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ABSTRACT

Numerical simulation of the bed-load transport is executed on the basis of the equation of
motion of bed-load particle, to evaluate the characteristics of the moving period which represents
the unsteady bed-load transport system. The results of moving period by the present simulation are
compared with the experiments under the oscillation-current coexisting flow. The characteristics
of mean, standard deviation and probability density of the moving period are discussed. The time
variation of the deposit rate and the sediment discharge under oscillation-current coexisting flow
are simulated. Furthermore the sediment discharge due to the wave action is also simulated. The
agreement between the simulation and the experiments indicates that the transport process can be
well simulated by the present method.

INTRODUCTION

The bed-load transport process is characterized by the irregular motion of particles, and thus the
stochastic model which describes the irregularity of the bed-load motion is essential to establish the bed-
load transport formula. The irregular motion of particles has two aspects: (i) the quick motion and (ii)
the irregular resting duration between the successive two moving steps. Einstein (1) proposed the sto-
chastic model of bed-load transport which described the probabilistic characteristics of the bed-load
motion. Nakagawa & Tsujimoto (2) proposed a generalized formulation of Einstein's model, namely the
Eulerian stochastic model, which is formulated as a convolution integral constituted by pick-up rate and
step length; it is very useful means to explain the various types of alluvial phenomena under the non-
equilibrium condition. In their model, the pick-up rate was estimated from the mechanism of the bed-
load particle's motion, while the step length was estimated by the semi-empirical model. The pick-up
rate is governed by the local velocity-field around the particle on bed; on the other hand, the step length
is affected by the variation of the velocity along the path of particle. Hence it is important to consider a
hysteresis of the particle for accurate calculation of bed-load motion. Furthermore, the hysteresis of the
bed-load motion is affected mainly by the irregular collisions with the protrusions on bed.

In order to estimate the step length, Nakagawa, Tsujimoto & Hosokawa (5) carried out the numeri-
cal simulation of the bed-load motion based on the equation of sliding motion, with focusing upon the
collision process with the protrusions distributed at an irregular spacing on a rough bed. They divided
the bed-load transport process into two subprocesses illustrated in Fig. 1: (A) the collision process with
the protrusion on bed; and (B) the moving process without collision. To describe the characteristics of
the collision (subprocess (A)), they took into account the motion of a particle rolling over protrusions
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after perfectly elastic collision with the protrusion.

The subprocess (B) is discussed as a sliding motion. H
oW

s protrusions

On the other hand, Tsujimoto & Nakagawa (6) ex-
ecuted the simulation of the two-dimensional irregu-
lar successive saltation; in their simulation, the trans-
port process is divided into two subprocesses: (i) the
collision and repulsion with the bed-material par-

ticles, and (ii) the saltation as the moving process Modeling
apart from a bed. Sekine & Kikkawa (8) performed moving *
the simulation of three-dimensional successive salta- Flow _parficle
tion by adopting the same kind of the concept as - friction _moving
Tsujimoto & Nakagawa's. They found that the differ- b forcs C‘/ particle
ence of the result of the three-dimensional model from L rwan e
that of the two-dimensional one is so small that most (B] moving process  [A] collision process
of the characteristics of the bed-load transport are well without collision with protrusion on a bed
estimated by the two-dimensional simulation. Fig. 1 i .

All of these previous studies treated the bed- ig. 1 lilustration of bed-load transport

load transport in steady flow, while the hydraulic con-

dition is not steady in the real alluvial system, in other words, the fluctuation of hydrodynamic forces
acting on the bed-load particles distribute in wide range of frequency. Among them, high-frequency
fluctuation, namely turbulence, should be treated by considering the dynamic response of the bed-load
transport system to it; while the particle motion under low-frequency fluctuation, like a tidal current or a
flood, can be explained well under the quasi-steady assumption. Under the intermediate-frequency
fluctuation, which is in the same order as the characteristic time scale of the bed load transport, or the
moving period, the sediment motion is so sensitively affected by the unsteadiness of the flow that it
should be treated as the non-equilibrium transport process along a time axis.

