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A TANGENT THEORY OF THIN-WALLED BEAMS
AFTER ANY LARGE DISPLACEMENTS

By Masahiro AF and Fumio NISHINO**

Upon an existing nonlinear theory of thin-walled beams for truly large displacements,
linearized governing relations are rigorously developed on a general equilibrium after any
large displacements. Apart from those in that nonlinear theory, another set of parameters
are employed for the infinitesimal variations under the same kinematic field to develop a
normalized formulation, Any bucklings of thin-walled beams arising after large displace-
ments can be put exactly on the present tangent equations : as an unprecedented example,
the flexural buckling of an open-cross-section beam subject to finite torsion and
compression is analyzed.
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1. INTRODUCTION

As for the thin-walled beams, there have been nonlinear formulations taking account of up to the
quadratic or cubic terms of finite displacements around the initial configurations?~¥-9-9 Recently, we have
a next-stage formulation where within the frame of small strains, no truncations are made upon higher
nonlinear terms of displacements”.

The formulations of up to the quadratic terms are enough to be linearized around the initial
configurations and to analyze those stability problems whose preceding deformations are small enough. At
the same time, there are other direct derivations of the similar stability equations of thin-walled beams, by
applying the variational principle with taking account of the initial stresses?”-®192  When governing
equations containing the nonlinear terms higher than the second are linearized after the displacements, the
resulting stability equations contain to some extent the effects of the preceding deformations. But, in
order to obtain an exact solution after large displacements, linearized relations have to be rigorously
developed upon that deformed configuration., For instance, by doing so on the large pure bending of a
thin-walled beam, Vacharajittiphan and Trahair' presented an exact solution for its lateral buckling.

In this paper, a set of linearized governing equations of thin-walled beams are rigorosly established upon
a general equilibrium after any large displacements, not upon a peculiar one such as the finite pure
bending. The formulation is to be developed in parallel with that for large displacements themselves to
describe the various preceding equilibria : the present linearization is developed on the basis of an existing
nonlinear theory of thin-walled beams, which can deal with any large displacements. By reducing the
general preceding state of deformations to each particular one, the present formulation is capable to solve
exactly any stability problems after large displacements. As an unprecedented example, the flexural
buckling of a straight thin-walled beam subject to large torsion and compression is analyzed.

* Member of JSCE, Dr. Eng., Assoc. Prof., Dept. of Civil Engng., Hosei Univ. (Koganei, Tokyo)
** Member of JSCE, Ph. D., Prof., Dept. of Civil Engng., Univ. of Tokyo (Hongo, Bunkyo-ku, Tokyo)
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2. GEOMETRICALLY NONLINEAR THEORY OF THIN-WALLED BEAMS

Our present analysis is made upon an existing finite-displacement theory of thin-walled beams” which is
valid to any large displacements so far as the resulting strains are small compared with the unity, We here
summarize that governing equations before we proceed to our study.

Considering Cartesian coordinates {x, y, z} in the 3-D space, with {igy.] = liy, iy, i, being their
orthonormal base vectors, we represent a thin-walled beam’s axial line, namely G-line, by one-parameter
curve {xs(8), ¥s(), 26(8)} (0=¢< (), where { is a Lagrangian coordinate defined along natural length
of the line, with / being that length between the two ends. Then, unit elongation &, curvature x, and
torsion y; of the G-line with respect to ¢ are represented in terms of the {x;, ¥, z., as follows :

X Y z
1 1
’2 ’2 2y —_— "2 7”2 7”2 — ” ” ”
(X +y*+ 2% —1, x e X+ Y+ 27—, 7 Wrern | ¥ 2
Y Ze

................................................................................ (1. a-c)

where prime means the differentiation with respect to ¢. And, when the unit vectors into the bi-normal,
principal-normal and tangent directions on the G-line, respectively denoted by i, i, and i s, are to be
represented in the form of {igeee} =[Ts(£)] liwyz}, elements of the orthonormal [T,] are obtained as
follows :

