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SYNOPSIS

A nondimensional parameter governing fluid-solid mixture and dry granular flows is obtained
from the comparison between inertia and intergranular-stress terms in the momentum equations. Using
the nondimensional parameter, a nondimensional distance from the bed is introduced for investigating
velocity profiles of these flows. The flow structure of granular and inertial sublayers is found near the
bed. The former sublayer has a linear velocity profile due to the major role of intergranular stresses,
while the latter sublayer has a logarithmic velocity profile due to the inertial forces. Considering these
sublayers in the flows, the linear and logarithmic profiles can be explained theoretically.

Surface velocity and average velocity are determined from the theoretical velocity profiles and
compared with the experimental results.

INTRODUCTION

Gravity flows of hyperconcentrated mixtures of coarse sand and water have a almost linear
veloeity profile like a simple shear flow. The mixture flows of fine sand and water, on the other hand,
have relatively uniform velocity profile similar to that of clear-water flows[1, 2]. Therefore flow
resistance of the fine-sand mixtures becomes different from that of the coarse-sand mixtures. These
features also can be observed in the gravity flows of dry granular materials[e.g. 3].

Arai and Takahashi [1] pointed out the importance of turbulence for the flow behavior of the
fine-sand mixtures and attempted to explain the features of velocity profile. Considering the both
effect of turbulence and intergranular interactions in the mixture flows, they derived an equation of
velocity profile. The boundary condition for the velocity profile was determined from the velocity
profile of clear-water flow. Hence the equation for mixture flow velocity includes the viscosity
coefficient of clear water, although the use of the viscosity of clear water is inappropriate for the
mixture flows.

Hashimoto and Hirano [4-5] proposed two nondimensional parameters for the flow situation of
the hyperconcentrated sand-water mixtures. Using the parameters they examined the dependence of
the flow resistance on the size of flowing materials and also discussed the structure of the flows.

The present work is an extension of the previous ones [2-5] and deals with flows with high
concentration of sand, that is, the mixture and dry granular flows. For convenience such flows are
termed " hyperconcentrated flows " in this paper.

We first derive a new parameter for these flows. On the basis of the discussion of the parameter,
we propose a model of the flow structure near the bed. Using the model, we derive equations for
estimating the velocity profiles, surface velocity and average velocity. These equations are verified
with the measurements in the experiments [2, 4, 6, 7].
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Fig. 1 Schematic diagram of a hyperconcentrated flow down a slope.
A PARAMETER GOVERNING FLOW SITUATION

For clear-water flow Reynolds number is defined as the ratio of inertial to viscous forces and is
useful in the description of flow situation. Corresponding to Reynolds number there must be
nondimensional parameters for the hyperconcentrated flows. Hashimoto and Hirano [4] discussed
this problem by comparing inertial and intergranular forces in the momentum equation of the
hyperconcentrated flows and found two parameters, which are sand concentration C and a relative
flow scale L/d. Here L is a characteristic length of flows and d the diameter of sand grains. Instead of
these parameters we can obtain a new parameter by referring to the discussion of Hashimoto and
Hirano[4] .

The momentum equation in the x-direction for two-dimensional hyperconcentrated flows (Fig.
1) is
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where x = the downstream direction; z = the direction upward normal to the bed; t = time; u and v =
velocity components in the x and z directions; p =pressure including the gravity component of the
flows; T, , T, = intergranular stresses and p, = the density of flows. Indicating volumetric concentration
of sand by C, and densities of grain and fluid by o and p, we have p,= oC+ p(1-C).

Many equations are proposed for the intergranular stresses in the shear flows of dry granular
materials and fluid-solid mixtures [e.g.8-10]. Some of them can be written for the two-dimensional
flows in the form
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where K, K, = coefficients; d = the diameter of sand grains, and F(C) = a function of C which
increases with C. According to the work of Tsubaki, Hashimoto and Suetsugi [10], K, and F(C) can
be written as
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where f =1.15; k,=5; u=0.1 and C. = the maximum possible concentration. The equation of Tsubaki
et al.[10 | was originally proposed for the sand-water mixture flows. This equation is also found valid
for the dry granular flows [6].

Denoting a characteristic velocity by U and a characteristic length by L, we can estimate the
inertia terms as p, U%/L and the intergranular-stress terms as od?F(C)U?/L°. The ratio of these
terms is
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Fig. 2 The structure of a hyperconcentrated flow near the bed.
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Therefore, we can see that %4/ DF—?C)* is a parameter for the hyperconcentrated flows. At smaller

values of this parameter intergranular-stress terms play major role compared with the inertia terms.
This represents that the effect of grain collisions becomes major. At larger values of the parameter, on
the other hand, the inertia terms become important relatively to the intergranular-stress terms. This
means that turbulence of the hyperconcentrated flows becomes dominant.