In the experiment, sampling number of particles depends on the pick-up rate at each phase, and it
is difficult to collect a sufficient number of samples at the phase with small pick-up rate. In other words,
the sampling number in the experiment is different in each dislodging phase of particle, and the reliabil-
ity of experimental data for each phase is not same. To avoid such a deficiency of the experiment, the
numerical simulation which can easily collect the enough number of data with the equal reliability
should be conducted.

The accuracy of the simulation mostly depends on whether the elementary event of simulated
phenomena is properly chosen or not. The elementary event of an alluvial system is the motion of an
individual particle, which follows evidently to Newtonian mechanics. The general aspect of the bed-
load transport process should be expressed as an ensemble set of the motion of an individual particle.
From this point of view, the numerical simulation should be positively utilized in estimating the detail
mechanism of the alluvial system that is difficult to be investigated by physical experiment. In this
study, by considering such advantages, the numerical simulation is utilized to discuss the characteristics
of bed-load motion at unsteady flow.

In this paper, the bed-load transport process under unsteady and uniform flow is simulated based
on the equation of sliding motion, and the characteristics of the moving period of particles are evaluated.
The time series of the deposit rate’and the sediment discharge are calculated by using the evaluated
moving period. The results of the simulation are compared with the experimental data of the deposit rate
and sediment discharge under the oscillation-current coexisting flow, which is unsteady-uniform flow.
The simulation is also applied to the experiments of Sawamoto & Yamashita (7) on the bed-load trans-
port due to the wave action to discuss the applicability of the model to the wave driven sediment trans-

port.
SIMULATION MODEL

The bed-load transport process is divided into two subprocesses: (A) the collision process with
protrusion on bed, and (B) the moving process without collision (Nakagawa, Tsujimoto & Hosokawa
(5)). This simulation is conducted following this concept. The outline of the simulation model is ex-
plained hereafter. For the simplicity, the two-dimensional motion is considered in both subprocesses.

Collision process of a bed-load particle with protrusion on bed:
The situation illustrated in Fig. 2 is assumed as a collision process. By considering the changes of k

the momentum and the angular momentum during the process of collision, the relation between the
initial speed of particle, u;p, and the speed of particle after a collision, uqy, is given as follows:
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in which d=diameter of particle; g=gravitational acceleration; o=mass density of particle; p= mass den-
sity of fluid; Cy= added mass coefficient; and k=radius of gyration defined as follows:

I 2 o
k= EG : IG=-5-p(-’-)-+CM}A3dS 3)

in which Jg=moment of inertia; and As=three dimensional geometric coefficient. The probabilistic vari-
eties of collision is governed by the distribution of the dimensionless height of protrusion, Ax=4/d
(A=height of the protrusion), which can be approximated by an exponential distribution (Nakagawa et
al. (5)). Then, the probability density function of A« is written as follows:

1 A,
Jfu(A) = A*oeXP[—Ato] i A,=03 @)

When the moving particle collides with protrusions, the height of protrusions are given by Eq. 4 with
generating the random numbers, and the speed of particle g is calculated by Eq. 1. To simplify the
procedure, Nakagawa et al. (5) deduced the transition probability function which represents the relation
between u;, and ugy as follows:
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where I'()= gamma function.
Moving process without collision:

The equation of the sliding motion:
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is adopted, where up=the speed of particle in the longitudinal direction; x,=the coordinate in longitudinal
direction; Cp=drag coefficient; and A,=two-dimensional geometric coefficient. The coefficient of the
kinetic friction, Yy, given by Nakagawa et al. (5) is:

I S | S
2(u, ! Jgd+0.5

where pgo=coefficient of static friction.

He Heo =18 ®
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Procedure of simulation:

Figure 3 shows the procedure of the simulation. Firstly, the
position of protrusions are determined by generating random
numbers with considering the statistical characteristics of the
spatial distribution of protrusions investigated experimentally by
Nakagawa et al. (5). The spacing of protrusions on an alluvial
bed follows to the gamma distribution, the statistical properties of
which are as follows:

A= (5.0~7.00d ; 05=06~07 ©
where xp=mean interval of two neighboring protrusions {x}; and
ox=variation coefficient of {x}.

