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GALLOPING OF STRUCTURE WITH TWO CLOSELY-SPACED
NATURAL FREQUENCIES

By Phoonsak PHEINSUSOM* and Yozo FUJINO**

Certain structures have the vibration modes of closely-spaced natural frequencies. The
galloping behaviour of such a structure is studied. A cable-stayed bridge tower whose the
natural frequency of the in-plane second mode is close to that of the in-plane first mode is
employed as the case study. The structure is modeled as a linear two-degree-of-freedom
system with proportional damping, and nonlinear quasi-steady wind force is assumed. An
asymptotic modal analysis on galloping is conducted. The results indicate that the galloping
of this tower is the steady-state motion either in one of the two modes, depending upon the
initial disturbances, and that the coexistence of two modes in galloping, i.e. multi-mode
galloping, is unstable. However, for structures with certain properties, e.g. unsymmetri-
cally distributed mass, only the multi-mode galloping is stable. These results agree well
with the observations in wind tunnel experiments,
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1. INTRODUCTION

Galloping is one of the most important wind-induced oscillation problems of the flexible structure, The
usual assumption to analyze this phenomenon is that galloping is a vibration of single uncoupled mode in the
direction normal to wind, Analysis using this assumption was carried out in great detail by Novak" and
others.

Galloping of two-degree-of-freedom system allowing vertical and torsional motions was explored by
Blevins and Iwan?. They concluded that there is strong interaction between vertical and torsional motions
when two natural frequencies are close to an integer multiple of each other. This interaction is greatest
when two natural frequencies are nearly equal, i.e. the torsional motion noticeably coexists with the
vertical galloping.

The tower of the Higashi-Kobe cable-stayed bridge has an interesting property that the circular natural
frequency of the in-plane second mode, w, is close to that of the in-plane first mode, «; as shown in Fig. 1.
The galloping behaviour of this tower with the proposed rectangular cross-section in uniform wind flowing
in the direction of the bridge axis has been experimentally studied in the wind tunnel using its three
dimensional 1 : 100 scaled model?, The tower’s galloping was the steady-state motion either in the first
mode or in the second mode depending upon the initial disturbances given to the tower model. The relation
between wind velocity and modal amplitudes at the top of tower obtained from this experiment is presented
in Fig. 2. The studies by Phoonsak et al. =9 which are our primary works on this topic, showed that the
nonlinear asymptotic analysis can well explains these observations, However, it is interesting to note that
the coexistence of both the first mode and the second mode motions in galloping, i.e. multi-mode galloping,
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is not a steady-state motion as shown in Fig, 3. These observations curiously differ from the results
obtained in Ref. 2).

Shiraishi et al.? also performed experiments using a scaled three dimensional model of this tower and
similar results were obtained. Note that their study concerns the galloping suppression of the tower and it
indicates that galloping of this tower is effectively suppressed by adding corner-cut to the original
rectangular cross-section. The cross-section with corner-cut is employed as the final design proposal.

The present paper, which is a continuous work from Ref. 4) , 5) and 6), attempts to explain the galloping
behaviour of the structure with two closely-spaced natural frequencies, Focus is placed on the modal
selection during galloping. The modal equations of motion are firstly formulated under the assumptions of
linear elastic structure and nonlinear quasi-steady wind forces. Solving these nonlinear coupled equations
of motion by perturbation method, the modal selection in galloping of this kind of structure is studied.
Next, the conditions of the existence of steady-state multi-mode galloping is examined. Finally, the
analytical results are compared with observations from the wind tunnel experiments.

2. EQUATIONS OF MOTION

Consider the continuous structure, for example the bridge tower shown in Fig.1, subjected to the
smooth wind flow. The structure is assumed to be a linear elastic proportionally-damped system, Using the
conventional modal analysis, response of the structure in the direction normal to wind, Y(x, &) can be

expressed as

Yix, t)zéj PUAE) YL B) - emeeeemmme e e (1)

=3.
> fa- Modal circular natural frequencies
Iy 1 1st MODE w,=43.2rad/s, w,=47.4rad/s.

i ! Modal critical damping ratios
o £=0.0016, &=0.0014.
: : Modal mass ratios
ny=n,=0. 00027.
Wind force coefficients of 2 : 3 rectangular cross-section
A=6.6, A4,~0.0, A,=-—118.9.
Modal Integrals (7, : i-th mode shape)
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Fig.1 Higashi-Kobe bridge tower’s model with mode shapes and modal properties,
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where 7 (x)=i-th mode shape and y(%)=i-th modal response.
The j-th modal equation of motion can be written as

Jit2 &wii/#rwfyz:f Filx, t)y&x)dx/(f m(x)y?(x)dx) ............................................... (2)

where &=critical damping ratio of j-th mode, w,=circular natural frequency of ;-th mode, m(x)=mass
of the structure per unit length, F,(x, #)=external force and dot denotes the differentiation with respect
to time .

