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MODEL STUDIES ON SCATTERING OF ELASTIC WAVES
IN A HALF SPACE

By Yoshiji NIWA* Sohichi HIROSE** and Shoichi NAKATAND**

Model studies are carried out to investigate the scattering behavior of elastic waves in a
half space, The scatterers examined are a semi-circular surface irregularity and a circular
cavity embedded in a half space. The detected waves are simulated by the boundary integral
equation (BIE) method. The results show that the observed waves are slightly different
from the simulated waves due to the resonance of transducer. In spectral analyses,
therefore, we employ the linear system theory to eliminate the effect of transducer. The
obtained frequency spectra reproduce an essential feature of the analytical results
computed by the BIE method, except for their absolute values.

1. INTRODUCTION

Scattering problems of elastic waves are the major subjects in many fields, such as ultrasonics, applied
mechanics, seismology, earthquake engineering, and so forth.

In the fields of ultrasonics and applied mechanics, considerable model studies were reported on the
scattering of elastic waves by simple obstacles in materials and structures, mainly in relation with
non-destructive testings, The early work on the determination of frequency spectra of broadband
ultrasonic pulses scattered in materials was done by Gericke”. The time records and their spectra of
scattered pulses by various simple cavities and inclusions were investigated in detail by Sachse?, Pao &
Sachse?, and Tittmann et al. 279 in order to characterize such scatterers. Excellent reviews on scattering
problems in non-destructive testings were done by Sachse & Golan” and Tittmann®. In the field of
ultrasonics, usually, only the scattered waves from some defects, not including any reflected waves from
outer boundaries of a specimen, are analyzed, and compared with analytical solutions of scattering
problems in an infinite medium.

In the fields of seismology and earthquake engineering, as contrasted with the case of ultrasonics,
scattering problems in a half space are necessary to be solved. Several authors conducted experiments on
wave propagations in a half space to investigate the effect of irregular surfaces and interfaces on seismic
motions, Topographic effects on ground motions were studied experimentally by Rogers et al?. and
Brune!®, and geological effects of sedimentary basins were investigated by King & Brune”. Rogers &
Kisslinger? and Ohtsu et al®, carried out model studies on wave propagations in a dipping layer. In these
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works, the observed data were compared with theoretical results based on the analytic method!”, the ray
theory®®  and the boundary integral equation (BIE) method™.

In the present paper, experimental studies on scattering of elastic waves due to a surface irregularity or
a cavity in a half space are conducted. The time-amplitude records and their spectra are compared with the
theoretical results obtained by the BIE method, which has been well developed for the analyses of wave
propagations in a half space'¥!,

2. EXPERIMENTAL METHODS

(1) Apparatus

A diagram of the experimental apparatus is shown in Fig. 1. Commercial piezoelectric transducer A (NF
Circuit Block, Tokyo, Model 905 S) was attached to the specimen and an electric step pulse was charged to
the transducer. The nominal resonance frequency of the transducer is | MHz, and its weight is 10. 1 g. The
rise time of the step pulse was less than 3 nano-sec and the voltage was approximately 30 V. Elastic waves
produced by transducer A propagated within the specimen and were detected as the electric signals by
another transducer B. Transducer B is of the same type as transducer A and of longitudinal directivity!®,
Therefore, physical quantities of elastic waves detected by transducer B are considered as normal
components to a free surface, The received signals were amplified with 60 dB total gain and bandpassed
from 10 KHz to 300 KHz through the pre-amplifier and discriminator, and then recorded onto the floppy
disks of a micro-computer at . 2 us sampling period through the transient recorder (NF Circuit Block,
WM-852) .

(2) Specimens

As shown in Fig,2, the specimen was made of PMMA (polymethylmethacrylate) plate of (.5 cm
thickness, which was bonded to a brass rod. The PMMA plates had either a surface irregularity or a cavity
at the portion of the right-hand slope as shown in the figure, The right-hand slope corresponds to a free
surface, and the surface irregularity and cavity are scatterers in a half space. The surface irregularity
was a semi-circle with the radius 1 em, while the cavity was a circle with the radius 1 ¢m, the center of
which was located at the depth of 1.5 c¢m from the free surface.

