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AN ANALYSIS OF ELASTO-PLASTIC BENDING
OF RECTANGULAR PLATE

By Hiroshi MATSUDA* and Takeshi SAKIYAMA**

‘In this paper, a discrete method for analyzing the problem of elasto-plastic bending of a
rectangular plate is proposed. The solutions for partial differential equation of rectangular
plate are obtained in discrete forms by applying numerical integration.

An incremental variable elasticity procedure has been used for the elasto-plastic analysis
of the rectangular plate. As the applications of the proposed method, elasto-plastic
bending of rectangular plate with four types of boundary conditions are calculated.

Keywords . rectangular plate, elasto-plastic bending, a discreie method

1. INTRODUCTION

The elasto-plastic bending problems of the rectangular plates have been analyzed by many researchers.

The upper- and lower-bounds ultimate capacities of the plate structures of perfectly plastic material can
be determined with the theorems of limit analysis??,

The elasto-plastic behavior beyond the first yielding of the rectangular plate is analyzed by the direct
numerical methods such as the finite difference methods?™®, the discrete element methods?, the finite
element methods”~?  ete. 191,

In this paper, a discrete method for analyzing the elasto-plastic bending problems of the rectangular
plate is proposed. The discrete solutions of partial differential equations governing the elasto-plastic
bending behavior of the rectangular plate are obtained in discrete forms, by transforming the differential
equations into integral equations and applying numerical integr-ations, and they give the transverse shear
forces, twisting moments, bending moments, rotations and deflections at all discrete points which are
intersection of the vertical and horizontal equally dividing lines on the plate.

For the elasto-plastic analysis of the rectangular plate, an incremental variable elasticity procedure has
been used. It is assumed that the Prandtl-Reuss’ law, and the von Mises yield criterion are valid in this
paper. In order to consider the extent of the yielded portions in the directions of the cross sections, the
cross section of the plate is divided into many layers. As the application of the proposed method, numerical
solutions for square plates with four types of boundary conditions : four simply supported edges, four
clamped edges, two opposite edges simply supported and the other two edges clamped, and two opposite
edges simply supported and the other two edges free, are presented. All four problems involve square
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plates subjected to lateral loads that are uniformly distributed y

throughout the plate. \
y=b Qo
2. FUNDAMENTAL DIFFERENTIAL EQUATIONS TTh

3 %
=a

We consider a rectangular plate which is referred to as an ) ;
Fig.1 Rectangular Plate and Coordinate
x-y-z system of rectangular coordinates, and determine the System.

position of the origin () of the x-y-z system at the corner of the

middle plane of the plate as shown in Fig. 1. The surface of the plate are at 2= h/2, where h is the
thickness of the plate, The transverse deflection and the rotations of the middle plane are denoted by 1 and
6, 6, If D is the flexural rigidity of the plate and E the modulus of elasticity, G the shear modulus of
elasticity, v the Poisson’s ratio, x the shear coefficient, Q, and Q, the transverse shear forces, M., the
twisting moment, M, and M, the bending moments, then the fundamental differential equations governing
the elasto-plastic bending of the rectangular plates which are subjected to the distributed lateral load
qlx, y) as shown in Fig. 1 are given as Eqs. (1.a)-(1.h). Since an incremental procedure is used, the

fundamental differential equations are presented in incremental forms,

_a_‘g.%.f_ 835"’+Aq:0 .............. (1.a) ag‘;y:%(bglAMx—i‘ Do AMy~+ bas AMyy) -+ vvveveeeees (1.e)
agiwx + a%’;l” —AQy=0 - (1.b) a—ggi aaAj‘” =%~ (b1 AMz+ bse AMy+ bss AMyy) -+ 1.6
agéwy+ aglfmwAQy:O .......................... . (1‘,0) aéﬁxw +Al,= fGQi: ........................... (1.2
38A;x Z%(buAMx-i- b2 AMy~+ bisAMyy) +oeeeeeeeeeeenee 1.d) %‘g%fﬂf’y: fg};’ .................. (1.h)

where D=FER*/[12(1—1%)], G=E/[2(1+ )], x=5/6, b;; - APPENDIX 1, AQ, AQ.=increments of
shear forces Q,, Q; AMzy, AM,, AM,=increments of moments Myy, My, My ; A8, AG,=increments of
rotations §,, 6.; Aw=increment of deflection w, Ag=increment of load q.
By using the following non-dimensional expressions,
Xi= aZQy/[Do(l - Vz)]v X= azQx/[Do(l - Vz)l X;= aM:cy/[DO(l =i, X,= aMy/[Do(l - Vz)],
Xs=aM:/[D1—")], Xo=8, X,=6, Xe=w/a, n=x/a, ¢=y/b
the differential Egs. (1.a)-(1.h) are rewritten as follows :

