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ON CREEP AND RELAXATION OF COMPOSITE GIRDERS WITH
PRECAST PRESTRESSED CONCRETE SLABS

By Eiichi WATANABE*, Keiichi HAYASHI** Hirofumik TAKENAKA***

’

and Hiroshi NAKAD****

Presented in this paper is a study on the creep and relaxation behavior of the composite
girders with the precast prestressed concrete slabs using a simple linear visco-elastic
model for the concrete slab and by making use of the Laplace and its numerical inverse
transforms in view of the principle of correspondence to the linear elasticity.

The comparison of the analytical results with those of long-term experiments on precast
prestressed slabs and composite girders specifically scheduled and conducted by the
authors have shown that upon determination of the visco-elastic constants from the
prestressed concrete slab tests, the creep and relaxation behavior of the precast
prestressed composite girders presented herein can be reasonably well predicted by a
simple linear visco-elastic model.
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1. INTRODUCTION

A great number of studies have been reported on the composite girders with precast concrete slabs in the
last 3 decades. Since the pioneering work by Sattler in 1960”, the study has been extended by References
2) ~4) and an innovative work by Roik” on composite steel girders with precast concrete slab using high
tension bolts, Furthermore, the use of precast concrete slabs in Japan is reported in References 6}, 7) and
this type of construction is becoming universally accepted, particularly in West Germany, Switzerland,
France and USA®. Most of the RC slabs of Japanese highway bridges are still being built by pouring
concrete at the sites. However, concrete slabs poured at the sites are quite difficult to meet the prescribed
quality requirement, to cut down human labor and the construction period.

A great number of methods have been proposed so far based on mathematically exact approaches.
However, in spite of the fact that these exact formulations are derived mathematically precise, they
generally result in extremely sophisticated expressions and are based on relatively uncertain hypotheses
such as the Young’s moduli of concrete, creep coefficient and shrinkage coefficient and generally they need
tremendously large amount of computational time and memory storage.

Discussed in this paper is the prediction of the creep behavior of a new type of composite steel girders
with precast prestressed concrete slabs constructed with the longitudinal prestress force and possible
releasing of such prestress force after the composition”.

The results of the slab tests are used to determine the values of the visco-elastic constants of the PC
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slabs ; based on these values the numerical analysis on the composite girders has been performed for
possible combinations of parameters in such a fashion that the direct comparisons between the analysis and

the tests are possible.
2. A BRIEF OUTLINE OF EXPERIMENTS

(1) Creep tests on precast concrete slabs

The main purpose herein is to provide the key data for the determination of the basic creep
characteristics of the concrete slabs using the test specimens S-1, S-2 and S-3, and is concerned with :

(a) Measurement of the creep under constant load,

(b) Measurement of the creep in case of partial releasing of prestress at the stage of 3 days after the

initial prestressing,

(¢) Measurement of shrinkage strains,

The test specimens are illustrated in Fig.1. Their dimensions are 80 cmX100 cmX7 cm, with the
sheaths of diameter 26 mm arranged with interval of 20 cm for PC strand of diameter 17 mm. To ensure the
uniform reaction of the specimen to the jack load, steel end plates of thickness 22 mm are embedded at the
ends. The 28-day compressive and tensile strength of S-1, S-2 and S-3 varied from 581 to 582 and from
38.6 to 38.7, respectively, in kgf/cm?’. The magnitude of the introduced prestress force and the stress
releasing are given in Table 1.

The initial prestressing force per unit cable is kept to be 11.2 tf (110 kN) through monitoring by load
cells of the capacity of 15 tf each. Whenever the prestress force is reduced by more than 5 9 of the initial
value, the PC-cables are retightened to maintain the initial value.