VELOCITY PROFILE

We discuss the velocity profiles near the bed in this chapter. Therefore we choose a distance z
measured from the bottom as a characteristic length L in Eq. 6 and introduce the nondimensional

distance §4 / GF‘z‘C) for the velocity profiles. As a result we can distinguish two layers near the bed,

which can be termed granular and inertial sublayers; in the former layer the effect of grain collisions
becomes major and in the latter layer the effect of the inertial forces is more important. From this
discussion the flows can be modelled as shown in Fig. 2. This indicates the double structure similar
to inner layer of wall turbulence, such as in clear-water flow. The almost same model was used by
Egashira et al. [11] in the discussion of the effect of grain size on the velocity profile of the mixture
flows. However there is no physical reason for the choice of the model. As a result there remains the
thickness of granular sublayer undetermined.

We consider a steady uniform two-dimensional rapid flow at high concentration. Intergranular
stresses due to grain collisions and Reynolds stresses due to the turbulent motion are important in such
a flow. We use the equation of Tsubaki, Hashimoto and Suetsugi [8] for the former stresses and a
mixing-length model for the latter stresses. The momentum equation in the x-direction is
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where T, = shear stress on the bed and concentration profile is assumed uniform for simplicity. Since
we consider a region near the bed, we can neglect z/h compared with 1 on the right-hand side of
Eq.7.

We first consider the granular sublayer, which is a region in the immediate vicinity of the bed.
In this region the Tole of intergranular forces is major and that of inertial forces is minor. Therefore
Eq. 7 can be written as

Ko osz(c{dd-%)% - ®
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Deneting friction velocity by u, yields T = pu? Solving Eq. 8 under the boundary condition of u=0
at z=0, we obtain a linear profile of velocity. The result is

u_ 5 2./ M ©)
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where § =a correction factor for the assumption of uniform concentration profile. Comparing values
of nondimensional average velocity # /- calculated using Eq. 9 and according to the work of Tsubaki
et al. [10], we can have the value of §=0.35~0.5 coresponding with C=0.25~0.5. Here # is average
velocity. Since the variation of & is small, we use &= 04, ' :

We second consider the inertial sublayer, which is a region on the granular sublayer. In the
inertial sublayer the effect of inertial forces is major and that of intergranular forces is minor. Neglecting
the first term on the left-hand side of Eq. 7, and using the relation / = xz for mixing length, we
have

pibez P9 (10)

where K=the Karman constant. Denoting the thickness of granular sublayer by 8 and velocity at z=8,
by u; and solving Eq. 10, we have a logarithmic profile of velocity in the form
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where u, is given by
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B is a function of a nondimensional thickness of granular sublayer %ﬁ GF‘Z‘C) . Since Egs. 9and 11
are a function of ﬁ ;g% , the velocity profile can be also expresssed as

/Pt
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This relation is similar to "the law of the wall ".
THICKNESS OF GRANULAR SUBLAYER

In the calculation of velocity profiles from Egs. 9 and 11, we must estimate a thickness of
granular sublayer in advance. Therefore we determine an equation for estimating the thickness of
granular sublayer in this chapter.

Fig. 3 shows the velocity profiles measured by Hirano et al. [2]. In the experiments [2] sand of
different sizes was used as the bed materials. The other experimental condition was same ; the bed
slope angle was 14° and the water discharge supplied per unit width at the upstream end of the flume
was q,,=200cm?%s. Since these experiments were made under the condition of almost same
grain density and concentration, we use z/d instead of -g— :’% as the abscissa.

We can find that the feature of velocity profiles changes at z/d=10~20. This represents the
transition from the granular to inertial sublayer in the region near the bed. The elevation of the
boundary between the granular and inertial sublayers can be written in the nondimensional form as

8 ./ _Pt_ _ 45 (14)
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Fig. 3 Velocity profiles for the mixture flows.
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Fig. 4 The relationship between 8,/d and Fig. 5 The relationship between 8,/d and
grain concentration for the mixture flows. grain concentration for the dry-granular flows.

The solid line in Fig. 3 shows the calculations from Eqgs. 9 and 11. Here the value of x is 0.4. We can
find that these calculations are in good agreement with the measured profiles for the whole flow,
although the application of Eqgs.9 and 11 is restricted to the region near the bed. The further
verification of Eq. 14 is indirectly made in Figs. 6, 7, 8 and 9 in the succeeding chapter.

Figs. 4 and 5 show 8./d calculated from Eq. 14 for the sand-water mixtures and dry sands. In
Fig. 4 the mixture density p, is p, = 6C+ p(1-C), while in Fig. 5 the mixture density p, is p,=0C. It
is found that 8/d increases with grain concentration C. This represents that the role of intergranular
forces becomes major at higher concentration.