8 OAX, OAX, _
82:31[Flts"a“f"'*“ths—av"+F3zsAXs]+51tAQ:0 .......................................................... (2)
where § is Kronecker’s delta, g and b are length and width of the plate, G=n0:.0°/[D1—v")][q(x, y)/

@], go is standard load intensity, y=p/q, t=1, 2, ---, 8 and Fy,, is defined in Appendix [].
3. DISCRETE SOLUTIONS OF DIFFERENTIAL EQUATIONS

We divide a rectangular plate vertically into m equal-length 4
parts and horizontally into 7 equal-length parts as shown in

Fig.2, and consider the plate as a group of discrete points (T

which are the intersections of the vertical and horizontal divid- : G, 9
ing line, b I . L |
The rectangular area, 0<7<7 and 0<¢=< ¢, corresponding g

to an arbitrary intersection (i, j) shown in Fig, 2, is express- >

ed as the area [{, j]in this paper, and the intersection (i, 7) 5
. . . . 1 2eee £ een i eae
denoted by (o is called the main point of the area [j, jl, and ] i
: : . . ]
the intersections denoted by () as the inner dependent points, a

the intersections denoted by @ as the boundary dependent  Fig.2 Discrete Points on Rectangular Plate.
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points,
By integrating Eq. (2) over the area [, j], the following integral equation is obtained.

5[ Fu ["1AXdn, 8= A0, 00+ Fus [ [AXim, = AX0, D1

+F3ts£ﬂi£§j AXdn, §)dﬂd§}+5\xt£m[§j Aq(n, é’)dnd‘é’:O ......................................... (3)

By applying the numerical integration to Eq. (3), a simultaneous equation of unknown quantities Xg;
(s=1~8) which are the dimensionless shear forces, twisting moment, bending moments, rotations and
deflection at the main point (i, j) of the area [{, j] is obtained as follows :

8

i J i J
32 Fuso 23 Bl A Xors— AXo+ Fus £y 8,18 K= AXewl Focs 33 33 Bubinl Kow

§=1

i J
.{_5“2 ZﬂikﬂjzAamzo .......................................................................................... (4)
k=0 1=0

where G, is the value of function G(n, {) at point (£, D.
The solution X, to the simultaneous Eq. (4) is expressed as follows :

8 J
AXpij': Z i hzz) Aptﬂm[Atho_ Athrj(l - 5ki)]+ zzzjé Bptﬂjz[AXtoz'— AXtu(l - 3:1')}

=1 Lk=

i J i J
+;§;“6 g CptkzlguﬁjzAXw(l“&:i&j)} —‘Am k};) gﬂilﬁﬂA—(jkl ............................................... ( 5 )

where p=1,2, -, 8, i=1, 2, -, m, ji=1,2, -, n, ﬂik:aik/mv /9jl=ajz/n, Ay, Bot, Coma:
APPENDIX II. :

The coefficients 8,x, 8, are the weight coefficients of numerical integration. The trapezoidal rule of
approximate numerical integration are applied in this paper, therefore the values of g, a;, are given as
follows :

ap=1—(0x+ 3;';:)/2, an=1 — (6t 51':)/2
InEq. (5), the quantity X, at the main point (i, j) of thearea [, 7] is related to the quantities Xy, and
X, at the boundary dependent points of the area [, j] and the quantities Xu;, Xun and X, at the inner
dependent points of the area [i, j]. With the spreading of the area [, j] according to regular order as
1,11, [1, 21, = [1, nl, [2, 1], [2, 2], -, [2, n], -, [m. 11, [m, 2], -, [m, n], the main point
of smaller area becomes one of the inner dependent points of the following larger areas. Whenever one
obtains the quantity X,;; at the main point (i, j) of the area [, j] by using Eq. (5) in above mentioned
order, one can eliminate the quantities X, Xi; and X at the inner dependent points of the following
larger areas by substituting the obtained results into the corresponding terms of the right hand side of Eq.
(5). By repeating this process, the quantity X,;; at the main point is related to only the quantities X, and
X, at the boundary dependent points, The results are as follows :