Secondly, the initial condition of particle's motion is set
as follows:

=0, wp=0 , at =0 (10)

Thirdly, the motion of the particle is traced by solving Eq. 7
with Runge-Kutta-Verner method. In the process of tracing par-
ticle, the collision assessment is performed by comparing the po-
sition of the moving particle with that of protrusions. When the

Set protrusions on bed
Set Initial Positions

Calcurate Particle
Positions at t+At (Eq. 7

Find gy

Yes
Update Particle| @
posmon

< Resi >
Yes

Average
Properties

{N=Number of iterations)

Fig. 3 Procedure of simulation

collision occurs, the speed of particle just after collision gy is
calculated by Egs. 5and 6.

In the bed-load transport process under unsteady flow condition, two types of rest condition exist;
(i) the rest due to the sudden momentum loss by collision, and (ii) the rest caused by the decrease of the
hydrodynamic force beneath the critical shear stress. The rest assessment is done after collision. When
the following condition (rest condition (1)) is satisfied, the particle is regarded as resting on bed:

Bi1=0.1 (1)

where = empirical constant related to the imperfect elasticity of collision. In the derivation of Egs. 5
and 6, the perfectly elastic collision is supposed, though the real collision is not perfectly elastic. The
imperfect elasticity of collision is considered by introducing Eq. 11. When the rest condition (i) is not
satisfied, the position and speed of particle is updated, and the other rest assessment (rest condition (ii))
“is performed. When the condition (ii) is not satisfied, the trace of particle is continued; while the condi-
tion (ii) is satisfied, total number of the traced particle, &V, is counted. This procedure is continued until
N becomes the maximum number of the iterations Ny.x. The coefficients adopted in this simulation are
as follows: Cy=0.5, Cp=0.4, A;=t/4; and As=n/6 which are frequently employed in the previous studies

3).
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APPLICATION OF SIMULATION TO OSCILLATION-CURRENT
COEXISTING FLOW

The results of the simulation are compared with the
experiments under the oscillation-current coexisting flow
conducted by Nakagawa, Tsujimoto & Gotoh (4). A se-
ries of experiments was carried out in a U-tube type os-
cillating water tunnel illustrated in Fig. 4. This is made of

ke

[Unit: cm}

Bali Valve
~——

acrylic resin and has the working section is 180cm long, Video D 0
10cm high and 40cm wide. Through acrylic hatches lo- Camera -

cated above the central part of the working section, the vahs | /A*Honeycomb

access to the inside of the water tunnel is possible. The = S ]
motion of the particle was recorded by a CCD video cam- 77 A Valvo s
era located above the working section. The test section 1 Grid .| Movable Bed Jv
(20cmx20cm) was set at the central part of the working (L ' o
section so that the three-dimensional effect of flow on the 2

Working Settion €
motion of particles was avoided. The damping of the os-
cillation was inevitable, because the experimental appa-
ratus has no motor-driven mechanism to maintain the os-

Fig. 4 Experimental apparatus
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cillation. To avoid the effect of damping, the motion : ”
of the particles were analyzed for the one-cycle just Table 1 Experimental condition
after the beginning of the oscillation. Table 1 shows
the experimental conditions. Test particle was spheri-
cal plastic one with the specific gravity 1.48 and the
diameter 4 mm. The current velocity was set at the

Run1 Run2
Diameter of the particle d{cm) 0.4
Relative density of the particle o/p 1.48

magnitude just below the threshold of particle motion | {meitude ofine scilating velocty 4101 4374

so that no particle moved before beginning of the os- |- T g0 50

cillation. Fig. 5 shows the time series of current ve- - T 278 i

locity measured by a micro propeller currentmeter of at - e = -

3mm-diameter. A broken line is a mean velocity | "o e essiieton Tl ' :

variation through a lowpass filter estimated by the

discrete Fourier transform. In the present simulation,

the measured velocity was utilized for the calculation @ 600 0.0

of the acting force on moving particles. E Run i ] 100
Figure 6 shows the change of mean moving pe- 5 300 O Watersurace} 2

riod with the dislodging phase of particle. The experi- ~ Veloclty 0

mental results were compared with the mean moving 0.0} y=60cm 2

period simulated by the stochastic model. The calcu- 0 nf2 n 3n/2

lated result by deterministic model, in which the bed- phase

load transport process is treated as the sliding motion Fig. 5 Current velocity

without collision, is also shown in the figure. Al-

though both stochastic

model and determinis- 04 T: period of the oscillation 02 T: period of the oscillation