In this study, the wind force is assumed to be quasi-steady. Using this assumption, the galloping force
Fy(x, t) may be written in a polynomial form as

Fy(x, £)=0.5 oU?D {&(—Z)%—AZ(—;;)Z—%—"-+A,-<~z;>j+---+An<—g->n} ................................ (3)

where p=air density, U=uniform wind velocity, D=characteristic dimension of structure and A,=wind
force coefficients,

Using the quasi-steady wind force assumes that the wind force on the cross-section in a flow at any time
is identical with the force on that cross-section in a steady flow at the same relative angle of attack and wind
velocity. This assumption has been found to be a useful approximation as long as the onset wind velocity of
galloping is much higher than the onset wind velocity of vortex shedding. The applicability of quasi-steady
wind force assumption on this problem will be discussed later,

Substitution of Eqs. (1) and (3) into Eq. (2) leads to the set of modal equations of motion, The right
hand side of these equations, which represents aeroelastic force, is nonlinear and coupled while the left
hand side, which represents structural properties, is linear and uncoupled. Difficulty in solving this set of
equations depends upon the number of modes included and the order of polynomial in aeroelastic forces.
From the wind tunnel experiment, tower’s response was found to practically consist of the in-plane first
and the in-plane second modes as shown in Fig, 2. Therefore, only the first two modes are employed in the
following analysis. Furthermore, to simplify the analysis, up to the third order nonlinear terms of the
self-excited force in Eq. (3) are considered. Neglecting the higher order nonlinear terms will, of course,
lessen the accuracy of the solutions ; however, the solutions will not be dramatically changed. Then,
considering only up to the third order nonlinear terms in Eq. (3) is believed to be adequate for the analysis
focusing the modal selection during galloping. That is

Yo, B)= ()Y B) o(a) ol B) - vveeeeemmmmmmee e (4)
=05 00D | 4 (Tt A TV 1 A TV oo

Fla, =05 00D | &)+ 47 ) + () | (5)
Then the modal equations of motion are

'2]1'9'w%ylzdxfyﬁ‘Olz@f‘f‘asfh@z‘f”041:/34‘015@?“”asf/%yz“"mgxfjg‘FasiIz ................................... (6'3)
y2+wgyz,—_lgl1',2+/32y§+33y1yz.;_l&yg_}_,gsm+ﬂ6mg’/2+5791y§+,@8y§ ................................... (G'b)

where

a=—2&w+2 nlUA|fyfdx/D, Bi=—2 &w,+2 anA;f}'%dx/D ....................... (7-a, 7-b)
=2 n;Azf}’idx/D, /92=2nzAzf7f72dx/D .................................... (7+¢c, 7-d)
;=4 nlAszszdx/D, £:=4 'ﬂzAzf KVEALD +ovvreerrrrrmm s (7-e, 7-9)
a,=2 TL;Azf71)’§dCC/D, Bi=2 nzAzf YIAaL D eereerenee e (7-g, 7-h)
as=2 n,Agfy‘idx/(DU), Bs=2 nzAsf}'?}'zdx/(DU) ................................. (7.j1 7])
;=6 nlAzf}'?}’zdx/(DU), ,8626 nzAsf 7¥7§dx/(DU) ................................ (7~k, 7.1)
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;=6 nIAafyfyidx/(DU), B:=6 n2A3f RYIAL /(DU ereeeereeernirinenn, (7°m, 7+n)
as:znlA:*fyl’),gdx/(DU)’ ﬂszz nzAsf ')/;dx/(DU) ................................... (7.p’ 7.q)
m:pDz/<4fm(x)yf(x)dx), nzzpD2/<4f m(x)yé(x)dx) ............................. (7°r, 7-s)