1 ' yl/ Z// [ l Z xl/ | xl/ y// >
Ut ein v 2zl lz | o v
1 e
T = B ” ” ” e / ’ 2 S
[Td2)] TFeyx <2’ ¥, 2> E <x, ., > (2)
1 p
ite <x, Yy, z> .
Hereafter, letters enclosed in | |, < > and [ ] indicate a column and a row vector, and a matrix,
respectively,

Two other coordinate sets in cross-section, asshownin Fig. 1 : |£, p} are orthonormal coordinates with
origin at the G-point (movable as a rigid) ; and {s, n} are convected such that s is defined by natural
length along the thin-wall’s middle line with n being perpendicular to the s-direction. Then, the original
uniform cross-section is described by shape of the middle line {£*(s), »*(s)! and thickness of the wall 7
(s), where asterisk means a quantity on the middle line.

Suppose that a set of unit vectors {i., iz, are determined by
rotating the {is;, iq} around i, by angle ¢ (¢). By regarding themas <
the base vectors of the former {£, 5}, we have ¢(¢) as the fourth
freedom of torsional rotation of cross-section, Denoting this rotation
by lisenct =[Ts(&)] liaeas}, we have the orthonormal [T (£)]=
[Ty} [T¢] relating the {igene) to the spatial {i ). When the rates of
change of {iges) into ¢ are to be represented in the form of ¢ |i aenel
/dg‘:[é(g)] ligens} , the derivative matrix is represented as

O, ?7 T Ke
[BE)]=] =7, 0, =ty | oeeeememmmemmeeeiiiiciiieireee s (3)

Hey Km0

Fig.1 Cross-Section,

where, by the use of the former x; and ¥,

*e= K¢ sin &, xn=1x;COS ¢, )7275_;. ¢' ..................................................................... (4' amc)
and these are now called curvatures into {¢, 7| -directions and torsion of cross-section, respectively.

In addition to the former translations and rotations as a rigid of each cross-section, we consider the
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A Tangent Theory of Thin-Walled Beams After Any Large Displacements 153

distortion of cross-section under the following well-known hypotheses . i) no strain components in the
plane of cross-section; ii) no shear strain in (n, )~-direction; and iii) while no shear strain in (s, &)
_direction on the middle surface of an opened thin-wall, as for thin-wall of a closed cross-section’s cell, the
shear strain in that surface is to be taken into account by the shear flow theory. Considering inplane
components as well as the warping, we resolve the relative displacements on cross-section into {s, 7, { }
_directions and denote them by {us(s, n, &), un(s, n, &), w(s, n, {)}, respectively. By solving the
partial-differential equations related to the above restraints on the strain components with assuming that
any strains are small enough compared with the unity, we arrive at the following results . By introducing
the warping obtained from ii) and iii) in the usual form of w=7(£) W (s, n) into the restraints of i),
we can see that in a thin-walled beam of open cross-section, which admits larger torsions even within the
frame of small strains, the inplane components have to be taken into account in the form of {u, u,/ =7
()2 {Us(s, n), Un(s, m)}. On the other hand, as for a beam of closed cross-section where the warping
itself is small enough, the inplane components become negligible. The modes of the displacements,
dependent only upon the shape of cross-section, are eventually obtained as

Wis, n) f ["S (fl/tddss'%)cmsed}ds*/’""

Uds, n):[ ,,;(T){%pg(T)Hg(s)_@(T))pn(,)} dr | o (5. ac)

Uds, m= [ o¥lz) oule) det s
where 0 (s)=angle of s- from ¢-direction; p,(=p}) and p,(=p¥—n) are, as shown in Fig.1, lengths
defined by
cosd, sind]||¢
= i , ’ T T R P EERL LR R REERRRLRE ( 6 )

{pn _
—Ps —sinf, cosé

and subscript { ) cosea means to be accounted of only in thin-wall of a closed cross-section’s cell.

