spectively.
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Fig.5 Monotonic analysis of columns with variable cross-
section (P=0.5N,3)

(2) Elasto-plastic analysis of columns with vari-
able cross-section

The elasto-plastic behavior and collapse modes
of columns with & of 0.4 are investigated under the
condition of monotonic loading. £, is set as 0.001F or
0.01E.

Fig.5 shows the load H - displacement o curves
and bending moment M - curvature ¢ curves of Sec.1
at x=0 and Sec.2 at x=kh, in which M and ¢ are non-
dimensionalized by the fully-plastic bending moment
M,; and yield curvature @, (=20;,/E/(D+t;)) of Sec.i.
The points a and b plotted on H - §curves correspond
to those on M - ¢ curves.

The slope of H - & curve for E/E=0.001 after the
maximum load is almost equal to that of mode Y.
While the corresponding slope for E/E=0.01 be-
comes significant with an increase in ¢ through the
point a.

As shown in the M - ¢ curves, unloading appears
near the column base at the points a and & regardless
of the E/E value. This result provides evidence that
the collapse modes vary from ¥ to Y over the maxi-
mum load points on H - J curves in spite of the load-
ing being monotonic. This phenomenon is due to PA
moment caused by the combined action of vertical
load P and increasing sway displacement & In other
words, with an increase in &, the internal plastic work
in mode Y decreases and the one in ¥ increases.
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Fig.6 Load - displacement curves of columns CO and C3WR
(E=0.01E, P=0.5N,»)

It should be noted that such elasto-plastic behav-
ior is peculiar to the columns with variable cross-
section which have at least two collapse modes.

4. ELASTO-PLASTIC HYSTERETIC BE-
HAVIOR OF COLUMNS WITH VARI-
ABLE CROSS-SECTION

The columns, CO and C1-C3, with uniform
cross-section and variable cross-section (k=0.4), re-
spectively, were analyzed under horizontal cyclic
loading with P/N,,=0.5. Cyclic loading is accom-
plished by the control of constant tip displacement
0,=10.02h. This value corresponds to 3.84, and
2.88, for columns, CO and C1-C3, respectively, in
which &, is nitial yield displacement (See Table 2).
Only the column C1 with E; of 0.001F is analyzed
between 6,=0.0254 and -0.0125/4 because of the
difficulty of solution convergence.

(1) Relationships between horizontal load H and
sway displacement & at the top of column
Fig.6 compares H - ¢ curves of the column CO



Sec. 2

Sec. 1

C1-0.4-0. 49

Fig.7 Sway displacement modes of columns
(E=0.01E, P=0.5N;2)

" Sec. 2

Sec. 1

(b)

(a) Uniaxial strain Curvature

Fig.8 Distribution of uniaxial strain and curvature in column
C1-0.4-0.49 ((P=0.5N,p, £~0.01E)

with that of C3WR.
a) Column with uniform cross-section C0-0-0.72

(£,=0.01E, See Fig.6(a))

For increasing number of cycles, the hysteresis H
- & loops expand with the centre of origin and become
asymptotic to the upper bound collapse mode V, as
already pointed out by Igarashi® et al. This result
implies that a typical elasto-plastic behavior” of col-
umns made of mild steel can be realized by assuming
E=0.01F in the bi-linear type of stress-strain rela-
tionship.

b) Column with variable cross-section C3WR-
0.4-0.49 (E,=0.01E, Fig.6(b))

In the positive region of load H, H-8 curve extend
up to the mechanism line ¥ in a few cycles and the
slope between the peak load and displacement rever-
sal in each loop is almost equal to that of mode V. For
increasing number of cycles, however, the peak loads
decrease and corresponding slopes become close to
the line V.

On the other hand, in the negative region of H,
the slope after peak loads equals that of mechanism
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line V for each hysteresis loop. The resistance load
then rises more and more with an increase in cycle
number. This behavior is opposite to that in the posi-
tive region of H.

It can therefore be predicted that the column C3
shows an interesting elasto-plastic behavior, in which
two different collapse modes appear in one hysteresis
loop. Such behavior was also observed in H - &
curves of columns C1 and C2W.

(2) Sway displacement modes of columns

Fig.7 compares the sway displacement modes at
the displacement reversals for columns CO and C1
with uniform cross-section and variable cross-section,
respectively. E, is taken as 0.01F in the analysis.