The velocity of the longitudinal wave (P wave) in the brass rod was 3 530 m/s, while the velocities of the
longitudinal wave (P wave) and transverse wave (SV wave) in the PMMA plate were 2410 m/s and
1410 m/s, respectively. These wave velocities were measured from preliminary tests. The transmitter
(transducer A) was attached at the end of the rod, and the receiver (transducer B) was placed on the free
surface of the PMMA plate, Since the velocity of propagating wave in the rod is faster than those in the
PMMA plate propagating waves in the rod are refracted into the PMMA plate, then generate P and SV
waves at each point on the interface between PMMA
(8 plate and rod. It results in the generation of the plane

T P and SV waves as shown in Fig. 2.
(2) (4),(5) (7)

(3 }—D—- (6)

—_— The plane waves generated were propagated in the
sync.
r ! PMMA plate, reflected at the right-hand slope and

9)

PMMA
plate

Transducer B

(1) Pulse generator

(2) Transducer A (transmitter)
(3) Specimen

(4) Transducer B (receiver)

scatterer

(5) Pre-amplifier (20dB gain, 10kHz high-pass) Transducer
(6) Discriminator (40dB gain, 300kHz low-pass) A
(7) Transient recorder T -
(8) Oscilloscope < S
(9) Microcomputer brass rod
Fig. 1 A block diagram of experimental setup. Fig.2 A sketch of specimen,
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scattered by the scatterers (surface irregularity and cavity), and then detected by transducer B.
The angle of the right-hand slope in Fig. 2 was changed in accordance with the incident angle of the plane
P wave.

3. THEORY

In the spectral analyses discussed later, the frequencies in the range that (. 25< ak,< 4. 0 are taken into
account, where g is the radius of scatterer and f, is the wave number of the longitudinal wave in the
PMMA plate. The wave length A corresponding to these frequencies ranges from 1.55 ¢ to 24. 1 a, which
is much longer than the thickness A(=0.5 g) of the PMMA plate. Therefore, the displacement fields in
the PMMA plate are reasonably assumed to be in a plane stress state, In this section, based on the above
assumption, the formulations of BIE are presented briefly for scattering problems in a two-dimensional
half space. Detailed formulations and numerical schemes are referred to Refs. 14) and 15).

(1) BIE formulation for a surface irregularity in a half space

Let D be a half space with a semi-circular surface irregularity S, as shown in Fig.3. The incident

wave y’ is assumed to be a harmonic plane wave with the

agn incident angle o. Then, the equation of motion and the
boundary condition are written as below,
D equation of motion ;
CiviulX, w+(Ci—CHV V - ulX, o)+ ulX, w)
=0 X AN DD ceeevereereereeeeneee et (1)

boundary condition :
Hx, w=Tulx, w
=p(CI—2CHnV - ulx, w)

Fig.3 Geometry of a surface irregularity in a

half space.

+oCin-1V ulx, 0)+(V ulx, )"}
=0 £ ON OD ANA BS v rvrerrrrmmerreraeii ettt e e et e (2)

where u, 7, w, p, Crand C, are the displacement vector, normal vector, angular frequency, mass density,
and velocities of transverse wave and longitudinal wave in a plane stress state, respectively. Furthermore,
the scattered field ¥’=u—(uw'+u®) (u®: the reflected field in the case of absence of the surface
irregularity 9S) satisfies the radiation condition'” at infinity.

The problem is to find the solution u(X, w) of Eq. (1), subjected to the boundary condition (2 ) and the
radiation condition. In the case that the transient response (X, #) is required, the inverse Fourier
transform is available,

X, t)=—21;[: (X, @)@ g+ v v (3)

Taking account of the boundary condition (2 ), Green’s formula leads to the following integral equation,

— [, T, 9wty wids,— [ T(X, vuly, wids,

—ﬁr T(X, v)u'ly, wdsy
U X, @) X A D e e (4.3)
= —uF(X,cu) D G ) s T T S (4.b)
O X I D 2 oot e e e (4-c)

where 4" is the free field defined as 4=+ 4*. D°is the complementary domain to the domain D, and oI
is the virtual boundary shown in Fig.3. T(X, y) is the double layer kernel defined as

T(X, y): TyU(X, y) .................................................................................................. (5 )
vghere U(X, y) is the fundamental solution of Eq. (1), which satisfies the radiation condition at infinity.
T, is the traction operator as seen in Eq. (2). From the limiting process, X in D°~x on 8D or 28, the
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boundary integral equations are obtained as follow,
~f T, sy, wds,— [ T, puly, o)ds,
oD as

~ [ T, vy, wids,
_.:Ce,uS(x, @) X OTL DI corerreerrs ettt (G'a)
-LD T(x, y)uly, w)dsy——]gs T(x, Yuly, w)dsy

—j;r T(x, y)u'ly, wdsy+u(x, w
S COU(I0, @) I OIL DS crrrrrmernreonm e s 6-b)

where ][ . ds indicates the Cauchy’s principal value integral, and c®y® and ¢y are the free terms of double
layer potentials.

(2) BIE formulation for a cavity in a half space
For the model of a cavity in a half space as shown in Fig. 4, the equation of motion and the boundary

condition are identical to Eqs. (1) and (2), respectively.