3. ASYMPTOTIC SOLUTION FOR STRUCTURE WITH TWO CLOSELY-SPACED
1=

NATURAL FREQUENCIES
In order to solve the coupled nonlinear differential Eqgs. (6-a) and (6-b), the nonlinear terms are
assumed to be very small which can be characterized by a parameter ¢. The solution is assumed as
yl(t)=a1(t)cos Qﬁeyn(al, Qs &, Qz) ........................................................................ (8’3)
Yo 2)= 0s(1) COS Dot elan@ry Qay Oy p)--+--eerereeeremermie ettt S (8-b)
where Q= t—8(1), Q=w,l—8(1)— (1)

The variables a,, a,, £, and Q, are assumed to be slowly varying functions of time # such that

g'/l=—-w1a1sin ‘Qx"'fl'/u ........................................................................................... (g.a)
g'/2=—wzagsin Qz+5§/22 ........................................................................................... (g.b)
This implies that

&, COS 91*‘(113'1 SEN 0 e (10)
@, cos Q,+ az(éﬁ—&'z) B T TR £ R N 11)

Substituting Eqs. (8) and (9) into Eqs. (6) and considering only the terms with the same order as ¢,
one obtains

ut oiyn=lw @~ w1a:a:—0.75 wiaias—0.5 w wia,ale,] sin @ —w a6, cos 2,

—[0.5 wiw.al@.as+0.75 wiaias) sin Q,+0.5 wiaie,+0.5 wiale,

—0.5 wiaie; cos 2 2,—0.5 w;ajes cOS 2 2,

+0.5 w0 2,0:0;:[c0s (@ — 2;)—cos (2 + 2,)]

+0.25 wiaies sin 3 ©,+0.25 wiaie; sin 3 Q,

+0.25 wiw,aiaa:[sin (2,42 Q))+sin (2,—2 2,)]

+0.25 wywia,aie; [sin (42 Q) +sin (Q—2 Q)] -+ eeerrrremmomi (12-a)
Voot 03Ynr=[ w2 w3020 —0.75 w}3Bs—0.5 o w,02a:06) SIN Qy— w,a5(81+ 82) cos Q,

—[0.5 wiwia:aiB;+0.75 wiaifs] sin ©,+0.5 wialB,+0.5 wiais,

—0.5 wiaif: cos 2 2,—0.5 wiaifi cos 2 2,

+0.5 w 0,068 [cos (21— Q) —cos (& + Q,)]

+0.25 wiaifs sin 3 £2,+0.25 wia3ls sin 3 2,

+0.25 wiw:aia:fs[sin (2,42 Q,)+sin (2,—2 Q)]

+0.25 w030, a8, [Sin (42 Q)+ Sin (Q,—2 Q)] ++ervrrrrrmmen (12+b)

The terms whose frequency is nearly o, in Eq. (12-a) and those whose frequency is nearly ¢, in Eq.
(12+b) will give unbounded solution for any values of ), and w,. These terms which are called secular
terms must be eliminated in order to obtain bounded solution of ¢, and q,.

The case that the second mode frequency is close to that of the first mode is considered. To express
quantitatively the closeness between these two natural frequencies, the detuning parameter ¢ is introduced
as

3= @y £+ e e (13)

Then the terms with @, Q,, (2,—2 ,) and (Q,—2 Q,) in Egs. (12) are secular terms.

Performing certain algebraic operations and averaging Egs. (10) and (11) along with the equations
which result from the elimination of secular terms in Eqs. (12) lead to the following set of equations,

@:=0.5 a,0,+0.375 wiaia;+0.25 wia,aje,; [140.5 cos 2 A]

+0.375 [wlwzafaza.-,ﬂ-w%aias/cul] COS A rrrrrr et e (14)
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Table1 Possible Solution Sets of Egs. (14) ~ (16).