The present kinematic field is, instead of usually for the displacements, for the beam’s spatial
configurations themselves which might be either before or after deformations : when a set of four actual
functions |x;, Ys, Z¢, ¢} aregiven, there is determined an associated spatial configuration of the beam. In
this kinematic field, under the condition of small strains, only the following two of the Green’s strain
components are allowed to take place :

= L) = €0 =7 De) = WP+ (€4 77 hon, o=y O [F]-omsmrsmssomsoee (7.2,b)
where
8(s, n)= (fflp/tddss 1)‘:105% T EC USSR TUTUUSSORRPRO PSPPI P PSP (8)

and notation [ ] means difference between before and after deformation, i.e. [F]=F—F" with ()°
denoting an initial quantity ; and subscript ( ) o5 means to be accounted of only for an open cross-section.
We define the following stiress resultants :

*“fO'{{d area), —fffxf d(area), Mmr‘fU;;?? d(area)

MW;-lU“W dfarea), KZLU;;(S&Z—*— n%) d (area), Tszl(,“@ d(area)

where o, and g, are the stress components conjugate to e and e, respectively. The body forces, and
the surface tractions acting on the end cross-sections (¢=0 and ]) are here assumed to be prescribed in
terms of the components into spatial {x, y, 2z} -directions on the material {s, n, {}-field ipd, D, Y

and {32, g& g2 , respectively. Then, we define the following body-force resultants :
Dimy M Moz Maym Mwam Mo s
AR R R =L ms) < 6on v v w> dlarea) 10
o
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where {U, V| =components of the inplane-relative-displacement mode into {€, p} —directions, trans-
formed from the {Us, U,} of (5.b,c). And, by introducing surface-traction components {g, g2 g4, in
place of {pg,,}, into the above (10), we define their resultants, | Faual, =, Mz , similarly to
{Z—)(xyz)}, ) fmthxym} .

When applying the principle of virtual work in a kinematic field, variationals of its independent
functions, |x;, s, zc, ¢} in the present case, are usually employed also as the independents of virtual
displacements, However, it is possible. to employ other independent variationals as long as they are
mathematically in the one-to-one to the former direct ones. In our reference paper”, the rate of change of
the G-line’s variational position vector into ¢ is resolved into the foregoing {icene (&)} ~directions :

—Ed? b‘ra(§)= < b\a(rx{)(§)>§ia('nc§)} ................................................................................... (11)

And, noting that these {0 (£)} together with translations at £=0, {ox, (0), 8yc(0), 62:(0)], arein
one-to-one to the direct {0x(£), 8ys(£), 8ze(Q)1, asetof {(dar(¢), dax(l), Bas(8), 86(2)) ; (624(0),
0ys(0), 82(0))} are there employed as the independents to avoid complicated variational calcules. For
the sake of physical understanding, we rewrite the resulting equilibrium equations as follows :

N=is* <Fiye ) > wyz)l

iz Iy .
_dd? (<Mm): "'Mih T> [f]) {i(xyz’}'lf- x,G y?; Z;; + <7=7§Lx, 7,;119, ’;;Lz> {i(xyz)}:‘) """"""" (12 a—c)
F, Fy, F,

T=My+ Ts'i"(')A’K)o.B.'*' ’;Tklw
where N=axial force; M,=bi-moment; T;=St. Venant’s torsional moment; {Mn), —Mg, T} are
understood as components of cross-sectional moment around {{qens)} —directions ; K represents an
additional torsional moment per unit of torsion ¥, produced by those o¢c in other fibers than in the G-line
whose directions are deviated due to the large torsion from the G’s tangent direction; {Fi.,, ()} are
components of cross-section force into {i,,| -directions, represented by

