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A singular boundary-value problem of an elastic half-space subjected to a force vector at one point of the surface
is solved. The force vector has three components which are two tangential and one normal forces to the surface.
Solutions to the problem are expressed in orthogonal curvilinear coordinates and are applied to rectangular
Cartesian, cylindrical and spherical coordinates, as examples of the orthogonal curvilinear coordinates. The
expressions for displacement and stress components are demonstrated in these coordinate systems. They are
coincident with the solutions of Cerruti’s and Boussinesq’s problems when the three components of the force vector

are specialized.

Key Words : elasiicity, singular problem, elastic half-space, Cerruti’s problem, Boussinesq’s problem

1. INTRODUCTION

As some of three-dimensional problems of
elasticity, there are singular boundary-value prob-
lems for an infinite elastic medium and an elastic
half-space. Kelvin’s, Cerruti’s and Boussinesq’s
problems”? are well known. Kelvin’s problem is
one where one point in the infinite elastic medium
is subjected to a concentrated force. Cerruti’s and
Boussinesq’s problems are ones where one point at
the surface of the elastic half-space is subjected to a
tangential force and a normal force, respectively.
The problem where one interior point of the elastic
half-space is subjected to a vertical or a horizontal
force has been solved by Mindlin®. His solution is
applied to some boundary-value problems for finite
solids by integrating the solution.

For Cerruti’s problem among these problems,
Saada® has briefly stated the process of induction
which used the superposition of the Galerkin
vectors. On the other hand, Lur’e® has stated the
process of induction which used potentials of
simple layers with densities equal to given forces.
Their methods of solution seem, however, to
slightly lack the details and the simplicity of the
analysis as far as they are concerned with methods
of solution to boundary-value problems. Judging
from their methods, Cerruti’s problem seems to be
a little more complicated than Kelvin’s or Bou-
ssinesq’s problem.

This paper is concerned with a method of
solution to a singular boundary-value problem
where one point at the surface of the elastic half-
space is subjected to a force vector with three
components, i.e., two tangential and one normal
forces. The problem reduces to Boussinesq’s
problem when two tangential forces are neglected
and to Cerruti’s problem when one normal and one
tangential forces are neglected. Therefore, the
problem is considered to be the generalization of
Cerruti’s or Boussinesq’s problem. Although the
solutions of Cerruti’s and Boussinesq’s problems
have been represented in specific coordinate
systems so far, the solutions in this paper are
represented in the expressions for a displacement
vector and a stress tensor which are applicable to
arbitrary coordinate systems belonging to orthog-
onal curvilinear coordinates. From the viewpoint of
practice, the solutions are applied to rectangular
Cartesian, cylindrical and spherical coordinates
and demonstrate the concrete expressions for
displacement and stress components in these
coordinate systems.

2. BASIC AND SINGULAR SOLUTIONS

We consider a singular boundary-value problem
where the surface of an elastic half-space is
subjected to a force vector § at one point, as shown
in Fig.1. In this case, the force vector 8 is given in

1(178)



H
H
i

¥

z

Fig.1 Coordinate system of elastic half-space.

the form

S=S8;i+Sj+S:k=1[5S;, S,, S/ (1)
in which i, j and k denote unit vectors in
rectangular Cartesian coordinates.

(1) The Generalized Boussinesq Solution
Using the generalized Boussinesq solution” for a
three-dimensional elasticity solution, it is expressed
in orthogonal curvilinear coordinates as
2Gu=grad (Ao+rid)—4(1—v)A
+2rotd (2)
in which
V2,=0, V?2A=0, V29=0 (3a-c)
and G and v denote the shear modulus and
Poisson’s ratio, respectively, and u and r denote a
displacement vector and a position vector, respec-
tively. If we let £, denote a stress vector, it is
expressed as”

tn=2G[??2—;ndivu+ (n-grad)u

+é~(n><rotu )} (4)

in which n denotes a unit normal vector. Furth-
ermore, if we let o, denote a stress tensor, it is
expressed as

on=1t,"1 ( 5 )
‘in which I denotes a unit tangential vector or a unit
normal vector. From Egs.(3a-c), the particular
solutions to scalar and vector potentials are
obtained as

10=Blog(p+z)+% (6)
_ P

2“8715(1—v)‘0 (7)

9=Clog (p+2z) (8)

in which B, D, P and C denote an unknown.