(2) Creep tests on composite girders

Fig. 2 shows the dimensions and the instrumentation of the tested composite girders MG-1 to MG-4. The
strain gages are symmetrically placed with respect to the central point of each girder and are wired in the
4-gage method. The deflection of the girders is measured through the displacement transducers, The
28-day compressive and tensile strength of the specimens varied from 581 to 589 and from 38.0 to 38. 4,

Table1 Prestressing and Releasing of Prestress Forces,

Specimen | No. of Initial Prestress | Prestress to 5 Time to Releasing
Name Specimen (kgf/cmz) Release (kgf/cm®) (day)
S-1 2 80 0 ——
S-2 2 80 40 3
S-3 2 0 0 e
Precast Slab PG-C. Precast Slab
B R 70 4 A e L
j’f [ ji ﬁzoo 5.2 [ |
588 SEG. N Disp. | SE.Gdr. [ SSEG
39 39 800 St.Gdr. Trans. —~|"Disp.
9@100=900 ) Sheath @-26mm 5000 | Trans.
{ ] — 70 100
Reif}f,;,memen;\ ?Efézzecage (a) Cross Section (b) MG-1.2.3
f
’ Precast Slab Strain Gages
B s el Sheath r o S S ,‘_
] $-26mm i '!ll;
§ iof - e s Strain St.Gdr. fi)isp. Tr. ’ Disp.Tr. |
A Gage 2800 ' 2450 ' 1670'| 1670 2450 ' 2800
K1 (4-Gage)i 7000 7000
Reinforcement Sheath d>-26mm—v1 14000
$-6mm 70 (¢) MG-4 ’
Fig.1 PC Slabs S-1, S-2 & S-3. Fig.2 Dimensions and Instrumentation of Tested

Composite Girders.
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Table2 Types and Dimensions of Tested Composite Girders.

Name | Type of | Span Prestregs | Released |Post-Dead No. Instrumentation

of Support | Length(m) (kgf/cm®) Prestreﬁs Load

Spec. . (kgf/cm“)| (tonf/m) |Strain{Disp.|Reactn.

MG-1 S. S. 5.0 80.0 0 0.5 8 3 -

MG-2 S. S. |5.0 80.0 0 0 8 3 -
G-3 S. 8. |5.0 80.0 40.0 0 8 3 -
G-4 Conti. | 7.0x2=14.0{ 80.0 0 0.5 24 5 6

1 kgf/cmzzo. 098MPa

respectively, in kgf/cm?, Also shown in Table 2 are the magnitude of the initial prestressing force, the
amount of the released prestress force and the magnitude of the post-dead load for each of the tested
girders, respectively.

3. COMMENTS ON EXPERIMENTAL RESULTS

Fig. 3 shows the time-variation of the tensile force of PC cables S-1 and S-2, where the retightening of
the PC cables to maintain the specified tension is clearly seen from the figure, Furthermore, the initial
reduction of the tensile force is seen to be about 5 %, for the first 10 days ; however, on retightening, itis
seen to be about 5% at 150 days after the introduction of the prestress force.

4., THEORETICAL PREDICTION

In the following analysis, the precast concrete slab and steel girders are assumed to be linearly
visco-elastic and elastic, respectively. According to the Boltzmann's correspondence principle of the
linearly visco-elastic body, the equations of equilibrium, compatibility equations and the constitutive
equations can be transformed into those of the corresponding linear elastic problems in the Laplace image
space, Since the solutions are obtained only at each point of the Laplace image space, the use of the
numerical inverse Laplace transform is required to obtain the solutions in the real time domain'®~",

(1) Linearly visco-elastic model

The creep and relaxation behavior of the precast slab composite girders are quite sophisticated in
general. In this study, the precast concrete slabs are considered to be represented by 3-element model as
shown in Fig. 4. Then, the constitutive equation, namely, the relationship between the stress, o ( t), and
the strain, (%), can be shown in the time domain to be given by

6 (£)+ Ao (D)=E\{& (2)+ e (1)
where u=F,/7; A=(E,+E.)/n; Ei, E,=Young’s Moduli (kgf/em?) ; femeremsererermmnneneeeeeees (1)

n=visco-elastic constant (day-kgf/cm’)

Thus, upon the Laplace transform, the equivalent Young’s modulus, E (s) in the Laplace image space, s
can be obtained as

Tension (tf) 12 Design Tens.=11.2tf

J (SN I ——
11_4 —t ] T_s-1

___Release| of
Prestres

2]