{F(xyz)(é')}:gﬁquzﬁo‘“lgfﬁ(xyz)(f)} A 5 (13)

and {7"{1@%} and 7, are components of distributed external moment around {iwyz) —directions and external
bi-moment, respectively. Here, superimposed asterisk means the dependence upon a reference frame
movable with displacements. Indeed, the {ffzww} and 7y, are related to the prescribed body-force
resultants of (10), as follows :

[N PR

> sl ={1Th (Tl (Th| Aow=ITle mmeyel+12 FUFle Mrunoal H Tl ymelon
Il Aml, tml
............................................. (14.a, b)

where

m:ﬁc msw mez <77l<§3<xyz>>—'(7l\'2< m(U)(xyz)>)O.B.

Mone Mony Pins | = <m<n)<xyz)>"(5’2<m<vyxyz)>)o.ﬂ. TR Pt (15)

Mex Mey M, — 7 < Momiyn>
and {T},, {T}. - and {mh} ., - indicate the relevant row and/or column vectors in[ T]and [m]. In

(14.b) and (15), it is to be mentioned that the linear and quadratic terms of torsion 7 are additional ones
related to the distortion of cross-section, and small enough compared with < Migyze> O < Monyzyz .
The mechanical boundary conditions are obtained as
{F(xyz)H g:szF(xszz
[T Mo, ~Men TH eooor s=1Ma, My M doop s b eveerreseemmommmmomoeeeoeeseeeeeeee e (16. a-c)

*
Mwl s=t0or =My o,0r ¢
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A Tangent Theory of Thin- Walled Beams After Any Large Displacements 155

where | 1\7{ wyzy and ]\7  are external moment components around {i,.} —directions and bi-moment acting on
the end cross-sections, which are related to the surface-traction resultants, {M swez}, =, | M vz} 10
the same manner as {fays and 71, to the body-force resultants by Egs. (14.a, b) and (15).

We can write down the geometrical boundary conditions as follows :

{26, Yo, Zollemoor z’\zijc, Ue, Zaloor:

{ic(eng)H;:o,orz(:[T(é‘)”g:o,or B imm})z{ EC(EM}O)O” .................................................. (17. a-c)

5\' [ ¢=0,0r 1 '}-70,01' 12 '

Let the {£, n} be chosen into the principal axes of cross-section with the G-point taken at the gravity
center, and, as well, the origin of the s-coordinate be chosen to satisfy f W (s, n) d(area)=0. Then,
we define the following cross-section constants :

A:ﬁd(area), 1552'[;5,2 d(area), Ifmzlnz d(area)
Iwwzlwz d(area), Iwele$ d(area), Iwn:/;WU d(area)
I‘”’:£ (6747 d(area), 6= l (§%+7")" d(area), Lee= f €5+ 7)€ dlarea)

Icn=£(§2+nz)ﬂ d(area), IGW=£(§2+ 772)W d(area), JS:ngz d(area)

Assuming that the strain components, e, and e . of Eqgs. (7.a, b), make their each relevant stress
components arise proportionally ! g,;=Ee.; and o,=2 Ges, and executing the integrations of (9.a-f)
with the use of the above cross-section constants, we obtain the constitutive relations, as follows :

N A, I [ed)
Mo L, Ie, Le (]
M \=E Lins L, Ion [“‘“ 7677] . Ts=GJs b‘,} ............... (19. a, b)
My Iww, Low (=71
(Kos. sym. Ioc 1 O (% Dsz})o,}s.