constant scalar and unknown constant vectors,

respectively, that is,

D=D,i+D,j=[Dy, D,, 0] (9)
P=Pii+Pyj+Pk= [Py, P;, Pl (10)
C=Cii+Cyjj=1Cy, C,, 0] (1

If we substitute Egs.(6), (7) and ( 8) into Eq.
(2), we obtain an expression for the displacement
vector. Furthermore, from the expression, Eqgs.
(4) and (5), we obtain the stress vector and the
stress tensor. To make the explanation brief, we
express the displacement vector, the stress vector
and the stress tensor in the sum of four solutions.
Then, we have

26u=26G (u®’+u?+u®+u®) (12a)
b=+ D P+ EY (12b)
ou=03+ 0P +0 +oi (12¢)

To induce the four solutions as stated below, we
use the following formulae® :

grad (¢¢ ) =¢grade+¢grad¢ (13a)
div (@A ) = (grade ) - A+ @divA (13b)
rot (@A )= (grade ) X A+grotd (13¢)
div(AXB)=B-rotA—A-rotB (13d)
rot(AXRB)=(B-grad)A— (A-grad) B
+AdivB—BdivA (13¢)
grad(4-B)= (B-grad)A+ (A-grad) B
+BXrotA+AxrotB  (13f)
(A-grad)r=A4, rotr=0 (13g,h)
divr=3, divgrade="V?p (134, §)
rot gradg=0, divrotA=0 (13k, 1)

in which ¢, ¢ and A, B are scalar fields and vector
fields, respectively.

(2) Solution to Double Line of Center of
Dilatation

The first term of Eq.(12a) is a solution corre-
sponding to a double line of center of dilatation
which is concerned with a double force along the x
and y axes with moments about the y and x axes
and is as follows :
Dr
otz
Substituting Eq.(14a) into Eq.( 4 ) and performing
very complicated vector operations, the stress
vector is obtained in the form

(1)_.—-.______....__1 . .
7 o (p+z)? <D(n rt+onk)
+(n-D) (rt+pk)+(D-rin

_Dr )
(otz) {r(@Bp+z)(nr)

+20*(n- k)] +szk(n~r+pn-k)}>
(14b)

2Gu=grad (14a)

Then, from Eq.(5), we obtain
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Onl = m<(D r)out+ (D) (nr

+on-k)+ (n-D)(rl+pk-1)
Dr
—— e . + .
(o z){(r DIGp+z)(nr)

+20%(n-k)1+20% (k1) (n-r
+pn~k)}>

in which &, denotes Kronecker’s delta :

1 for
5;1 =
! {O for

(14¢)

I=n

I*n (15)

(3) Solution of Kelvin’s Problem

The second term of Eq.(12a) is the solution of
Kelvin’s problem where one point in an infinite
elastic medium is subjected to a force vector P and
is as follows :

1
[V S
2Gu2“‘ 871,(1_’))0[(3 4V)P
(P-r)r
+7—] (16a)
Substituting Eq.(16a) into Eq.(4), the stress
vector is obtained in the form
= 1720 [(P~r)n—(n-r)P
" 8r(l—w)p®
3
—(nP)p———2 (P
(n-P)r (1-—2v)p2(P r)
. (n-r)r] (16b)
Then, from Eq.(5), we obtain
O—__ 172V . —(n- .
out 87:(1—1))93[(P r)0u—(n-r) (P-1)
3
(n-P)(rl) (1—2v)pz(P r)
“(n'r) (r~l)] (16¢)

(4) Solution to Line of Center of Rotation

The third term of Eq.(12a) is a solution
corresponding to a line of center of rotation which
is concerned with a double force along the y and x
axes with moments about the x and y axes and is as
follows :

2Gu®=2rot[C log (p+2)]
Substituting Eq.(17a) into Eq.(4),
vector is obtained in the form

_2 (nr) k
o= oxi -

(17a)
the stress

nr, n r+on- k)

(ko) (T LR

—on (CX k)] —Tpl_{—;z—)*[(r' C)

'[nxr
0 p+z

)

Then, from Eq.(5), we obtain

@ & nr_ k'l
Oni {(ka) -l o0tz

[r (ka)(" r %’—’-—’5)

(nXx r+pn><k)]

(17b)

nxl
2(p+2z)

otz —ecl)