Design Teps.=5.6tf \1

E2
3} emayana s S allisgliull ——Seuliy Bt
g WFNN - N o
3 Adjustment S~2
100 200 300 7

Tire (Day)
Fig.3 Time-variation of Tensile Forces of PC Cables. Fig.4 Linearly Visco-Elastic Model for Concrete
Precast Concrete Slabs S-1 and 5-2. Slab.
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Fig.5 Creep and Relaxation of Precast Prestressed Concrete Slab,

F(S)=Ey STl e
E(S)*‘El S"f‘A (2)

(2) Precast prestressed concrete plates

The following visco-elastic analysis is proposed and the constants E,, E,, and 5 are to be determined
from the experimental results :

(a) First, the prestressing force, P (%), expressed by Eq. (3), is assumed to act on the precast
prestressed concrete plate as shown in Fig.5 :

P(2)=Polat+(1—a)e ™|, where PymP () <+ reeeerreeeeeeiemaaaiee e (3)

(b) The Laplace transforms P (s) of P (%) and 7, (s) of the strain of the precast concrete slab, &,
(1) can be shown to be given respectively by :

_ a

P<S>:WS(S+)¢) Po§ ec(s):_Elgc—}(:;\L(i?Esﬁx) po ....................................................... (4)

(c¢) The relationship between the strains of the precast slab and the prestressing cable, ¢.(#) and ¢,
(), respectively, can be obtained in reference to Fig. 10 :

Iec(t)l+5s(t)=AS/L=constant ................................................................................. (5)
where L and A, refer to the total length and the relative adjustment length of nut at the end of the PC
cable. Upon the Laplace transform, the following equation can be obtained :

SIEC(S)I+SES(S)=AS/L=constant ............................................................................ (6)

(d) The substitution of Eq. (6) into Eq. (4) yields the identity :

(st al(EsAst+EcAd) s+uEAc+ AEAd

ey S+ax

ECACESAS(3+;¢) (s-i—lu) Po==constant oo ( 7 )
Thus, the values of x and o in Eq. (3) can be determined as :
At uE A/ (E A u V+EA/EAS)
= 1+ECAC/(E_£J; 0,:#/)62_/‘T 1+;,LECAC/(/\ESA3) .................................................... (8)

(e) Whereas, the strain z.(s) of the precast concrete can be obtained by the substitution of Eqs,
(8) into Eq. (4) :

— o Pylst+A
56(8)_"m7) .............................................................................................. (9)
Upon the inverse Laplace transform, the strain e, () can be obtained as
P, (2 AN
Ec(t):__EcAc [;-F(l**;) e Kt} ................................................................................ (10)

(3) Precast slab composite girder

Fig. 6 shows the composite girder consisting of its components, namely, the precast slab, steel girder,
together with various forces and moments acting on the components and the strains ; 019

The analysis is proceeded taking into account the composite actions of the components and the elastic
deformations of the shear keys in the Laplace image space, s. The precast slab undergoes the longitudinal
shrinkage due to the creep; however, after the composition, the new stress distribution occurs in the
whole cross section.

Let the section immediately after the composition be designated by straight line T-1 ; the section at
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Fig.6 Strains, Forces and Moments acting on the Composite Girder.

time # after the composition by straight line [[-1I ; the section provided that the precast slab were not
constrained by the steel girder by straight line -l and the amount of strain due to the elastic deformation
of the stud shear connector designated by straight line V-1V, respectively.

Furthermore, let N, (%), N, Mc(%), My(t) and M (x) designate the axial tensile force on the slab,
axial compressive force on the steel girder, bending moment on the slab, that on the steel girder and the
externally applied bending moment, respectively; and let e.,(2), ec(?), edc(l) and e;(1) designate the
change of creep strain, & .(%) of Eq. (10) subtracted by that corresponding to the time point =1,
tensile strain of the precast slab, tensile bending strain evaluated on the basis of the Euler’s hypothesis,
and the strain of the steel girder, respectively.