AXpi;= 2 00iin(AQu)nt Cpiirl AMzz)n+ il AMy)ro+ iyl ABy) st Qpisrs(A be) ot GorsrelA W) sol

=0

+§0 ibpijgl(A QI)0§+ bpiigz(AMxy)og+ bpij93(AMx)OQ+ bpijg4(A g@/>09+ bﬂiiQS(A 6x)09+ bping(A w)ﬂg}

where integral constants ! (Qy)zXh (Qx)zXZ, (Mxy):Xs, (My)zXh (Ma:)sz, (0y)=X6, (6r)=X1, (w)=
Xs, Qpisra, Doisgar Qois APPENDIX IV.
Eq. (6) can be recognized as the discrete solutions of the fundamental partial differential Eq. (2).

4. INTEGRAL CONSTANTS AND BOUNDARY CONDITIONS

The integral constants mean the quantities at the discrete points along the edges y=0 (¢=0) and x=0
(7=0) of the rectangular plate. There are six integral constants at each discrete point, and three of them
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Q=0,8y=0 Q,0,8,70
Qy=0Mey=0 | Q0,00 Q0,870
0,20 =0
y O My TorBx My =0 Or8
Qx 1 Qx=0 X Qx=?0 QU
Myy ~ Moy=0 My Mxifo Mo | y
Ox Bx=0 Bx a S Free E

(1) SSSS (2) ccee (3) scsc

Fig.3 Integral Constants and Boundary Conditions,

(4) SFSF

are self-evident according to the boundary conditions along the edges y=0 and x=(. The remaining three
integral constants can be determined by the boundary conditions along the edges y=b and x=g¢g.
The integral constants and the boundary conditions of rectangular plate with four simply supported edges
(SSSS), four clamped edges (CCCC), two opposite edges simply supported and the other two edges
clamped (SCSC), and two opposite edges simply supported and the other two edges free (SFSF) are
shown in Fig,3(1)~(4), respectively. These figures represent one quarter of the rectangular plate
with two symmetrical axes. The integral constants and the boundary conditions at the corners of each plate
are shown in the boxes. For the details of dealing with the integral constants and boundary conditions, see

Ref. 12).
5. COMPUTATIONAL PROCEDURE

In this paper, the main assumptions are that (a) displacement is small compared with the plate
thickness ; (b) the stress normal to the midsurface of the plate is negligible ; (¢) normals to the midsurface
before deformation remain straight but not necessarily normal to the midsurface after deformation ; (d)
Prandtl-Reuss’s law obeying the von Mises yield criterion is assumed ; (e} the plate is made of non-
hardening elasto-plastic material.

For the elasto-plastic analysis by the discrete method, an incremental variable elasticity procedure has
been used. This procedure has many advantages in rapidity of convergence when materials with very flat
stress-strain diagrams are used. Generally, it suffices to take the elasto-plastic stress-strain relations
corresponding to the initial stress levels at the start of an increment (Ref, 13)). In order to consider the
extension of the yielded portions in the directions of thickness of the element, it is divided into many layers
(Fig. 4).

In the previous increment : [n—1]-st load incremental step

ol Aoy Thy ol Aty (7) - 1 (
e R SV 3

or "=l Aoy oy

[DATA] 2=

=2 =2

g ' oy o) Ty ]

T=(0+ 02— 0y0,+3 12" 0y, T equivalent stress, g, : yield stress
If in the previous increment the plastic range in the section has been

“

h

k

n J

Fig.4 Subdivision of Cross
Section into Layers_

created, an elasto-plastic stress-strain relation has to be used (loading), and
if in the previous increment a decrease of strain occurred, then an elastic
stress-strain relation is inserted for the present increment (unloading). The
load is considered to be applied in incrementally, but the total strain occurring during the increment is
treated, by the use of a suitably modified modulus, as if the material was elastic.