RS | a0 eyt 0 3= 0, 23,7 0 3t 0, 2,70 3= 0, 27 0
PARAMETERS
Bs= 0, ag= 0 EXISTS EXISTS EXISTS EXISTS
gs# 0, ag= 0 EXISTS DOES NOT EXIST EXISTS EXISTS
Bs= 0, ag# O EXISTS EXISTS DOES NOT EXIST EXISTS
Bs# 0, ag# 0 EXISTS DOES NOT EXIST DOES NOT EXIST EXISTS

:=0.5 0,0, 0.375 wia3ls+0.25 wiala,B:[1+0.5 cos 2 A]

+0.375 [w1w2a1a§ﬂ7+w§a§,85/wz] COS A rreeeremnerenennmenra sttt ettt (15)
&=1—0.125[ wala.fs+ wia,adas) sin 2 A—0.325 [wiaiBs/ w,+ wiatas/ w] sin A
—0.125 w;wzafai [ae+ﬂ7] sin /\i/(alaz)) .................................................................... (16)

where A=eot—0,, A= eo— 0,

Steady-state amplitudes a, and @, and phase lag &, can be obtained by applying the conditions that ¢,=d.,
=&,=0 in Egs. (14), (15) and (16). Stability of the steady-state solution must be examined by
considering the small perturbations at the solution point.

Examining Eq. (16), it is found that the possible solution sets of steady-state motion depend on two
parameters ; and a, as shown in Table 1. For example, if both §; and a, are non-zero, both g, and g, must
be non-zero in order that &/,==0. This means that the single mode solutions (a,=0, a,>0) and (a,>0, a.
=() do not exist : all the solutions are the coexisting two modes in galloping (@:>0, a,>0), i.e.
multi-mode galloping. On the other hand, if only g is zero then the solution (@,=0, @.>0) exists, while if
only g is zero, the solution (g,>0, a,=0) will exist.

As seen here, the steady-state vibration mode in galloping is principally determined by the values of the
parameters 8 and o;. These parameters are functions of mode shapes, wind velocity, cross-section and
aerodynamic force coefficient (7;, 7, U, D and A,, respectively) as defined in Egs. (7-j) and (7-p).
These parameters are zero when one mode shape is symmetric and the other mode shape is asymmetric.
This property regarding the mode shape always observed in symmetric structures. On the other hand,
these parameters are not zero, if the structure has unsymmetrically distributed mass or if the wind velocity
and angle of attack are non-uniform along the structure axis or if the cross-section non-uniformly changes
along the structure axis.

Then two types of bridge tower are employed as the case study. Firstly, the galloping behaviour of
Higashi-Kobe bridge tower is studied. Note that this tower has symmetrically distributed mass. Next, this
bridge tower is modified by adding a small mass at one leg of the tower to make the structure unsymmetric,
i.e. B and o, are not zero. Galloping behaviour of this modified tower is also investigated to study the
multi-mode galloping. The modified tower can be considered as the model of tower with one climbing crane
on its leg during construction,

4. GALLOPING BEHAVIOUR OF HIGASHI-KOBE BRIDGE TOWER

The three dimensional 1: 100 scaled model of the Higashi-Kobe cable-stayed bridge tower with
rectangular cross-section is employed as the case study. Modal selection in galloping of this bridge tower
model exposed to smooth wind flowing along the bridge axis is analytically investigated.

Note that the model properties and modal properties are shown in Fig. 1. The generalized masses of both
the first and the second modes are taken as unity. Since the exact wind force coefficients of this tower is
not measured and the cross-section of tower’s leg is similar to 2 : 3 rectangular cross-section, then the
quasi-steady wind force of 2 :3 rectangular cross-section obtained by Novak and Tanaka® is used.
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Using its first two in-plane mode shapes, . the following approximations hold :

W= = Q=0 = By == By By (e e (17)
With use of Eq. (17), Egs. (14), (15) and (16) are reduced to :
a:=0.5 a1, +0.375 wlaias+0.25 wia,ale; [1+0.5 cos 2 /\] ................................... EETTPPPR (18)
&,=0.5 a8 +0.375 wzaz,Bg+O 25 wlalazﬂe [1+O 5¢coS 2 )\J ................................................ (19)
8 =—0Q. 125{601(1 6+wza2a7181n2)\ ............................................................................. (20)

In order that &,=0 in Eq. (20), the bracket term or the sinusoidal term must be zero. Since Bs and o,
always have the same sign (Egs. (7-1) and (7-m)), the bracket term can not be zero, Then sin 2 X must be
zero . 2 A=( or r and cos 2 A=1 or —1, respectively, Solving Eqs. (18) and (19) with this condition,
one obtains the following steady-state solutions.