The displacement mode of column CO is almost
symmetrical for positive and negative tip displace-
ments. On the contrary, the column C3 bends re-
markably at the middle of column and is S shaped as
if the modes ¥ and ¥ would be combined.

Nakamura and Uetani® have found a weakening
phenomenon for cantilever column with uniform
cross-section subjected to horizontally cyclic load.
This phenomenon results from the propagation and
accumulation of plastic deformation for increasing
number of cycles leading to a new collapse mecha-
nism. This causes S shaped displacement modes simi-
lar to those shown in Fig.7(b). Furthermore, develop-
ing the symmetry limit theory with respect to dis-
placement modes, a symmetry limit curve is proposed
for design use as functions of squash force ratio,
column slenderness and tip displacement. According
to this proposal, the column CO is just on the bound-
ary of symmetrical and antisymmetrical modes. As
can be seen from Fig.7(a), this column shows slight
antisymmetric behavior.

(3) Strain distribution in columns

Fig.8 shows the variation of uniaxial strain ¢,
and curvature ¢ with distance along the column C1
(E=0.01F) at the reversals of sway displacement &

For increasing number of cycles, the uniaxial
strain develops extensively from the bottoms of Sec.1
and Sec.2 at the same time. The curvature in Sec.1 is
of opposite sign to that of Sec.2 and the location with
maximum curvature in Sec.2 then gradually moves
up the column®.

(4) Variation of rotational angle and residual
deformation in columns
Fig.9 shows the variations of rotational angles of
column C1 with cycle number N, in which R, R, and
R; correspond to the whole of column and portions of
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Fig.9 Variation of rotational angle of columns with number of

cycles

Sec.1 and Sec.2, respectively. The initial value of N
is set as 0.5 cycle at the first displacement reversal
and the number of cycles from one reversal to the
next is counted as 0.5 cycle.

In the range of N>2.5, R, and R, begin to vary in
the negative and positive directions, respectively.
These results are equivalent to the occurrence of
shaped displacement mode. This may be the reason
why the difference between the normal strains within
the compression and tension sides of cross-section
generates residual bending deformation at the dis-
placement reversals.

Referring to Fig.5, Sec.2 in the column C1 de-

forms significantly in the inelastic region when

5=0.02h corresponding to N=0.5. This plastic defor-

mation is retained as the residual deformation with

R,>0 on the way to N=1. As a result, the residual

deformation with R,<0 at N=1 is small or cancels

with that when R,>0 in N=0.5. Furthermore, since the
uniaxial strain develops up the column as shown in

Fig.8(a), the residual deformation appears over a

considerable length of the column.

To elaborate on this point, the change of sway
displacement modes is illustrated in Fig.10. From this
figure, the displacement modes with R;<0 and R;>0
can be explained as follows;

i) Stage I: Compared with the case of no residual
deformation, greater PA moment applies at the
junction between cross-sections and makes the
plastic zone propagate further (mode ¥, R,>0).

il) Stage J: PA moment at the location of change in
cross-section declines due to the residual deforma-
tion at Stage /. Whilst, the plastic deformation de-
velops more at the bottom of Sec.1 (mode V). The
residual deformation with R,<0 then appears.

iii)Stage K: The same P4 moment described in Stage
I increases significantly and the plastic deforma-
tion begins to concentrate only near the bottom of

P P P
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H- | H,
o H
Ga- ;
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Fig.10 S shaped displacement modes of
column with variable cross-section
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Fig.11 Variation of incremental absorbed energy with num-
ber of cycles (E=0.01E, P=0.5N,3)
Sec.2 (mode Y).

iv)Stage L: As explained in Stage J, the residual
deformation with R;<0 becomes larger due to the
plastic deformation at the bottom of Sec.1. At the
same time, P4 moment (=P&.) which gives R,>0
makes the middle of column bend more.

It is therefore clear that S shaped displacement
modes are caused by the variation of P4 moment at
each cross-section with accumulated residual defor-
mation.
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Fig.12 n-th hysteresis loop of load - displacement curve:of
columns with § shaped displacement modes

(5) Variation of strain energy absorbed by each

cross-section

Two incremental absorbed energies of columns
were investigated to check the results discussed pre-
viously. One is the total strain energy AUr of the
column and the other AU, is the strain energy ab-
sorbed by cross-section Sec.2 within the range
0.4h<x<0.6h. AU, is rearranged as the ratio to AUr

by

ay = AU, / AU, ®)

Fig.11 shows the variations of AUy and ay of
columns CO-C3 (£=0.01F) with cycle number N.