—pon: (CXk)] +
'[(r'C)(%ﬁ—

(5) Solution to Line of Center of Dilatation

The fourth term of Eq.(12a) is a solution
corresponding to a line of center of dilatation which
is concerned with a single force along the z axis
without moments and is as follows :

(17¢)

2Gu® =B grad log (p+2z) (18a)
Substituting Eq.(182) into Eq.(4), the stress
vector is obtained in the form
B k
4) — — . .
X p(p+z){n p+z(n rt+on-k)
—[(2 +z2)n'r
?lotz) *
+0’n-k ]] (18b)

Then, from Eq.(5), we obtain

O-’%)zp(pﬁz) {5»1_ k+l (nr-HJn'k)

ﬁ[(Zp—!-z)n r+on- k]} (18¢)

3. BOUNDARY AND EQUILIBRIUM
CONDITIONS

Boundary conditions at the surface except the
origin of the elastic half-space become
atz=0, 0,=0, 0,=0, 0,=0 (19a-c)
in which 6.;, 0;z and o0, denote stress components,
and equilibrium . conditions become -
R+ S8=0,M=0 (20a, b)
in which

R= j; t.do=[Rs, R, R.] (21a)
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M= [ (rxt)do=1M., M, M) (21b)

and 2 and do denote the surface of a hemisphere
with radius ¢ and the infinitesimal area on the
surface, respectively. Introducing spherical coor-
dinates (o0, ¢, 6), boundary conditions (19a-c)
become

(048) 4=r2=0, (22a,b)

(066) p=2=0 (22¢)
and resultant force (21a) and resultant moment
(21b) are expressed as®

Rx=pzj;2ﬂﬁnlz[(app sin@=+ 0,4 cosd Ycos

(Up¢) p=n/2™ 0

— 0,0 sinf 1singdgpdt (23a)
2n (*m/2 N
Ryzpzj; j; [(0,0 sing+ 0,4 cosg )sind
+ 0,9 cos B Isingdpdt (23b)
2n /2
Rz:pzj; J; (Opp COSP—0pg sing )
-singd¢dd (23¢)
M= —-psj;“j;ﬂz(op.,s sin@+ 0,5 cosgcosf )
-singdpdf (24a)
My=P3j;zx‘/;ﬁ/2(0'p¢ c0s 80— 0,9 cos@sinf )
‘singdgpdf (24b)
2n (*n/2
M=0 [ [0 singsingdgdt (24c)

As seen in Eqs.(22a) to (24c), the stress compo-
nents in the spherical coordinates are needed to
satisfy the boundary and equilibrium conditions.
They are directly written from Egs.(14c), (16c),
(17c¢) and (18c) by making use of the following
relationships :

r=1[p,0,0], z=pcos¢ (25a,b)
i=[singcos @, cospcos, —sinf ] (25¢)
Jj=[singsinf, cos@psinb, cosf ] (254d)
k= [cos¢, —sing, 0] (25¢)
From Eq.(14c), we obtain
055 =0;
0= 1—cos¢ " N
os5 7 (I+cosg )sing (D1 cos+D,sinf);
1 .
sy = "m(Dl cosf+D;sinf);
D 1—cos¢ . s .
o4 7 (1+cosd )sing (D sinf—D5 cos8);
o5 = L (Dy sinf—D;cosf) (26a-e)

0*(1+cosg)

From Eq.(16c), we obtain

0;53)'_‘?7;“(‘21“_?_‘%)—92‘[(3 cosO+ P, sinf )sing
+Pscosd1;
o= __L‘;Z}{m[ (Py cosO+P,sinf )sing
8t (l—v)p?
+P;scos¢ 1;
05§)=§(1—1:_2:—)[)2[(P1 cosf+ P, sinf )cosd
—P;sing 1;
035 =0;
5= ——-ﬂ&“(ﬂ sinf—P; cosf) (27a-¢)
8r(1—y)p?