Finally, it is to be noted that the strain due to the elastic deformation of the stud is given by
—1/C+d>N./dx?, where C refers to the spring constant of the stud shear connector®,

Thus, considering tensile stress to be positive, the equations of equilibrium of the whole cross section,
the following equations can be derived :

Nc(t):'_Ng(t) ......................................................................................................... (11)
Mc(t)+Mg(t)—Nc(t)e=M(x) .................................................................................... (12)
where e designates the distance between the geometrical centers of the precast slab and the steel girder.
Besides, the consideration of a single, compatible curvature of the slab and the steel and the compatibility

condition of the curvatures and strains, the following equations must hold :

B (B)= By (F)eeseemmememmse e (13)
o (1)= g (B)— £0 (B)— ee (1) 1/ Co PN ()] datesweressessessemnsemsmssssmss s 14)
Thus, upon the Laplace transform, the following set of equations can be obtained in the Laplace image
space, S .
longitudinal equilibrium : —NC(S): “‘—N_g(S) ................................................................ (15)
moment equilibrium : Mo () F Mo (8)—Ne(8) @=M ()] & wrrereeememsresmmmsmmsseseseees (16)
compatible curvatures : gc(s)zgg(s) ..................................................................... a7
strain compatibility . Zoa(8)=F0 (8)—Fc ()= e (s) e—(1/C) d*N(8)/dx?-reereereeeee: (18)
curvature of concrete slab : $c<3):ﬁc(3)/(fc(8)lc) ...................................................... (19)
curvature of steel girder : EQ(S):MQ (S)/(Egly)--rvneesrmrmesmeesmmssssr s (20)
axial force of concrete slab : NC (3):5(: (S) B (§) -+rrrmmrmmmmrssressines e @1
axial force of steel girder : Ng(s)-;ﬁggg(s) ................................................................. (22)

where
D,, D.(s): Axial rigidity of steel girder and the concrete slab in the Laplace image space,
respectively,
E, E.(s): Young’s Modulus of steel girder and the concrete slab in the Laplace image space,
: respectively,

I, I, : Moments of Inertia of concrete slab, and steel girder, respectively,
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M (x) . Bending moment on the composite girder,
M.(s), M,(s): Bending moments of concrete slab and steel girder in the Laplace image space,
respectively,
N.(s), Ng (s) : Axial forces of concrete slab and steel girder in the Laplace image space, respectively,
€c(s), &y(s) I Axial strains of concrete slab and steel girder in the Laplace image space, respectively,
€ca(s) o change of axial strain of concrete slab when the constraint from the steel girder is
neglected,
$c(8), $o(s) : Curvatures of concrete slab and steel girder in the Laplace image space, respectively.
The solution of the set of simultaneous equations from Eq. (15) to Eq. (22) results in the following
equation with respect to N (s) :

dzﬁc(s) i _ M (.'IC) el **1 1
— s W'Ne(s)=—cl|Euls)| + , where o= c Z 0,75 e
e O Eeals)l+7 7 ¢ [Eglg+Ec(s)Ic D, Dc(s)} %)
and 7'26*‘—~3
EJ,+E (s) L

Since g.4(s) and M (x) represent a constant and a function of respectively, N.(s) can be obtained
approximately by :

N ()= C |= _my . X 2 s L
NC(S)“wzl":ca(S}l w2+(7[/l)2 Sin l Where m l[M(x)Sln l dx (24)

Thus, ¢.(x., s) can be evaluated by the sum of the constant term, ¢,(s), and the variable term, ¢7(x, s)

_ e lzca (3) |
e*+[1/Dg+1/D. (SEoly+ E.(s)L)

B, 8)=¢.(s)+ i (x,s) where @.(s)

and
[/ 1?/C+1/Dy+1/De ()] M (x)

M/ 1/ CH1/ Dot 1/ D (S (Eoly+ Ee(s) L)+ €'l
It must be noted that since N.(s) and ¢.(s) are only obtained as discrete values in the Laplace image

% (x, 8)

space, s, their solutions in the real time domain must be obtained by the numerical Laplace transform.