As is seen from Fig.11(a), AUt of the column CO
with uniform cross-section declines gradually and
tends to approach a constant value with an increase in
N. On the other hand, AUy of columns C1-C3 with
variable cross-section decreases and increases every
half cycle when N>2. This is significant in columns
C2 and C3 and can be accounted for by the initial
deflection assumed in the same direction as the resid-
ual curvature. Fig.11(b) also shows that ay of col-
umns C1-C3 varies severely every half cycle when
N225.

From these results, there is no doubt that the
portion of plastic deformation moves alternately and
the two different collapse modes V and Y appear in
one hysteresis loop.

(6) Variation of parameters oy and ¢ related to
restoring force characteristics of columns
To investigate the restoring force characteristics
which measure the inelastic performance of columns,
the following two parameters are defined, referring to
the n-th hysteresis loop of points (n,1), (n,2) -
(n+1,1) in Fig.12.
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where L,. and L, denote the distances from the peak
load points (1,3) and (n+1,1) to the reversal points
(n,2) and (n,4), respectively. These should be referred
to as L,. H,. and H,. are the peak loads at points (12,1)
and (n,3) in the positive and negative regions of load
H, respectively. oy and ¢ therefore express the
movement of hysteresis loops relative to load H and
the increasing and decreasing size of hysteresis loops
relative to initial yield load H,, respectively.

Fig.13 indicates the variations of oy and ¢ of
columns CO-C3 (E=0.01E) with cycle number N.

a) Movement of hysteresis loops (Fig.13(a))

In the case of column CO with uniform cross-
section, ay was almost constant at 1.0 for N>2 and
hence the absolute values of the peak loads in each
hysteresis loop are also almost constant (See
Fig.6(a)). On the contrary, in the case of columns
C1-C3 with variable cross-section, oy decreases
rapidly for N>2 and hence the hysteresis loops move
in the direction of negative H. This is predominant for
the columns C2 and C3 when there are initial imper-
fections.

b) Change in size of hysteresis loops (Fig.13(b))

For column CO0 with uniform cross-section, oy
increases steadily with an increase in N and ap-
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proaches 1.75 for N>12. This value is a little less
than a load ratio H,../H, (=1.898, Seec Table 2)
which is the ratio of the upper bound collapse mode
V,. to the initial yield load H,. This is the reason why
the peak load points on hysteresis loops occur a little
inside the mechanism line ¥,. The hysteresis loops
extend almost up to the line ¥, due to strain harden-
ing.

On the other hand, ¢ for columns C1-C3 (E=
0.01FE) with variable cross-section increases for N<8
and the hysteresis loops spread as for column CO.
Then the hysteresis loops keep their magnitude when
strain hardening is small, e.g. column C1 with £, of
0.001E. The maximum value of ¢ for columns C2W
and C3WR with E, of 0.01F is about 1.63 and greater
than H,./H, (=1.215) by about 35% but smaller than
HpunlH,(=1.794) by about 12%.

Moreover, the hysteresis loops of columns C1-C3
(E~0.01E) reduce when N>8. This tendency is sig-
nificant for columns C2W and C3WR. This is be-
cause of the differences in the variations of peak
loads in the positive and negative regions of H as seen
from H - & curve of column C3 (See Fig.6(b)). This
may also be related to the elasto-plastic behavior in
which PA moments at the bottoms of Sec.1 and Sec.2
lead to S displaced shapes.

The variation of ¢ is, as a whole, less marked
than that of o. When the collapse mode begins to
change, hysteresis loops tend to move in the direction
of the region where mode V" appears. It is clear that
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these variations of hysteresis loops depend on the
collapse modes and strain hardening.

5. COLLAPSE MODES OF COLUMNS
WITH VARIABLE CROSS-SECTION
AND DISCUSSION

The columns C4-C8 and C9-C12 were analyzed
under the condition of E~=0.01F and P/N,,= 0.3 or
0.5 for different values of £, which denotes the loca-
tion of change in cross-section. Varying k alters the
relative location of the collapse mechanism lines,
W(V,) and Y(Y,), and an elastic linear solution (see
Fig.4). This is equivalent to the change in the combi-
nation of cross-sectional and material properties of
Sec.1 and Sec.2. The yielding occurs initially at Sec.2
for the columns, C4-C6 and C9-C11, and at Sec.1 for
C7-C8 and C12 (See Table 2). In the numerical
analysis, at first the absolute maximum sway dis-
placement is set as d, and then increased by 0.54,
every cycle.