SURFACE AND AVERAGE VELOCITY

Eqgs. 9 and 11 describe well the velocity profiles for the whole flow. Therefore, for covenience
we extend the use of the equations to the region near the free surface for estimating surface velocity u
and average velocity u.

In the estimate of surface velocity we use Eq. 9 in the range such that 2,/ % < % /[ Pt
a"V oF(O) d V oR(©)

, while we use Eq. 11 in the range such that 2,/ > % Pt Further in the estimate of
d "V oF(C) d 'V oF(O)

average velocity we integrate Egs. 9 and 11 over depth of flow and divide them by flow depth h . For
h Pt g Pt
4’V oR(©) < oo e have
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and
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Figs.6 Relationship between nondimensional surface velocity and relative flow depth
for the mixture flows.
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Figs.7 Relationship between nondimensional surface velocity and relative flow depth
for the dry-sand flows.
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Here the granular-sublayer thickness 8 can be evaluated from Eq. 14 . From Egs. 15, 16, 17 and 18

we can find that u /u. and u/u« are given by functions of nondimensional flow depth %A / GF‘Z‘C) .
Fig. 6 shows the comparison between surface velocity of the mixture flows measured by
Hashimoto and Hirano [7] and calculated from Egs. 15 and 17. Here h/d is used as the abscissa
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Fig. 8 Relationship between nondimensional average velocity and relative flow depth
for the mixture flows.
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Fig. 9 Relationship between nondimensional average velocity and concentration
for the mixture flows.

instead of %4 / _F%’ because the measurements were done under the condition of almost same grain
O

density and concentration. The agreement between their results is excellent. Fig. 7 also shows the
comparison between the measurements and calculations of surface velocity of the dry-sand flows.
Here the measurements of surface velocity were done under the condition of various concentration.
Three kinds of channel bed were used; one was a fixed bed roughened with same sand as flowing sand
and the others were smooth fixed beds of plywood and acrylic board. The size of the roughness of
plywood and acrylic board was nearly same as that of the flowing fine sand. When the flowing
material is coarse and medium sand, the fixed beds were roughend with the same material. When the
material is fine sand, the bed was made of plywood or acrylic board. Therefore slip velocity at the
bottom was almost zero in every case of bed condition.

Fig. 8 shows the relationship between nondimensional average velocity and relative flow depth
under the condition of constant concentration. Fig. 9 shows the relationship between nondimensional
average velocity and concentration under the condition of almost constant relative flow depth. The
theoretical and experimental results agree well.

We can conclude that the flow model shown in Fig. 2 and the nondimensional granular-sublayer
thickness expresssed by Eq. 14 are appropriate for the hyperconcentrated flows.
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CONCLUSIONS

The results obtained in this study are as follows:

(1) A nondimensional parameter governing flow situation are derived for hyperconcentrated
flows.

(2) A distance measured vertically from the bottom is chosen as a characteristic length and the
nondimensional distance is introduced for investigating the velocity profile near the bed. As a
result the double structure of flow is found near the bed ; the lower structure of the effect of
intergranular forces is called "granular sublayer " and the upper one of the effect of Reynolds
stresses is called "inertial sublayer ". o

(3) The nondimensional thickness of granular sublayer is found the value of 15. On the basis of
the flow model the linear and logarithmic velocity profiles can be obtained theoretically. This
corresponds to "inner layer" of wall turbulence of clear-water flow.

(4) The theoretical results of surface and average velocity agree well with their experimental
ones.
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APPENDIX - NOTATION

The following symbols are used in this paper:

C, C, =volumetric concentration of sand grains in the flows and the bed;
d = diameter of sand grains; ‘

F(C) = a function of C for T, and T, ;

h =flow depth;

K,., K, =coefficients for T, and<,_ ;

ky, = coefficient for K, ;



! =mixing length;
L = characteristic length for flows;
p = pressure including gravity components of flows;
G, = Water discharge per unit width supplied at the upstream end of the flume;
t = time;
u, v = velocity components in the x and z directions;
u. = friction velocity ;
u,= velocity at z= O ;
u,= surface velocity ;
u = depth-averaged velocity ;
U = characteristic velocity for flows;
x = the downstream direction;
z = the direction upward normal to the bed;
p, O = densities of water and sand grains;
u = coefficient of sliding friction between grains;
B = coefficient for K, ;
8 = thickness of granular sublayer;
K = Karman constant ;
0, = slope angle of flume ;
€ = a correction factor for the assumption of uniform concentration profile ;
p,= density of the mixture of sand and water;
T, , T, =shear stresses in the x direction on the planes perpendicular to the z and x directions;
and
T, = shear stresses on the bed.
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