From Eq.(17c), we obtain
(3)“—-—2§]~11°¢‘———(C1 sinf—C;zcosf);

oo = 02 (1+cosg)
2 sing .
59 =——"—-(C; sinf—C ;
043 p2(1+cos¢)( y sin 3 cosf)
1 1 .
o= _?(Z—T*_f-—cos._qﬁ) (Cysinf—C; cosb);
<3>=___S.Elfé___.. 68+C,sinB):
Ogp 02(1+COS¢)(CI [e1e] 2 SIN ),
1 1 .
0= ”‘E(Z“m) (Cicosf+Czsinf);
(28a-¢)
From Eq.(18c), we obtain
B B cos¢
W=_2 s .
Opp o [2] 02 (1+cosg)
B sing
(4) — @) —(.
Opg 02(1+COS¢)’ Og6 09
058 =0 (29a-¢)

The required stress components are each sum of
four solutions with superscripts (1), (2), (3 ) and
(4) and are expressed in the form
Op0= 03 + 045 + 043 + 005
................................. (30)
oo™ 04 + 0,5 + 0,5 + 048
From Eq.(30), stress components 043, 0p4 and 0y at
¢=m/2 become

__cosf 1—2y
(0sp) p=rsn= e {D1~87I(1“1))P1_202]
,sinf[, 1—2v
s [DZ 87z(l~u)P2+2C‘]
(31a)
(008) p=rnrn= _SQ‘S;Q(D{“ Cy) — Suiﬁ (D,+Cy)
14 o
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1 1—2v
[_Sn(‘f_u)” 5] (31b)
(040) p=rr2= ”‘ﬂnﬁ( —Cp)+— COS@

Substituting 0,5, Gss and o, in Eq.(30) into
Eqgs.(23a-c) and paying attention to

/2 sm¢ _
Ny 5d6=log? (32a)
=2cospsm¢p , .
[Tt dp=1-1og2 (320)
we obtain the resultant forces as
Re=—(D:—22-3c,) (33a)
R=—n(D~£2+30)) (33b)
R, l;i-2 B (33c)

Furthermore, substituting 0,4 and 0, in Eq.(30)
into Egs.(24a-c), we obtain the resultant moments
as

M.=r0 [Dz—%%hzcl} (34a)
My=—mp [Dl—%%l_—_%‘%ﬁcz] (34b)
M.=0 (34¢)

Substituting Egs.(31a-c) into boundary conditions
(22a-c), we obtain

1—2p

Dl—ngl 2C,=0 (35a)
1—2y _
Dz'—mpz‘f“ZCr“O (35b)
_szo, D2+C1=0 (35C,d)
1-—2v
mPs B=0 (35¢)

Next, substituting Egs.(33a-c) into equilibrium
condition (20a), we obtain

—2(D—2i-3C.)+S=0  (36a)
—n(D—L+3¢,) +5,=0 (36b)
By orB+s.=0

5 2T (36¢)

Last, substituting Eqgs.(34a-c) into equilibrium
condition (20b), we obtain

1—2y
Dz*sz-i-ZCl:O (37a)
1—2y
D,— Sr(i—1)" 1))Pl 2C,=0 (37b)

If Egs.(35a, b) are satisfied, Eqgs.(37a, b) are

automatically satisfied. Therefore, solving the
system of linear algebraic equations (35a-e) and
(363.-(3) with Dl, Dg, Pl, Pz, P3, Cl, Cz and B, the
unknown constants are determined as

1 21) 1— 2»

D=5, D=2,
P1=“4(1—U)Sx, P2=—4(1—v)3y;
Py=—4(1—v)S, C=—122Y
C=132s., B=—122s,  (38ah)
That is
p=1= 2”[&, S,, 01 (39a)
P=—4(1-v)I[S, S, S (39b)
c=122%1-5,, 5,01 (3%)
B=—122, (39d)

Thus, the present problem was completely solved.

4. SOLUTIONS OF THE GENERAL-
IZED CERRUTI PROBLEM

If we substitute the known constants obtained in
the foregoing chapter into Eqs.(14a, c¢), (16a, c),
(17a, ¢) and (18a, ¢) and find the sum of four
results, we obtain the solutions to the displacement
vector and the stress tensor.