set 11 a;=0, @;=0, A=arbitrary «----coeoecoeemeaenii (21)
set 2 al:m/wh a,=0, /\::arbitrary ....................................................... (22)
set 31 @ =0, :=y/—4B/3Bs/ws A=ATBILTAry -+ cercorermiriiiiiiiiiii i, (23)
set 4 1 a,=+/4(a:8— a:,f:)/3 (asPs— a:fs) / wn

azz¢4 (0!1/95"0515’1)/3 (asﬁs—ﬂﬁs’e) /wz’ A= () v rr et e e (24)
set ! CL;:«/4 (@181 =3 a1s)/(9 asBs— erfBs) / an

az:\/4(a1/6’6-3 asﬂ;)/(9 asﬂs"angs)/wz, ASS L2 ceeeeren (25)

Stability of solution sets ] to 5 is examined at various wind velocities. It was found that solution sets 1, 2
and 3 are stable at certain wind velocities while solution sets 4 and 5 are always unstable. Results of only
the stable solutions for two representative values of A, namely A=( and A=r/2, are shown in Fig. 4,
where U,,, and U,,, are the onset wind velocity for galloping of the first and the second modes (Um=
5,4(¢)L4D/<711/11 / 7§d:c>>, respectively. The overlap area in Fig, 4 (a) indicates that either the solution set 2
or 3 is stable, This area is the largest when A is zero and it decreases as increase of A. It vanishes when A is
equal to /2.

The solid line in Fig, 4 indicates the stable solutions for the specific bridge tower model shown in
Fig. 1. Note that the computed onset wind velocity of the first mode is less than that of the second mode

because &w,/ [ y!dx is greater than §2w2/f yidx. It was indeed observed in the wind tunnel experiment
that U, is greater than U, i.e. U.,=2.5 m/sand U.,=2. 2m/s.

At the wind velocity less than the modal onset wind velocities, U.,,, and U,,,, e.g. at point 1 in Figs. 4 (a)
and 4 (b), both modes are stable at zero amplitudes, i. e. no galloping. At point 2 with U,,,< U< U,,,, only
the second mode is stable in galloping. At point3 (U > U,,, U.,), the existence of the first mode or of the
second mode in galloping is determined by the initial conditions,

Fig. 5 shows how the initial amplitudes, g, and @, and the initial phase lag A affect the modal selection. If
only the first mode excitation is given to the tower (indicated by point A) the response will reach stable

U/Ucrz—‘l U/Ucr2-1
0.5 T T LA 0.5 ——
! |\st or 2nd ' 2nd MODE, '
2nd MODE MODE STABLE 2nd MoDEL | STABLE
STABLE STABLE i
. Tst MODE
' Hih STABLE
o AT ;
0.0 fr o e ' FTHHHHH H 0.0 fomm e d HH
1 I
f |
ZERO AMPLITUDE ||| 15t MODE ZERO AMPLITUDE Tst MODE
STABLE i STABLE STABLE b STABLE
| [
! -
.5 | Ullery-1 g ! U/tery-1
-.5 0.0 0.5 -.5 0.0 0.5
(a) =0 (b) A=x/2

Fig.4 Stability map of the tower with two representative values of phase lag, A
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finite amplitude of @, with zero amplitude of g, Similarly, finite amplitude of g, with zero amplitude of g,
is the stable galloping mode if only second mode excitation is given (point B). If both first and second mode
excitations are simultaneously given to the tower, the stable galloping mode depends upon the initial
amplitudes (g, and @,) and the initial phase lag (A). For example, if the tower starts to oscillate from
point C in Fig.5, the first mode’s response dies out while the second mode’s amplitude grows to
steady-state, and vice versa for the case of point D, It is interesting to note that when initial phase lag given
to the tower is nearly 7 /2 (point E), the first mode’s amplitude will increase until it reaches saddle point,
F then it decays to zero amplitude, while the second mode monotonically grows to the steady-state at point
G (a,=0, @:>0). ;

It should be noted that the state space shows only the processes of the response to the steady-state, It
does not give any information on the build-up time for the response to reach steady-state®,

The observations in wind tunnel experiment using the 3-dimensional model of the Higashi-Kobe bridge
tower can be interpreted by the analytical results as further presented below.

When the wind velocity was 2. 3 m/s, galloping of the second mode appeared and the first mode galloping
was not observed. This corresponds to point 2 in Figs, 4(a) and 4(b).