"4 3D 1 Therefore, the following boundary integral equations for a
NSNS S AVNNVNYNAN NN L. . .
Lsa cavity in a half space are obtained in the same form of Eq.
35 (6),
— 5 —
g : f T, yuty, wds— [ T, vuly, wlds,
= Ceus(x’ w) x on aD ............................... (7'3)

~ [ T, 9)uy, olds,— T, vuty, o)ds,

+uF(x, w):ceu(x, w) L ON OS. rrrereeeaeneans (7.b)

Fig.4 Geometry of a cavity in a half space.

4. RESULTS AND DISCUSSION

(1) Amplitude-time records

Fig.5 (a) shows the amplitude-time records observed at several points on the free surface in the case of
semi-circular irregularity subjected to the vertical incidence of the primary longitudinal wave. Fig.5 (b)
is the case of semi-circular irregularity subjected to the oblique incidence (¢=30") of the primary wave,
Fig.5 (c) is the case of the cavity subjected to the oblique incidence (¢=30") of the primary wave. In
these figures, the scale of amplitude is not absolute, because the characteristics of wave transmission from
a specimen to a transducer and other equipments are unknown, Furthermore, the arrival time of initial
wave motions is also relative, because it depends on the triggering of the transient recorder.

Fig. 6 shows the transient vertical displacements on the free surface synthesized by the BIE and inverse
Fourier transform as discussed in the previous section. The models in Fig.6 (a) to (c) correspond to

“those in Fig.5 (a) to (c), respectively. In these transient analyses, we make the following remarks :

» The inverse Fourier transform (3) is carried out by using the fast Fourier transform (FFT)
algorithm, where the frequencies up to a(km.x==4 are taken into account.

o The incident wave is the plane longitudinal wave, the pulse shape of which is assumed to be a Ricker
wavelet

FE)=2A%2(2)—0.5)@™ ™ (£(F)=(CLEEE)2/4) -++vvrerrrmsssssssmsmsisssis it (8)
where A’ is the maximum amplitude of incident wave, and k! is the peak wave number. We choose %] as
(k)max/3. The frequency spectra of a Ricker wavelet are limited in the narrow band, and are convenient
for numerical calculations. This is why a Ricker wavelet is chosen as an incident signal.

o The maximum amplitude of a Ricker wavelet reaches the origin at the time {==(.
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displacements simulated by the BIE method.
Fig.5 Amplitude-time records observed on the free 1, is normalized by the maximum amplitude of

surface. a Ricker wavelet A’

As above-mentioned, the characteristics of wave transmission froma specimen to a transducer, and vice
versa, are unknown, Therefore, amplitudes and wave forms simulated with a Ricker wavelet as an incident
wave do not necessarily coincide with those of observed data. However, the simulation analysis by the BIE
is expected to provide a preliminary knowledge for the frequency analysis as shown later.

From comparisons between Fig.5 and 6, it is concluded that

« InFig.6 (a) to {c), we can see two distinct travel-time curves, The one is related to the longitudinal
incident wave., In the case of vertical incidence (Fig.6 (a)), the incident wave reaches all observation
points at the same time. In the cases of oblique incidence (Fig.6 (b) and (c)), the incident wave arrives
successively at the left-hand points to the right-hand points. The other travel-time curve is related to the
scattered waves, which are generated by the scatterers and then propagated bilaterally along the free

surface,
o As compared with Fig. 6, Fig.5 shows more complicated features. There are a lot of tremors even
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after the passage of the primary longitudinal wave. This phenomenon occurs due to the resonance of the
transducers'®, which makes the scattered waves blurred.

« Apart from their waveforms, the travel-time curves with respect to the primary longitudinal wave and
its scattered waves show a good agreement between the observed data and the theoretical results. In
addition to these travel-time curves, Fig. 5 shows the secondary transverse wave, its scattered waves, the
Rayleigh waves and reflected waves from the outer boundaries of the specimen, which are not taken into
consideration in theoretical analyses.

(2) Frequency spectra

As seenin Fig. 5, the detected waves depend critically on the characteristics of transducers. In order to
investigate spectral responses of elastic waves, therefore, the effect of transducer and other equipments
must be removed. To this end, we analyzed detected waves on the basis of the linear system theory” ® .