3. LINEARIZATION AFTER ARBITRARY FINITE DISPLACEMENTS

Around an arbitrary state of equilibrium governed by the nonlinear equations of Sec. 2, we consider its
infinitesimal variations under the same kinematic field. While a set of linearized equations can be derived
by literally linearizing those nonlinear equations regarding the independent {x;, ye 2 ¢}, we here
employ another set of independent variationals upon the foregoing equilibrium :

Let the displacement of the G-line, &r;, be decomposed into the foregoing {igeye} —directions :
é\ra(§)=<é\ur(§), 5%‘(;»)’ 5U§(§)>{ic(rm(§)} ..................................................................... (20)
Hereafter, we denote a variational quantity by prefixing &. When the rate of change of §r¢ into ¢ is to be

represented by the form of (11), by differentiating (20) with the use of (3), we have
oo Suy — Y OUr
Oay b = {8uy} +| % s | ] Oy | eeeere e 1)
daz Sus — X OUs

And, we can develop the relevant variations of &; and i, as follows :

See= 0T e =0uc, b\i“:g( i:gl >=1i(‘1;; ot 1?\:‘; Joygororeemsemmenseneeeenteneenae (22. a, b)
After the variations of (20), we consider such an angular position of each cross-section that its {¢, 7}
_axes are not rotated around the (foregoing) i, When denoting the unit vectors into those {£, p}
~directions as {ig+Gike, icnt8ikn}, we have the {8il, 0itn] determined as:
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é‘if;ezT:T_lTG (cos ¢da+sin ¢oa) i, 8ién=~f__{;%;(~sin B0+ COS o) fgerrmmreeee (23.a, b)

As the fourth freedom of variation, we now introduce infinitesimal rotation 8¢ (£) of cross-section around
ios from the former {£, 7| -directions. To be mentioned, this ¢ (¢) is related to the direct variation of é
(§) as 6¢="0¢— {6 a>— Yc0ax} /x;. The change of {¢, 5} ~directions due to §¢ are given by {0ike, Sty =
0¢ {icn, —ice}. Thus, the total variations of {iye,) after {Suy), 6¢} (fundamental unknowns in the

variations) are represented as

0, 8¢, % (cos ¢da.+sin ¢da,)
108 aencl=[0T(O)Nienst, [0U(L)]= 0, 1:-156 (—sin ¢dar+cos ¢oa,) ~(24.a, b)
anti-sym. 0

By the use of this [67], the change of [T] is given by [oT]1=[s¥][T].

Further, we consider to represent, similarly to (3), the rates of change of those {iaens+ i gene) into
¢ as {igenet0igens) '=([@(§)] ‘*‘[5@%(5) 1) {icenstigens) . By differentiating (24. a) with the use of
(3) we have

dé’ {lceng‘{‘ala(fn{} [@:H“[b\w. ]+[5\w:’{¢])116§n§}

In the relation, {igene+0igens) = ([I1+[6U1) li aene) With [I] being the unit matrix, [8¥] is a matrix of
variationals, infinitesimals compared with the unity, and therefore we can invert that relation as ligens) =
([11—[o70]) {iceneyt0igens) . By the use of this inversion in the former relation, we have the[50]
represented as

[60(E)]=[6T" }HM}}[@)} [BILOTT vvevveemmmermmemre et (25)
Introducing the [$] of ( 3) and the [6U] of (24. b) into this expression, we obtain our present [5‘@({)]

as

[60(¢)]=
0, o&¢ — é\at, ~{ liec (cos ¢da.+sin ¢3a,()} + H?_l& (—sin ¢da,+cos ¢da,)— x,d¢
1 . ’ ¥
0, —{ T (—sin ¢da.+cos ¢5a,¢)} 1 + (cos ¢da+sin ¢da,)+ x:0¢
anti-sym. 0

................................................... (26)
In this [§® (¢)], under the condition of small strains, we neglect g; in comparison with the unity, and,
according to the definition of %, x, and 7 by (3), we have the variations of those strain parameters as
=08 (8 ar— Ysda,)+sin ¢(8 s+ Yedar)+ 1000,
Onn=—sin ¢(8ay— y:0a,)+cos $(Sar+ YeOar)—xeOP, | crrrereeereeeee (27. a—c)
07 =—xcda,+ 8¢’
By the use of the former variations, we linearize the equilibrium equations of (12. a-c) and (13), as
follows :
ON = < Flayz > Tel" 18az, day, O+ <xs, ve, z,G>{é\F<xyz)}
d%(<mm, — M, ST >[T1+ <Men, —Me, T[0T TDliys}
iz iy 1. b By Bz (28. a—c)
+H <O >[ Tl |+| x% Yo o Ze +<é\m(xz/z >Hiwyzt=0
F, F, F.| |8F, oF, &F,
OT=8M'y+8Ts+ (70K + K67 )op.+ 6w