(4) Analysis of continuous composite girders

The analysis can be extended to the case of continuous composite girders by considering its conjugate
beam and the elastic load in the Laplace image space taking into account the effect of the indeterminate
bending moments at the intermediate supports, The additional equations pertaining to the indeterminate
bending moments at the supports can be obtained by considering the corresponding curvatures and
satisfying the continuity requirement of the deflectional slope at the indeterminate supports™. However,
the derivation and the exact form of these equations will be wholly omitted herein.

5. SUMMARY OF ANALYSIS

The construction can be classified into three basic stages such as shown in Table 3. Thus, the
corresponding relaxation and creep can be given Eq. (24) and Eq. (25), respectively. For the detailed
discussions on the non-dimensionalization, the limit theorem of the Laplace transform, and the numerical
Laplace transform, the readers are recommended to see References 10) ~13).

From the experiments, the non-dimensionalized axial force, p,=P,/P,, and the non-dimensionalized

axial strain, ¢,=(%,) /e, can be obtained for arbitrary time points, £:(i=1, -, n). FromEgs. (3) and
(10), the following set of equations can be obtained :

exp (—xt)=(p;—a)/(1—a)=(q,—B)/(1—B); B=A/x (i=1, v+, ) rrerrrrereereeerrarernrns.. 26)
Now, considering the least square scheme, %:O' on the following quantity, I :
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Table3 F.(s) and M (x) for Several Construction Stages of Precast Concrete Slab
Composite Girders,
Step-1 Step~2 Step-3
[composed at t=7q] [release 87 of prestress |[loaded with post-
force at t=T7,] dead load q at t=73]
=1 —-2 - —1
€5als) ‘r a(s)= €5,(s)
— ol A 1 et | B )\ A -sT
eca(s) =€ (1~ = ’(;JE 3 100 O[ST (1- —) le 72
(e =P /(ER.)]
M(x) M(x)=q x(&-x)/2
(0<x <)
1 .
52[(1 —B)p: — @) (1 @) (G B)JFwrrrrerrerrreer e @en

and besides, taking into account the fact that p=F,/E, can not be essentially determined without
observations in extremely long period, it is temporarily assumed to be constant. Then, the final regression
formula can be obtained as follows to determine the value of p. The final solution can be obtained so that the
error, ], is minimized with respect to q.

(@11+2 £at 8% an) a=b,+ b,

where
auzg( —1) }Zj‘ 2)qi—1); = i’( UV 28)
and blzg(ql—pix 15 by=3 (g~ pd1—p) B=%—%fi fai ¢=110

Furthermore, shown in Fig, 8 are (a) the time variation of ‘¢.(x, s) in the Laplace image space, s,
and, (b) the time variation of the central deflection of the composite girder, where the non-

dimensionalization is performed in terms of the delay time, T @ T=n/E,=1/g, namely,

T R L e AR (29)
14t
AT T T T T T T T T T T T T T g T T 1.2} WITHOUT POST DEAD LOAD AND
WITHOUT POST DEAD LOAD AND —{ }—— — WITHOUT RELEASE OF PRESTRESS
3.0} WITHOUT RELEASE OF PRESTRESS 4 = 1.0
L1 1 70 g
© a0 o T oo S, Pp=10
= N ] S~ u = 0.01
% g e m:?i_ ] 5o A= 0.02
~
P p=1.0 1 e =
I3 0.0}——u = 0.01 - i & 0.4
@ L) = 0.02 [ozee =
-1.0 1 0.2
|
2.0 | | 0.0 ,
©15.0-12.0 -9.0 -6.0 -3.0 0.0 3.0 6.0 9.0 2.0 15.0 0 20 &0 60 B0 100 120 140 160 180 200
log(s) DAY
(a) Relationship between s¢(s) and §. Perfectly Composed, (b) Time Variation of the Central Deflection. Perfectly
£=0. Composed, {=0.

Fig.8 Curvature and Central Deflection of a Simply Supported Composite Girder without Post-dead Load. E./E.~7

6. NUMERICAL DEMONSTRATIONS

The results of the tests and the corresponding analysis are provided in Figs, 9~12. Based on the
regression procedures, Eqs. (27) and (28), the visco-elastic constants suchas u, A, 7, a, 8, xand p are
determined making use of the time variations of the prestressing force and the strain of the precast

77s



100 E, WaTANABE, K, Havasui, H TAKENAKA and H, Nakar

concrete plate, S-1, the former of which is shown in Fig. 3.