In the present increment : [n]-th load incremental step

(1) Nondimensional deviatoric stress
= _1 f”.L.EZ) —u__l_( ﬂ..i’i) Bt ettt rateaere st
9273 (2 o o) %3 2 o o) T 4 (8)

— — —_—r
(Tx""fx/ffm Ty= 0'3//0«), Txy™ Txy/U'o
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(2) a=.o'—;+u5/y, b=y?f;+?f;, C:(l*‘l))?;y, d=aE;+bE;+2 C_f;y .............................. (9)
a;; 01z O3 1 v 0 ‘ a® ab ac
(3) A @2 O = v 1 0 _%{ ab B B | (10)
a3 s O 0 0 (I1—w)/2 ac bc c? k
1
(4) a,=12 h3jj Qi €2 -+ e a1
1 )

G T T T 12)
(6) The incremental moments AM,, AM,, AM, are calculated by the discrete solutions.

r AP Ay Gz Qs (- AM:
(7) ABy :_115 An Gz Qo AMy | ooeeeremensns e (13)
L ABzy Qs Qs Qs AMzy
RAY YR ) Qi @2 Qs ABx
Ady/ 6 :(T% Ui Gun s || ABy | orereeeeeeeee e 14)
L Atyy/ 00 an @2 @35 d b Ay
o & Aoy oy & Aoy oy & An
(8) ;0.-_-2 o ;:’.22 603’ , 770_3’:2 %-" ............................................................. 15)

6. NUMERICAL RESULTS

Numerical solutions for four specific problems are presented. All four problems involve square plates
subjected to lateral loads that are uniformly distributed throughout the plate. From the results of the
elastic bending analysis of variable thickness plates (Ref. 14)) and the elasto-plastic analysis of the four
edges simply supported plates which is divided into m=n=4, 6, 8, 10, the elasto-plastic numerical
solutions converged with the divisional meshes m=n=8. And the number of layers in the direction of the
cross section was nz=20, from the results of the elasto-plastic analysis of the plate which is divided into
nz=10, 20, 30, 40 (Ref.14)). Moreover, the number of layers is hardly affected by computer storage and
time,

(1) Simply supported plate (SSSS)

First, in order to confirm the convergency and accuracy of the numerical solutions obtained by the
discrete method, let it be applied to the elasto-plastic analysis of the square plate with four simple
supported edges under uniform load. The results are summarized in Figs. 5 through 7. Fig.5 shows the
load-deflection curves with respect to the maximum deflection when nondimensional incremental load
intensity is Aga®/M,=2.0, 1.0, 0.4, 0.2 (M,;=ah"/4: fully plastic moment) . This figure also shows a
comparison among the discrete solution and the finite difference solutions obtained by Bhaumik and
Hanley? and the finite element solution by Owen and Hinton?. It is found from this figure that the numerical

M a?
0.04 /9

10 qa? Mx/qoa”
M 2 =2,0 0.06
1— P Upper Bound=26.5 sqa* Mo o
b .04
b Lower Bound=24.0
o 0.02 . i N\ 136
0.2 2 0.0 18.4
20+ o, 'Aqa?/Mp=1.0 - - qai/ip= 22.0
Aqa?/Mp=0.4 Bending Moments Mx along y=b/2 _g o4
L Aga? /Mp=0.2
2 e
My/qoa” e ® /szz;.o
10 - 0.06 18.4
O Bhaumik 13.6
0.04
m=n=8 O Owen 0.02
nz=20: Number of Layers —M—‘;—gy 0.0
L 1] 1
0.0 0.1 0.2 0.3 Bending Moments My along y=b/2 Deflections w along y=b/2
Fig.5 Load-Deflection Curves for Simply Supported Square Fig.6 Typical Moment and Deflection Diagrams for Simply
Plate, Supported Square Plate.
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solutions obtained by the discrete method (when Aqa’/M,=0.2) agree with those obtained by the finite
element and the finite difference method. Spatial redistributions of moments and deflection are illustrated
in Fig. 6 for three levels of loading. It is found from this figure that spatial redistribution of moments is
smooth according to the extent of the plastic region. Fig, 7 shows the progression of the plastic regions at
different levels of loading, From this figure, first yielding is observed at the four corners of the plate and
then at the center, and the plastic regions extend along the diagonals. In this paper, h/h, represents the
elastic portions in the directions of thickness of the element. (h/h,=1.0 : fully elastic portion, A/h,=
0.0 : fully plastic portion)