where
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{6\17(1:312)(%‘)}:{615@3!2)}0—ﬁg{b\f)ccyz)} QE 3 e PR S TR (29)

quantities in the foregoing equilibrium are assumed known ; and variations of the distributed external
moment components and external bi-moment, {8 zyz) and OThw, are to be expanded in terms of variations
of the body-force resultants, {0 ewyal, ©**» 10M wwyzl , by linearizing Egs. (14. a, by and (15) with the
use of [6T]1=[07] [T] and 7.
By similarly linearizing (16.a-c), we obtain the associated mechanical boundary conditions as
{0F wyel Ig— [0F yale . .
[T]T [610'17{ — Me), T+ {6Mm), —0Mg, 3T})‘§=0,orl:{b\Mx, My, OMdoors | e (30. a—c)
6MWI§' Oorl—b\MWOOI‘Z
in which the expansions for {6‘M vzt and oM , are similar to the {§7 4y, and o7 w. If, inthe [M] and M -
defined similarly to (14.a, b) and (15), we can neglect the before-mentioned additional terms related to
the cross-section’s distortion, the linearizations are then developed as follows :
ix iy i ix iy iz
<M wye>liwsel=| 16T 16T}y 0TL1+ 1Tl (Tl {Th
M ML, L] oMk toMl, loMl.
SN = Tl oM el F M anwsed 16T ] ] e (31. a~c)
fo ng Mfz <3M(E)(xyz)>
8| Moz Muy Moz |=| <M umen>
Me Mo Me <0,0,0>
We can represent the linearized geometrical boundary conditions as follows :

{6u(xyz)} l &=0,0r zz[ TG] T{é\u(m;)} ‘ g=0,0r 17 {5a(a:yz>}o, or1

—(—sin ¢da,+cos ¢da,) 80,
(cos ¢da.+sin ¢da,) = 60,1 | (32. ac)
o £=0,0r é\ég noft

Bf"{:o,or 12571’0,0“

where {66y are components of a prescribed infinitesimal rotation around the foregoing {isenst
~directions under the right-hand screw rule.

By a simple linearization of (19.a, b), we have the constitutive relations between variations of the
stress resultants and those of the strain parameters.

4. FLEXURAL BUCKLING OF STRAIGHT BEAM SUBJECT TO FINITE TORSION AND
COMPRESSION

Consider a simply-supported thin-walled beam of biaxially symmetric open cross-section . as shown in
Fig.2, at £=0, the rotation of cross-section is restricted such that the 7-direction is kept in the spatial
(y, z)-plane, with any translations at the
G-point being constrained ; and, at =/, the
translations into the x- and y-directions are

constrained. When the beam is subject to
uniform compression P and torsion M, we
examine its flexural buckling.

Foregoing Equilibrium, -The beam subject l
to P and M, is in such a uniform deformation Y
that &:(¢)=¢: const. and ’;' &)=7y: Fig.2 Pre-Buckling Deformation.
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158 M. Arand F, NisHINO

const. with other strain parameters being zero. While the bi-normal and principal-normal directions on
the G-line are indefinite in the cross-section due to no curvature, we can give an additional definition for
them. We proceed by setting them to coincide with the principal directions of cross-section, {£ p} :

{xa(8), ye(8), 24(), #(O)N=10, 0, (1+%) ¢, 0}

cos(7¢), sin(78) 1L (33.a, b)
[TO)]=| —sin(7¢), cos(7¢)
1
We have Iye=Iy,=I;;=I;,=I;4=0 by the biaxial symmetry of cross-section. Introducing those and x,=
;=0 into (19.a, b), we have the following non-zero stress resultants