According to Reference 18), the flexibility parameter : ¢ =4/C./C (Co=20 tf/cm?), for the composite
slab in the region of the negative bending moment is proposed through experimental study by Nakai et al. to
be taken to be 1. 9 ; whereas for the region of positive bending moment, it should be taken to be zero. Thus,
in this paper, the analysis of the indeterminate composite beams were carried out using for convenience, a
single flexibility parameter, £=1.5 since the use of this value in the analysis resulted in the best
correlation with the experimental values, The more rigorous analysis using seperate value of the flexibility
parameter, {=( and {=1.9, respectively, for each of the region of the positive bending moment and that
of the negative bending moment has been developed by the authors; however, the derivation of the
equations must be revised and thus, it will not be mentioned herein,

Shown in Fig. 9 and 10, respectively are the central deflection and the surface strain of the simply
supported concrete composite girder, loaded by the post dead load, 0.5 tf/m when the effect of the elastic
deformation of the stud shear connectors is neglected, namely, ¢=(.

Also shown in Figs. 11 and 12, respectively are the central deflection and the surface strain of the
two-span continuous precast concrete composite girder, loaded by the post-dead load, 0.5 tf/m, and when
the flexibility parameter is taken to be 1.5,

12.8
.2 DEAD LOAD
—a—#— Experimental t
9.6} —o~0— Analytical 4.8
N gy ===axas RS o
£ T &=0 , p=1.0 , u=0.01
E 5.0 ~4.0 m .
= x= 0.5 "
g 6.4 3.2
3 ~ DEAD LOAD :
B8 X_o.4 —@-m— Experimental
EE E 1 —0-0— Analytical
R SN o £=0, p=1.0 , u=0.01
= |
2] .
t.s start of the loading 0.8 x= 0.5% .
l,/start of the loading
R S P S R VR 96 112 128 144 160 090 "5 52 78 104 130 156 182 208 234 260
DAY DAY
Fig.9 Time Variation of Central Deflection of a Simply Fig.10 Time Variation of Surface Strain of Precast
Supported Composite Girder, E,/E.=7. Perfectly Concrete Slab of a Simply Supported Composite
Composed : ¢==0. MG-1. Girder. E,/E.=7. Girder MG-1.
28 DEAD LOAD
SEERERIRRENARRNIE |
1.2 :L nvus | ~200
FrT %
9.6 _ ~100
~ x= 0.5 DEAD LOAD
8.0
: RIARERRERRRNERR R p——
8 6.4 x A ~0—0— Analytical
5 T | £=0 | p=1.0 , p=0.01
b 4.8 —#-@— Experimental
Ej ~—0—0— Analytical
S se2 £=0, p=1.0 , ;=0.01
oo
1.6 400} )
Start of the loading \)/Start of the loading
i
00
0054 32 48 64 80 55 112 128 Tei reo 1800 26 52 78 104 130 1S¢ 182 208 234 2460
DAY DAY
Fig. 11 Time Variation of Central Deflection of a Two-span Fig.12 Time Variation of Surface Strain of the Lower
Continuous Composite Girder. E,/E.=7. Test Flange of the steel girder of a Two-span Continuous
Girder MG-4. Composite Girder. E,/E.=7. Test Girder MG-4,
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CONCLUDING REMARKS

This paper is concerned with a series of experiments on the creep and relaxation behavior of precast

concrete slab composite girders and a theoretical study on such a behavior by means of a linear visco-elastic

model for the concrete slab, the Laplace and its numerical inverse transforms.

The visco-elastic constants of the composite girders are determined based on the results of the precast

concrete plates in view of the principle of the least squares, The results of the theoretical analysis turn out

to be in good correlation with those of the experiments.

The authors are indebted to the Ministry of Education, Science and Culture of the J apanese Government

for a Grant-in-aid for Developmental Scientific Research during the period of 1985 to 1986, and to Shinko

Wire Co., Ltd., for every convenience it offered to us during the relaxation testing of PC cables.
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