G2

hE

P53 7 =

X
"
-

1= FINITE, a,= 0

b

i)

Fig.5 State space of the tower at U > Uer, U, (point 3 in Fig.4).

/'{' Initial Condition Point D. Initial Condition Point C.

1st MODE

D _ 4 2nd MODE 2nd Mode
= == 1

(a) Path of modal transient amplitudes and time history responses at initial phase lag A+ /2

ap Initial condition Point E.

2nd MODE
E F
A G]

(b) Path of modal transient amplitudes and time history responses at initial phase lag A=1/2

Fig.6 Galloping responses of the tower’s model observed in wind tunnel experiments (ffl . unstable point, & : saddle point and @ :
stable node).
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At higher wind velocity (U >2.5m/s), galloping of first mode was also observed, Selection of the first
mode or of the second mode in galloping depended upon the initial disturbances given to the tower as shown
in Fig. 6(a). The left hand side figure presents the path of modal transient amplitudes which is similar to
the phase plane, but phase lag A is not constant in this figure, it changes along the path.

For the wind velocity greater than 2. 9m/s, the first mode initially appeared in galloping, but after
sometime its amplitude decayed while the second mode increased and reached the steady-state motion as
shown in Fig.6(b). This phenomenon corresponds to point 3 in Fig. 4(b).

The observations in the wind tunnel experiment can be well explained by the present nonlinear analysis.

5. GALLOPING BEHAVIOUR OF MODIFIED HIGASHI-KOBE BRIDGE TOWER

The Higashi-Kobe cable-stayed bridge tower model in Fig, 1 was modified by adding a small concentrated
mass at one leg of the tower. By adding this small mass, mode shapes are changed so that g; and o, are not
zero. Mode shapes as well as structural properties of the modified tower are shown in Fig, 7.
Cross-section of this modified tower, unlike the tower shown in Fig. 1 which is tapered cross-section, is
uniform 2 . 3 rectangular cross-section,

Note that the generalized masses of both the first and the second mode equal to unit and that the values of
all the parameters in Eq. (17) including g5 and o4 are non-zero.

Steady-state amplitude of the modified tower can be obtained by equating &,, ¢, and &, in Egs. (14) to
(16) to zero and solving these equations simultaneously.

Steady-state solutions and their stability are examined at various wind velocities, It was found that the
solution of g,=0 and @,=0 is stable, i.e. no galloping, when the wind velocity is less than the onset wind
velocities (U< U, Uer,).

At higher wind velocities (U > U.,,), only multi-mode galloping is stable as shown in Fig. 8 (a) (U,,,<U
< Ucr,) and Fig. 8(b) (U> Uer,, Usy). It should be noted that in this tower U, is less than U,,, because
&/ | vidx is smaller than &§w,/ | 7idx. This was also confirmed in the wind tunnel experiment. Fig, 8
(a) is particularly interesting since galloping of the first mode is observed even the wind velocity is less
than the first mode onset wind velocity, U.,,.

Fig. 8 also indicates that in the multi-mode galloping, the stable steady-state amplitude of the first mode
is less than that of the second mode because the structural damping of the first mode is larger than that of
the second mode. It is also found that each modal amplitude slightly changes according to the value of phase
lag, A, 1. e. the stable solution depends on A. The ratio of q, to @,, firstly, will increase with the increase

50 g. added
Y e Modal circular natural frequencies
s D=3.6cm _ _
5 1 1st MODE @ =40.7 rad/s, w,=46.1rad/s.

- v

Modal critical damping ratios
£=0.0013, &=0.0012.

Modal mass ratios
n;=n,=0. 0004.

Wind force coefficients of 2 : 3 rectangular cross-section
A,=6.6, A.=0.0, A4,=-118.9.

Modal Integrals (7, : i-th mode shape)

’ [ridz=17.1, [ pidz=10.1,

i

i
'
|
1
i
i

N2
(\ 2nd MODE fridx=——22. 6, fﬁdx=—-2640,

[rindz=s6, [ nridz=—152.

g
3
/Y
I [rtaz=35.0, [ ridw=s2.8.
7N [ rinaz=—12.1, [ xridz=17.0

! i
4

[ ririaz=14.9.

Fig.7 Model dimensions and properties of the modified Higashi-Kobe bridge tower,
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of wind velocity and; finally, this ratio will reach an asymptote, i.e. unit in this tower.