Substituting known constant vector (39a) into
Egs. (14a) and (14c), we obtain the following
solution :

y1—=2v Sr
2Gu o (gradp+z
~S-kgrad =) (402)
wo_172v 1
o' =5 o (o+2)? <S rou+8-l(n-r

+on-k)+ 8 -n(rl+ok-1)
_._._...—_—S'r . -
ot 2) {rilGe+z2)nr

+20°n-k1+20%k - l(n-r+pon-k)}

— (88 [l L L=

[(p 2)k'n

1>

Substituting known constant vector (39b) into
Egs.(16a) and (16¢c), we obtain the following
solution :

+20%n- k]+p+z

(40b)
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26ur =g G- 5+ EDT @
o ==22[§- 18— S-1(n-r) = 8-n(r-D)
o
—_ 38T ey (e
eyl ] (41b)

Substituting known constant vector (39c) into
Egs.(17a) and (17c), we obtain the following
solution :

ZGu‘”"l 2’)(Sxk)Xgraldl(:»g(p'}—z) (42a)
1— nr

ox = - [(S l) p+z[(s )<
nortonk\_ o 1 nxl_
Ttz ) pSn] 2(p+z)
[(Sxk) (p r:rk> (SXk)]
_ PSk_

(k1) (n~r+pn-k)} (42b)

(pt+2z)?

Substituting known constant (39d) into Eqs.(18a)
and (18c), we obtain the following solution :

oCu =122V 22’(S k)gradlog(p+z) (43a)

1—2p k-1l
M) e = 2 .
Oni 271.'p (p+Z)S k[ ”l p (n r

+on-k)— [@o+z)nr

2( + )
+o*n-k ]} (43b)

As a result, substituting solutions (40a), (41a),
(42a) and (43a) into Eq.(12a) and putting in order,
the displacement vector is expressed in the form

_1—2v
2Gu="1322 8k (s mgrad

p+z
S-r)r
Foay s Rr g {8:0r]

+2(Sxk)Xgradlog(p+2z)

— (8- k)grad[ —tlog(o+2)]] (49)

and substituting solutions (40b), (41b), (42b) and
(43b) into Eq.(12c) and putting in order, the stress
tensor is expressed in the form

1—2p 20tz . .
210 N\ (ot )ZS r(rk)o.

S-1 [Zp—!—z
(p+2)?

_ (p»s_;:;l)z[ l[1+ (P:z) ]

O =

rk(nr)—popn: k]

—(p+2z)k‘l}"s’r{;(_2£l7)m[y‘;—r

(n-r+onk )] —*'Tl

(p+ )?

[( 1s )3{(3p+z)n r+20°n-k)

- (1-3—';;)02” B

G+ ) e tsxio| - 2K

k-1l
[5,,; W(n r+on- k)+p(p+z)

'[2n*r(r-k)—p(p~z)n'k]}> (45)

Solutions (44) and (45) to the displacement vector
and the stress tensor can be used for arbitrary
coordinate systems belonging to the orthogonal
curvilinear coordinates.

nXxl
olp+z)

[esxm

5. EXPRESSIONS FOR DISPLACE-
MENT AND STRESS COMPONENTS
IN SPECIFIC COORDINATE SYS-
TEMS

In this chapter, we consider solutions (44) and
(45) in specific coordinate systems, for instance,
rectangular Cartesian, cylindrical and spherical
coordinates.

(1) Rectangular Cartesian Coordinates
In rectangular Cartesian coordinates (., ¥, z), we
have the following relationships :
r=Iz,y,z], p=(z*+y*+2z)7 (46a,b)
S= [Sx, Sy, Sz] (46C)
From solution (44) and relationships (46a-c), the
displacement components #;, #, and u, are
expressed as

Sz [1 x? 1—2p/ x? )}
2mpl™ " g2 ‘ otz \P" otz

Syxy [_l__ 1—2v ]

2np lg?  (p+z)?

Sz
N 27l'p \ 02
Szxy [_1_ 1—2p ]
2rp L2 (p+2z)?

Sy [ AN St 2 %) SN )]
+27:10 14 "ot otz \P "otz

lp +2zv )

2Gu,=

+

1—-21)) @7a)

otz

2Gu,~

n Szy(

o (47b)
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2Gu,= %(iz 1‘012:)
+%%( otz 1p +22y)
+ 252 [2a-») +——] (47¢)