tic model express well " (@ Rumt 100 data averaged " e Run 1 100 data averaged

ol T

Moving period
{Deterministic}

&

Standard Deviation
of Moving period

ture that the mean
moving period de-
creases with the in-
crease of the particle's
dislodging phase, the Moving Period
deterministic model (Stochastic)

the fundamental fea- %
}_-

Experiment 0.1

Experiment

. 0.0 T 0.0 T
shows the overestima- 2 4 2 4
tion when the particle's 0 5T phase gr 0 sn phase &x
i i i 0.4 0.2
dlSIOdglng phase 18 (b) Run 2 100 data averaged (b) Run 2 100 data averaged

small. The difference

of the result between ':g
the stochastic model - F
and the deterministic 0.21
model decreases with
the increase of the

Moving period
{Deterministic)

ol T

Standard Deviation
/ol Moving period

Moving period 0.1
{Stochastic) :

particle's dislodging Frperiment Expariment

phase, in other word, 0.0 7 y 0.0 7 :
the result of the sto- 0 gn  phase g 0 gr phase g7
chastic model is con- . .
verging to that of the Fig. 6 Mean moving period Fig. 7 Standard deviation
deterministic model of moving period

with the particle's dislodging phase.

Moving period is determined by the rest event, which is divided into following two subsets: (A) the
rest due to the sudden loss of particle's momentum by collision and (B) the rest due to the decrease of
hydrodynamic force beneath the threshold of particle's motion. The event (A) is probabilistic, while the
event (B) is deterministic. When the particle's dislodging phase is small, the event (A) is dominant,
therefore the difference between the result of the deterministic model and that of the stochastic model is
large. The decrease of the difference between two models can be explained as the decrease of the effect
of probabilistic event (A), as follows. The probabilistic aspect of bed-load transport is mainly brought
about by the irregular collision with protrusions on bed. If the spatial distribution of protrusions are
statistically uniform, the number of collision decreases with the increase of particle's distodging phase.
Decrease of the number of collisions means the decrease of the effect of probabilistic event (A).

Figure 7 shows the results of the simulation and the experiments on the standard deviation of
moving period. Although the results of stochastic simulation tend to overestimate the standard deviation
compared with the experimental data, which may correspond to the upper edge of the experimental
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results, the general tendencies of

the experiments are simulated g initial phase ¢o=0 do={4/10)z do=(8/10)r
well by the present stochastic ™ | simulation 2PPrOXimation ¢ 2
model. Needless to say, the deter- 1 Vo
ministic model cannot estimate 0.0 025 UT 0.0 058 0.6 TR
the standard deviation at all. E [eo=tiitopm Go=(5/10)x do=(9/10)
The conditional probability &, ] 2
density of moving period against )
the particle's dislodging phase is
shownin Fig. 8. In this figure, the EM e AR 0% T o 025 uT
experimental data are also plotted 2 O eoariment ) (60 do=n
when ¢o=(2/10)m, (3/10)x and (4/ 2
10)x, in which o=27(1o/T); and i’ . 1
to=particle's dislodging time. The 0.0 025 T 00 025 uT
result of the numerical simulation do=(7110)x do=(11/10)x
shows the following characteris- 2
tics: The probability density 1
which is widely distributed at T 05 ]
early dislodging phase becomes
narrower gradually with the in- Fig. 8 Probability density of moving pericd
crease of dislodging phase, and in oscillation-current coexisting flow

. the distribution, the shape of .

which is flat, becomes gradually sharp with the increasing dislodging phase. These features are brought
about mainly by the relative strength of the probabilistic aspect changing with the dislodging phase of
particle. When the probabilistic aspect is intensive, the probability density shows a wide range distribu-
tion with flat shape. On the other hand, when the probabilistic aspect is weak, the probability density is
narrowly distributed with sharp peek around the deterministic moving period.