(2) Plate supported with clamps (CCCC)

In Figs. 8 through 10 are presented the corresponding results for a square plate with all edges clamped.
Fig.8 shows the load-deflection curve with respect to maximum deflection. In Fig.8, the numerical
solutions obtained from the discrete method are compared with those of the finite difference method”, a
good agreement exists between these sets of results. Fig. 9 illustrates the redistribution of moments and
deflection for three levels of loading. The progressions of the yield regions at different levels of loading is
summarized in Fig, 10. In this case, the first yielding of the plate occurs at the middle of the four edges,
and the plastic regions extend along these edges until the center of the plate yields.

(3) Plate with two edges clamped (SCSC)

Results similar to those deseribed above for a square plate with two opposite edges simply supported and
the other two edges clamped are described in Figs. 11 through 13. Fig. 11 shows the load-deflection curve
with respect to maximum deflection. The redistribution of moments and deflection are illustrated in
Fig. 12, and the progression of the yield regions is summarized in Fig. 13.

(4) Plate with two edges free (SFSF)

In Figs, 14 through 16 are presented the corresponding results for a square plate with two opposite edges
simply supported and the other two edges free. Fig. 14 shows the load-deflection curve with respect to

15
23
Qa2 /=38

-0.04

qa*/Mp=22.0

Bending Moments Mx along y=b/2

I i
i B R
‘“"!":‘3 e s‘*,’s""” 0.0-0.2 mmmE My/aga

i 4 0.2-0.4 EEEE 0.04

?}.;;!3’ 4h ‘i;g(g 0.4-0.6 =3 ﬁ
’Bﬂi 1!’5"’.'\5.': ‘sm'[' 0.6-0.8 3

Aianth, I — L 15

2!
qa*/Mp=23.2 qa*/Mp=24.0 Qa*/Mp=24.4 -0.04 qalepfjs

Bending Moments My along y=b/2 Deflections w along y=b/2

Fig.7 Progression of Yield Regions (SSSS).

Fig.9 Typical Moment and Deflection Diagrams for Clamped
Square Plate,

ga’ C
50, MP Upper Bound=48,0
Lower Bound=44,3 C c - ‘—
40+ c L
qa®/Mp=15 qa’/Mp=18 qa*/Mpe23

301
20 _

- O Bh ik
10 80a%/Mp=1.0 m=n=8 aumt w0 ——

n2=20: Number of Layers VipaZ aa’/Mp

Q0 £ [ L 1 L J 0.6-0.8

0.0 0.1 0.2 0.3 0.8-1.0 L1 h/hg

Fig.8 Load-Deflection Curves for Clamped Square Plate, Fig. 10 Progression of Yield Regions (CCCC).
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Fig.12 Moment and Deflection Diagrams for Square Plate
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with Two Opposite Edges Simply Supported and the Fig.15 Moment and Deflection Diagrams (SFSF).
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Fig.13 Progression of Yield Regions (SCSC). Fig.16 Progression of Yield Regions (SFSF).

maximum deflection. The redistribution of moments and deflection are illustrated in Fig.15, and the
progression of the yield regions is summarized in Fig. 16.

7. CONCLUSIONS

The main conclusions of the work described in this paper are summarized as follows.

(1) A general numerical method for the elasto-plastic bending of rectangular plate has been proposed,
and the proposed method has been applied to the square plates with four types of boundary conditions,

(2) The discrete solutions are obtained by transforming the differential equations into integral
equations and applying numerical integrations, and they give the transverse shear forces, twisting
moments, bending moments, rotations and deflections at all the discrete points which are the intersection
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of the vertical and horizontal equally dividing lines on the plate. Thus, the proposed method does not
require prior assumption of the shape of the deflection of the plate.

(3) By utilizing the present method, the elasto-plastic problems for the rectangular plates having
various boundary conditions can be treated with acceptable accuracy.
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