If all components shown in Fig. 1 are considered as linear, the detected signal ¢(%) and its Fourier
transform O(w) can be written as

O(E)= F R R 10 EVF U EVFU(B) -+ eveerrmmeeemmme ettt (9)

Olw)=F(w)- Wm(a)) Wilw)s Wi@w) = ovreremmemmermen e (10)
where * denotes a convolution integral, f(%)is the point force produced by transducer A. w,(%), w,(#)and
wy(t) are the impulse response functions of specimen, transducer B and other apparatus, respectively.
Flw), Wnlw), Wiw) and W, w) correspond to Fourier transforms of f(1), wn(?), wdt) and wy(?),
respectively,

In our experiments, another model specimen with the spectral response W,(w) was employed, Detecting
wave motions in these two models by use of the same monitoring system, we have the following relationship
between O{w) and O'(w),

Wi )/ Win{@)== O(0)/ 0 (@) +++++++++++rerreresmmee ettt (11)
where ('(w) indicates the Fourier transform of output signal of another model. We used the half space
model without a surface irregularity or a cavity, as another model, whose spectral response W/,(w) was
reasonably considered as flat. This leads to the conclusion that W,/ W7, provides the spectral response of
the model with the scatterer, Furthermore, W,/ W/, does not include any effect of the transducer and
other equipments. Thus, without specifying the characteristics of transducer and other equipments, we
could determine the spectral response Wy(w)/ Wn(w), and compared it with the theoretical result 4,/ 47

In these spectral analyses, the data after the arrival of the secondary transverse wave were truncated.
This procedure was consistent with the theoretical analyses for the incidence of longitudinal wave,

Fig.7 shows the example of spectral amplitudes | O(w)| and | 0"(w)| for the case of Fig.8 (d). It is
evident that | O(w)| is quite different from the theoretical result, i. e., the solid line in Fig.8 (d). Thisis
because O(w) involves the effect of transducer and other equipments which must be removed on the basis of
Eq. (11). After applying the linear system theory to O(w) and O'(w)
amplitudes as shown in the dashed line in Fig.8 (d).

, we can obtain reasonable spectral

Fig. 8 illustrates the comparisons between the spectral am-
plitudes of vertical surface displacements (| u,/u%|) obtained
experimentally and theoretically., This is the case of a half
space with semi-circular surface irregularity for the vertical
incidence of the longitudinal wave, Fig 9 shows the case of
the model with semi-circular surface irregularity for the obli-
que incidence (incident angle ¢ = 30°) of the longitudinal

0.5 1.0 200300 400 wave, Fig. 10 shows the spectral amplitudes of surface dis-
akg,

Amplitude (Arbitrary Units)

Fig.7 Spectral amplitudes | O(c)| (solid line) placements in the case that the longitudinal wave is obliquely
and |0'(a)| (dashed line) for the case  incident (¢=30°) on a cavity embedded in a half space. From

of Fig.8 (d). these figures, the locations of the peaks and valleys in the
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Fig.8 Spectral amplitudes of vertical displacements (u,) on the free surface. y, is normalized by the vertical component
of free field uj. —— ! BIE ------ . experiment,

spectra obtained experimentally and theoretically agree well. The periodicity in the spectra at the point
far from a scatterer can be understood in terms of the interference of the primary P wave and the scat-
tered wave”. As for the absolute values of spectral amplitudes, however, a slight difference between
experiment and theory is found. This may be caused for some reasons, First, the damping of
specimens'® diminishes the observed spectral amplitudes as compared with the calculated ones. In the
high frequency range, especially, amplitudes at peaks and at troughs obtained from experiment attenu-
ate more than those in BIE analysis. Furthermore, these phenomena are more remarkable as an
observation point is remoter from a scatterer; since scattered waves propagate bilaterally from a
scatterer, The second reason is an interaction between a transducer and a scatterer, particularly, at
some points near a scatterer, Actually, large discrepancies between experiment and theory are found in

Fig.8 (f), 9 (f) and 10 (a):
5. CONCLUDING REMARKS

Model studies were carried out to investigate scattering of elastic waves in a half space. Experimental
data were compared with theoretical results obtained by the BIE method, The amplitude-time records
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Fig.9 Spectral amplitudes of vertical displacements (u,) on the free surface. 1, is normalized by the vertical component
of free field u;. —— ! BIE ------ . experiment,

observed on a free surface were simulated by use of the BIE method and the FFT algorithm, Although the
travel-time curves between experiment and theory showed a good agreement, the experimental scattered
waveforms from a cavity or a surface irregularity were blurred due to the resonance of the transducer. In
spectral analyses, we used the linear system theory in order to eliminate the effect of the transducer,
While the obtained spectra reproduced an essential feature of theoretical results, it was found that the
absolute values of spectral amplitudes had to be modified on account of the damping effect of specimens and
the interaction between a transducer and a scatterer,

Here, only the simple models were analyzed. It is evident that the experimental method presented can be
used to determine transient or spectral responses of complicated models, such as geological structures and
testing members in ultrasonics.
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comments on them,
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