Example of phase plane of this modified tower at U > Ucy,, Ucr, is also shown in Fig. 9. The steady-state
solutions are points A, B, C and D. Note that in this figure, g, at point B is not zero but it is very small
compared with g, and vice versa at point C. The wind velocity in this figure differs from that in Fig. 8(b).

In this figure, point A (@,=0, @,=0), i.e. no galloping, is unstable while points B and C are saddle
points. Only point D (a,, @,>0), i.e. multi-mode galloping, is stable. This means that wherever the
modified tower starts to gallop, the tower’s response goes to a steady-state motion at point D.

Galloping behaviour of the modified tower model was also experimentally studied in the wind tunnel. It
was confirmed that only the multi-mode galloping was observed. Time history responses at U, < U< Uer,
and at U > Uer,, Uer, are presented respectively in Figs, 10(a) and 10(b) which correspond to Figs, 8(a)
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Fig.8 Steady-state multi-mode solutions of the modified tower.
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Fig.9 Phase plane of the modified tower at U > Ucr,, Uer, and phase lag A=0.7 z. (B : unstable point, & : saddle point and @ : stable
node)
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Fig. 10 Time history responses of the modified tower obtained from wind tunnel experiment (smooth wind flow).
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and 8(b), respectively. In Fig.10(b), galloping of the tower’s model started from the rest position,
Initially, the tower oscillated mainly in the second mode motion, As time passed the first mode motion
gradually increased along with the second mode and finally it reached the multi-mode steady-state motions.
The experimental results thus agree with the analytical results with respect to the coexistence of two
modes in galloping,

Numerical integration also verifies the modal selection in galloping of the both types of bridge tower,

It should be noted that the computed galloping onset wind velocities very much differ from those observed
in the experiments. For example, in the case of bridge tower’s model shown in Fig, 1, the computed onset
wind velodities are (.071 m/s. and (.(068 m/s for that of the first mode and of the second mode,
respectively, while the onset wind velocities observed in the wind tunnel test are 2.5 m/s and 2.2 m/s for
that of the first mode and of the second mode, respectively. This means that the quasi-steady wind force is
not applicable to this tower and that the unsteady wind force is suitable to employ. The quasi-steady
assumption determines the wind force coefficients as the functions of angle of wind attack, i. e, implicit
functions of structural velocity, while the unsteady wind force assumption determines the force
coefficients as the functions of the reduced wind velocity and the structural amplitude, i.e. implicit
functions of the structural velocity!® !, The natural frequency of the second mode is close to that of the
first mode, then the reduced wind velocity of the second mode is almost equal to that of the first mode. We
are interested in the galloping behaviour of tower near the onset wind velocity, Therefore, in this narrow
range of wind velocity, the unsteady wind force, which is also the function of reduced wind velodity, can be
expressed approximately as the polynomial form of structural velocity, as shown in Eq. (3 ), but the force
coefficients are, of course, different from those obtained from quasi-steady assumption, Then the results
regarding modal selection in the galloping mode from this analysis are valid even when the unsteady wind
force is assumed.

6. SUMMARY

Across-wind galloping of the proportionally-damped system having two closely-spaced natural
frequencies was analytically and experimentally studied. The results from the nonlinear asymptotic
analysis can be summarized as follows :

For structure having symmetric properties, galloping is the steady-state motion of a single mode, either
in the first mode or in the second mode. Selection of the galloping mode depends upon the initial
disturbances given to the structure,

For the structure having certain properties, such as unsymmetrically distributed mass or non-uniform
cross-section, galloping is a motion in the two modes, i.e. multi-mode galloping, Modal steady-state
amplitudes in multi-mode galloping slightly depends on the initial phase lag between the two modes,
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NOTATIONS

A; : aeroelastic force coefficients a; . i-th modal steady-state amplitude
D : characteristic dimension of structure Fyx, t) : external wind force
m(x) . mass of structure per unit length n; . i-th modal mass ratio
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U : uniform wind velocity Uer; - i-th modal onset wind velocity
y{t) . i-th modal response Y(x, t) : response of structure ;
B; . parameters defined in Egs. (7) a, . parameter defined in Egs. (7)
& © i-th modal critical damping ratio ¥{x) . i-th modal shape
o . detuning parameter o . air density
w; - i-th modal circular natural frequency A phase lag
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