Furthermore, from solution (45) and relationships

(46a-c), the stress components Oy, ***, Oz are
expressed as
P Szx[ o 1-2v ¢ 2 z_M)]
- 2np® L p? (p+z)2\ Y otz
_ Sy [3z?  1-2v ( o2 20y°
218 [p (pt+2z2)? 30y «0"‘Z>]
S. {3xzz_1~2v[1_y2(2p+z)”
2rpl gt otz o*(p+z)
(48a)
__ Sz [3y® 1—2v ¢ . 20x*
Ou 271-93 [ 02 (p—-{—z)z\gp —a p+2)]
Sy [31/2 1=2v ([, 5 2px2)]
2m* L o2 (o+z)2\P ptz
S. {Syzz__1—~2v[ _x2(2p+z)]}
2mp L pt otz 0*(p+2z)
(48b)
__ 35x2" 3Syz* 35,28
Oz 2mp® 2np® 2mp® (48c)
___3Sxyz_ 3Sy% 35Sy’
vz 2me®  2me®  2mp° (48d)
3S,x%*2 _ 3S,xyz  3S,x7”
Ozz™ —
2np° 2mp° 2mo° (482)
__ Sy [sz, 1-2v (, , 20z
Ozy ™= 2 2\ +
27rp 0 (p+2z) oTz
_ [3?12 1-2vy ( 2_yz 2.0112>]
27rp3 0* (pt+z)2\ p+z
Sy 3z (1—2v) 20+2)
2mp° {pz (p+2)? ] (480
If we set that
S:=P, §,=0, S,=0 (49a-c)

solutions (47a-c) and (48a-f) are coincident with the
solutions” of Cerruti’s problem and Mindlin’s
solution” for the case of c=0. Furthermore, if we
set that

S:=0, §,=0, S,=P (50a-c)
solutions (47a-c) and (48a-f) are coincident with the
solutions” of Boussinesq’s problem and Mindlin’s
solution” for the case of ¢=0.

(2) Cylindrical Coordinates
In cylindrical coordinates (7, 6, z), we have the
following relationships :

r=10r,0,2z1, p=(*+z)% (51a, b)
8=1S,, S5, S, k=e; (51c, d)
S,=5z cosf+S, sinf (51e)
Se=—S,sinf+S,cosf, S.=S, (51f,g)

in which e, denotes a unit vector in the cylindrical
coordinates. From solution (44) and relationships
(51a-g), the displacement components #,, #s and %,
are expressed as

2Gu ="—1"(S cos@-!—s sin@)[l%—ﬁ
T 2mp T v 0°

=
1p—+ 2:)

+(1-—2v)p

Sz
o (pz (52a)

ZGug"———'—'2—1n,—(S1sin0—S,, cosf)

Jr+a-20) (52b)

p+z]

1-—- 21))

+—(S; cosB+S, sm@)( p+z

2Gu,= 271.0
S,

T 2mp

[i;-i—Z(l—v)] (52¢)
Furthermore, from solution (45) and relationships
(51a-g), the stress components Oy, ***, Op are
expressed as :

. o) [22
rr 27ZP3 ¥ pz
2
—- 2u)m}
S, [3r%z
_mz[ps a-2.% 6
rz(20+2)
oao— (Sx cosf+S, sm())m
,S,(l—zu) z2__p
__ 3 . 3S:2°
o-zz——2np5(chosﬁ-i—S,,sm@)—z—m;s‘ (53¢)
G =0 (53d)
Oy =— 2 Jccosl?‘f"s,,smﬁ)“é;"gﬁ" (53e)
ngw(sx sinf—S, cosf) (53f)
2mp (o+2)*

If we substitute Eqs.(49a-c) into solutions (52a-c)
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and (53a-f), we obtain the representations in the
cylindrical coordinates of the solutions of Cerruti’s
problem. Furthermore, by the use of Egs.(50a-c),
we obtain the representations in the cylindrical
coordinates of the solutions of Boussinesq’s
problem, which are coincident with the representa-
tions in Saada’s book”.

(3) Spherical Coordinates
In spherical coordinates (o, ¢, ), we have the
following relationships :

r=1[p,0,0], S=ILS,, S, Sl
z=pcosp, k=cospe,~singe;
So=(S; cosf+S, sinf)sing+ S, cos¢
Ss=(SzcosO+ S, sinf)cosp—S.sing  (54f)
Sp=—S8z sinf+S, cosl (54g)
in which e, and e, denote unit vectors in the
spherical coordinates. From solution (44) and

relationships (54a-g), the displacement compo-
nents #,, #s and #, are expressed as

2Gug=§%pg($1 cosf+S, sinf) [2 (1—v)

(54a,b)
(54c,d)
(54e)