N=EAT+EL 5 (7*=7"),  K=ELe+Elo (=", Tom Gy (7= 7)o (34.a-¢)

in which y°=natural uniform torsion. Then, by relating those to the P and M as N=—P and (T= ) Ts+
K7=M, we have the equatlon to relate ¥ to the P and M,

E(IGG-—-;'Z;) '3+[GJS <L p— £ (IGG___I_ZQ) y“"} F—(GJsy M =0 -voereerrermmiiiiiiiinieeana, (35)

In the below, while takmg the geometrical effects due to the large torsion into the equilibrium equations,
however, we neglect those by elongation & under the condition of small strains,

Buckling Equations, -By the use of the former |z, x} —directions and the 7, the variational quantities
defined geometrically in Sec.3 are, in the present case, written as follows ;

{&nmg,f:{&u;—— 75%" é‘u;+ ')_'5145 3’1/;} ......................................................................... (36)
10cc, Oxe, Oxn, OFI=10UL, UL =2 FOUL— F2OUz, SULF2 FOU— T2, BY} - eervreevrereeeennns (37)
Since {Fiy.} =10, 0, —P}, and the stress resultants other than N, K and Ty are zero, with no

distributed external forces, we can reduce the linearized equilibrium equations, (28.a-c) and (29), as
follows :

ON =gF,

cos(7¢), —sin(7¢), M) — ¥ Oux
v sin(7¢), cos(7¢), —0Me | +M, 5u1+78ur )
) ) 1 87: N OO OO (38. a—c)
cos(7¢), —sin(72), SuUyt+ ¥ou, ——5Fy 0
P[sin(ié’), cos(7%), } —duUrt+You,) +1{ 6Fy =10
1 0 0 0

OT=8M%+ 8T+ (70K +KoU’)
in which {§F iz (8)} = {0F wyelo © const. Here, we assume that the P and Jf - are conservative such that
their acting directions are spatially unchanged during the variations : chord compression on z-axis and
moment arcund z-direction, respectively. In this case, we can write down the boundary conditions as

our=0, Ou,=0, Sus~0 ou=0, ou,=0, oF,=0
M) _ [ Bur— Fouy 10 OM», FUr— VU, 0
l—SM@‘ Syt 7ou. —10} — Mg} +M. { 8w+ Four | =10
8¢ =0, at ¢=o0 oT 0 0
........................ (39. a-e) ati=1

.................... (40. a-d)

By introducing (40.c) into (38.a), we have SN =0. After integrating (38.b) where {§F,, 0F,] =
const., by the use of boundary conditions (39.d) and (40. d), we have {0F,, 6F,} = {0, 0} and the
integration constants determined. Into the resulting differential equations and the remaining boundary
conditions, we introduce the associated constitutive relations, and we can see that displacements
{0u,, Su,l are independent of {0us, 6¢). Focusing only on the former displacements, we have the
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following eigen-value problem to determine the buckling :

{ EL:D*+(P+7M ,— 7*ElLy), (M.—2 7EILs D dur| ] 0 1 a
(M,—2 7EL») D, —ELnD*—(P+7M,— 7ELy)] |ou«l 10

subject to

{6\'“/13 5‘ux} {O 0} at é’_—_—.o and Jooeeeeeeemeeeiennns P (42)

where D=differential operator d/d¢.
Here we consider the lateral buckling caused only by pure torsion M,. When P=(), the characteristic
equation of (41) is expanded as