(1) Load - displacement curves and sway dis-

placement modes of columns

Fig.14 shows the sway displacement modes and
load - displacement curves of columns C4-C8 with &
0of 0.2, 0.4 and 0.6. The squash force ratio is 0.5.

As is seen from figures (a) and (c), in accordance
with the change in & of 0.2 to 0.6, the location corre-
sponding to fixed end deflection moves from the bot-



@y=4U, /AUy

DD D D ks s

Energy ratio

!
<

N(Cycles)
(a) CAWR~CEWR (P=0. 5Nyz, T, =0. 37~0. 61)

80, /AU,

[ T T S

Qy=

Energy ratio

|
o
oo

10
N(Cycles)
(b) CYWR~C12WR (P=0. 3Ny, X, =0. 68~0. 88)

Fig.15 Variation of incremental energy absorbed by Sec.2.
with number of cycles (E~0.01E)

tom of Sec.2 to Sec.l. The upper bounds of their
resulting A - §curves are mechanism lines ¥, and V,,
respectively. In the case of 4=0.4, the displacement
mode becomes antisymmetric for N>5 and two col-
lapse modes appear in a cycle by tums. The column
C6 therefore exists in the transition region of collapse
modes for the tip displacements assumed in this
analysis. Since the column C6 has bending and buck-
ling strengths greater than those of C4 (See Table 2),
it is noted that the change of collapse modes is not
concerned with the ultimate strength of the columns.

(2) Variation of absorbed energy ratio oy

Fig.15 shows the variation of absorbed energy
ratio ¢y given by Eq.(8) for the columns C4-C12.

In the case of columns with £ of 0.3, 0.4 and 0.5,
ay varies significantly when N>7, 4 and 2.5, respec-
tively. The collapse modes then begin to change every
half cycle. The column Cl1 with 4#=0.4 and
PIN,,=0.3 also tends to show the same kind of behav-
ior for N>3,

(3) Discussion on hysteretic behavior of columns
with variable cross-section
The phenomenon in which the collapse modes
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vary every half cycle is accompanied by a remarkable
change in the peak loads, change in size and move-
ment of hysteresis loops. Once it appears, these char-
acteristics become significant, and hence this phe-
nomenon should be classified as a nonstationary in-
stability phenomenon of columns under cyclic load-
ing.

When considering columns with variable cross-
section in general steel frames designed rationally
under working loads, they are found to have two or
more collapse modes which simultaneously appear
within the response near the linear elastic solution
(see Fig.4). In this case, it is very important to know
whether or not the instability phenomenon mentioned
above appears in the inelastic hysteretic behavior of
columns. It is then necessary to predict probable col-
lapse mechanisms and to consider cyclic effects, such
as the development of uniaxial strain, as well as the
accumulation of residual deformation. These effects
are highly related to the number of cycles, the magni-
tude and symmetry of applied displacement amplitude
and squash force ratio. There is also need to investi-
gate the effects of local buckling of plate elements on
the collapse modes for columns with variable cross-
section.

6. CONCLUSIONS

The elasto-plastic hysteretic behavior of cantile-
ver columns with variable cross-section is presented
in this paper.

The main conclusions obtained from this paper
can be summarized as follows;

1) The columns with variable cross-section may show
elasto-plastic behavior in which the collapse
modes vary every half cycle accompanied by a
change in plastic deformed portions.

2) This phenomenon is mainly due to PA effect
caused by the accumulated residual curvature at
the locations of column base and change in cross-
section.

3) The resulting displacement mode of the columns is
S shaped.

4) The corresponding load - displacement hysteresis
loops have characteristics such that the peak loads
decrease and increase in the regions of collapse
modes ¥ and V, respectively, and hysteresis loops
move gradually.

5) This behavior is an instability phenomenon of
columns under cyclic loading which cannot be pre-
dicted through the overall buckling and bending
strengths of columns.

6) The transition region where the collapse modes



change alternately is related to the location of
change in cross-section.

7) It is necessary to experimentally confirm this in-
stability phenomenon of columns with variable
cross-section and to investigate the transition re-
gions of collapse modes.
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