_1—2y ]
1+cos¢
—2%0[1-2v~4(1~u)cos¢} (55a)
26uy=575(S cosb+8, sinf) [ 1—2v)
. (‘f:ég@*Z)'i‘ (3—4y )COS¢]
_ S _sing o,
2no 1-!-cos¢[2(1 v)
+(3—4v)cosp] (55b)
2Guo=—§71-[-‘0~(5xsm0—sycosﬁ)
1—2p
’ (1+ 1+cos¢) (55¢)

Furthermore, from solution (45) and relationships
(54a-g), the stress components 0,,, ***, Op are
expressed as

Opp™= _%_?.(Sx cosf+S, sinf)

(o-r—15eneg)

+——§z—~[1—2v~2(2—v)cos¢]

om0t (56a)

2

_cotpcosg .,
T%S?(l cos¢)

0¢¢=‘l_:221)"(sz cosf@+S, sinf)
7o

— 2
+Sz(1 2v) cos’¢

2’ 1+cos¢ (56b)
_1—2v .
Oop="—"(S; cosf+S, sinf)
27p
_cotp(1—cosd)
1+cos¢ (2+cosg)
S:(1—2vy) cos¢p—sin*p
+ 270? 1+cos¢ (56¢)
_1-=2y .
Opp=""—",(Sz cosf+S, sinf)
2mp
cosg(l—cosg)
1+cos¢
S:(1—2v) sing cos¢
+ 270° 1+cos¢ (56d)
0'¢0='1':—'2£E(Sx sinf—S, cos )
2mp
_cotp(l—cosg)
1+cosg (56¢)
0p0=—1—_'%)'(51 sinf—S, cosB)
2mp
1—cos¢
1+cos¢ (56f)

Thus, the expressions for the displacement and
stress components in three coordinate systems, i.e.,
rectangular Cartesian, cylindrical and spherical
coordinates were demonstrated.

6. NUMERICAL EXAMPLES

In this chapter, we consider numerical examples
of solutions (47a-c) and (48a-f) under a force vector
in the form

2" 2" /3

Numerical calculations were made for an elastic
half-space with Poisson’s ratio v =0.3 and a
standard distance ¢. The distributions of oy, 0y
and 0., at y=0 are shown in Figs.2-4. Fig.2 shows
that the value of o, at the surface (z=0) becomes
infinite at z=0 and that the decay along the x and z
directions is rapid. Fig.3 shows that the value of g,
at the surface becomes infinite at £=0 and that the
distribution of g, at the surface is symmetric with
respect to x=0. Fig.4 shows that the value of ¢,; in
the vicinity of the surface becomes maximum at z=
0 and that the decay along the x direction is very
rapid.

s=plL, 1, L]

8 (24s)
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Fig.2 Distribution of 0zs.
(y=0, v=0.3)

\ —2/c
—— ~0.
N 2=0

{

Fig.3 Distribution of 6.
(y=0, v=0.3)
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Fig.4 Distribution of o,..
(y=0, v=0.3)

7. CONCLUSION

A singular boundary-value problem of an elastic
half-space subjected to a force vector with three

components, i.e., two tangential and one normal
forces, at one point of the surface was solved, and
Cerruti’s problem was generalized. The use of the
generalized Boussinesq solution is convenient to a
method of solution to the problem, because the
solution of a rotation type is necessary to the
analysis of the tangential forces. On constructing
solutions, it is the point to need deliberation that
the particular solutions to a harmonic function and
harmonic vectors included in the generalized
Boussinesq solution are successfully determined.
Although the calculation of the stress vector in
Eq.(4) needs very complicated vector operations, it
is carried out by combining formulae (13a-1) well.
Since solutions (44) and (45) obtained as a result
can be used for arbitrary coordinate systems
belonging to orthogonal curvilinear coordinates,
they may have considerable generality. From the
viewpoint of practice, solutions (44) and (45) were
applied to rectangular Cartesian, cylindrical and
spherical coordinates and demonstrated the con-
crete expressions for the displacement and stress
components in these coordinate systems. The
expressions may have wide applicability, because
they include the solutions of Cerruti’s and Bou-
ssinesq’s problems. ‘

For the reasons mentioned above, the author
concludes that the solutions presented in this paper
should be useful for a singular boundary-value
problem of an elastic half-space.
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