(D2+772){D2+<7 %;)(7_@1‘%;)]:0 ...................................................................... (43)

i) Incaseof M./EL,<M./EL:<7, theroots of (43) are writtenas +D,=1y and + D,=ia, where
denotes the imaginary unit; and

o~y

az\/ () (M) | m
Then, the general solution in the real number space is given by
U~ — 5, co§(7§’) sin(;’:§) + o4 VnCO§ (af) 4 wmsin(ed)| (15)
Sy —sin(7¢) cos (7¢) — vesin (af) vecos (af)
in which 8,4,—(5‘A4 are arbitrary constants ;and
ve= EI& /<2 7— EI§§> V= l y_g; /(2 7_1%;) ................... (46. a, b)
By boundary conditions {du-, du,} = {0, 0} at £=0, we have §4,=—v,04; and §4,=—1e6A,. And, to
exist a non-trivial solution satisfying the other {du., du,} =10, 0} at {=1[, we have the following
buckling equation
2 Ve {I—COS (771) cos (al)}=(u§+ u?,)sin(}'/l)sin (@) emrmerrmmmrrr st (47)
By solving this equation and (35) together with (44) and (46. a, b), numerically, we obtain the critical M.

and 7.

i) In case of M,/Eln<7<M_./ElL., by the use of the former o, the roots of the characteristic
equation are written as +D,= ;7 and ==D,=a. Then, by borrowing constants v and v, of (46.a, b), we
have the following general solution :

+ 04, + 04

ZZ: fgil((yfg)) sin ((7??) exp (af)+ o4, ] _’ju§ exp (—ag) - (48)
By boundary conditions {du,, du,}l = {0, 0} at £=0, then §A,=—v,(0A;+0A,) and §A,=— v:(6A;s—
8A,), and by the same constraints at (=], we have the following buckling equation :

—4 vevy+12 vevn cos (71)—(vi—v3) sin (7 Dl exp (al)
"HZ VeVn COS('}—’Z)+(U§— uf,)sin(?l)}exp(—al)=0 ....................................................... (49)

5. CONCLUDING REMARKS

Ve

When formulating, for instance, the small displacements of a curved two-dimensional beam, it is
conventional and helpful for our understanding to have its displacements decomposed into tangent and
normal directions on the axial line, depending upon the initial configuration. If we call the resulting
governing equations as formulated in a normalized form, we can suppose that for any linear elasticity
problem there exists its normalized formulation, Even for finite displacements, when only their lower
nonlinear terms are considered such as up to the quadratic or cubic terms upon the initial configurations,
we can find many existing governing equations developed on the same basis. While, in the study” which
presented us the nonlinear theory of thin-walled beams in Sec. 2, it is asserted that when dealing with truly
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large displacemtnts, we can not expect that normalization ; for, the displacements change the geometry,
entirely, Thus, the unkowns {xc(Z), ys(8), 26(¢), #(¢)} are there employed as a set of parametric
functions to describe directly the spatial configurations, instead of the displacements, with reference to
the basic Cartesian coordinates,

As one method, we can derive tangent relations by literally, or mathematically, linearizing the governing
equations of Sec. 2 regarding the fundamental unkowns {x;, y;, 2 #}. But, with the following intention,
another set of independent variationals, {6y, 0¢}, are here employed upon the preceding equilibrium :
It is, even after large displacements, still infinitesimal increments that we are here dealing with. As a
converse acceptance of the former assertion for large displacements, we can expect a normalized
formulation for our variations on the preceding state of equilibrium, under the same kinematic field. The
expansions made on those {6 ), 0¢| in Sec. 3 are far favorable for understanding in comparison with the
direct linearization regarding the {x, y., 2z ¢}.

While, in Sec. 4, the flexural buckling of a straight beam subject to finite torsion and compression is
analyzed as an unprecedented example, the present tangent equations can deal with any bucklings of
thin-walled beams arising after large displacements : e, g. , by reducing the general preceding deformation
to the finite pure bending of a circular beam of uniaxially symmetric cross-section, we derive the
differential equations for its lateral buckling, and by solving them for the case of biaxially symmetric
cross-section, we can obtain the same result by Vacharajittiphan and Trahair!?.
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