The solid curve shown in Fig. 8 is a gamma distribution which approximates the distribution of
moving period. Itis written as follows:

A 1 t
F2(8) o A&) " exp(-A8) ;& T (12)
T T 1 0 g phase
A=—2  r=|-2 (13) S OB Feses; 00
or, Or, x103 | /BH |
. o
in which T, orpy=mean and standard deviation of moving 501 Garost et E i r ?g
period. The result of the simulation can be approximated 1 _ I P
fairly well by Eqs. 12 and 13. 2 N\ | &
Figure O shows the transformation process from |& | Stoghastic R §§ ey
the pick-up rate to the deposit rate formulated as follows: | | Model O N A
= N OBl E
~» St L
ot ﬁ- | Experiment } : 50
a0 = [ p(t= D) fy(tlr-T)de (14) o ‘:j“""” S
. ’ . . 0.0 H . Hﬂ S U = s
in which pg(f)=deposit rate of bed-load particle; o x phase &
Pps()=pick-up rate of bed-load particle; and fr(#)= prob- 2
ability density function of moving period of the particle Fig. 9 Transformation process from
picked up at time . By letting the experimental results of pick-up rate to deposit rate in
pick-up rate and the predicted probability density of mov- oscillation-current coexisting
ing period into Eq. 14, the deposit rate is estimated. flow : Comparison between
The changes of the deposit rate simulated by the sto- sim-ulation and experiment

chastic model and those calculated by the deterministic

model for a given change of pick-up rate are compared with the experiments. The range of the distribu-
tion of the deposit rate is accurately estimated by the stochastic model, but the deterministic model
cannot estimate the distribution. The result of the experiment indicates that the deposit-rate distribution
is skew. Here the falling limb is steeper than the rising one. The result of simulation also shows this
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Fig. 10 Speeds of particle

tendency fairly well, though the peek-phase is
rather underestimated.

Figure 10 shows the speed of particles cal-
culated by the stochastic model. The solid line in Fig. 11 Seimdnt discharge in oscillation-
Fig. 10 is the equilibrium speed of particle that is current coexisting flow
derived from Eq. 7 by putting du/dt=du/dt=0 and
given as follows:

ol p-Dgo
. =ﬁup{u—2‘23d( p-Dg u,,ufo} 15
2 CD
in which ofp, Bup are empirical constants (0rup=Pup=0.8). The coefficient oy is set that the speed of
particle is equal to zero at the critical phase of particle's motion, and the coefficient Byp implies the
decrease of the speed of particle due to the collision with protrusions on bed. Fig. 10 shows that Eq. 15
is a good approximation of the simulation results.
The sediment discharge is formulated as follows :

g5 () = %jps(t—r).up(tlt——T)J.fT(C]t— nd dr ' (16)

in which u,=speed of the particle picked up attime #-7. By substituting Eq. 15 into the above, Eq. 16 can
be written as follows:

a0 = %"- u () plt= 0] £ k- DaL dr a7)

Figure 11 shows the change of sediment discharge estimated by applying the simulation results to
Eq.17. Although simulation result gives a slight overestimation on the rising limb, the range of the
sediment-discharge distribution is fairly well estimated by the simulation. The peek-phase of the simu-
Jation result agrees well with the experimental data. Furthermore, the experimental data skews: the
rising limb is steeper than the falling one. Such an asymmetry distribution of the sediment-discharge is
excellently expressed by the simulation.

APPLICATION OF SIMULATION TO THE BED-LOAD TRANSPORT
: DUE TO WAVE ACTION )

The present simulation is applied to the bed-load transport due to wave action. Sawamoto &
Yamashita (7) measured the time series of pick-up rate and deposit rate under wave action, and they
found that the pick-up-phase is clearly separated from the deposit-phase. On the other hand, in the
oscillation-current coexisting flow treated in the present study, there is an overlap region of the pick-up-
phase and deposit-phase. In other words, in the oscillation-current coexisting flow, the dislodgment of
certain particles and the rest of other particles may occurs simultaneously. The irregular collision with
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the protrusion on bed, which makes the trans-
port process stochastic, causes the simulta-
neous occurrence of dislodgment and deposi-
tion. Therefore, the experimental results in-
dicate that the bed-load motion in the oscilla-
tion-current coexisting flow is more widely
dominated by the stochastic aspect than that
due to wave action.

The application of the present simula-
tion to the bed-load transport due to the wave
action makes it possible not only to check the
applicability of the present simulation butalso
to estimate the transport mechanism. In Fig.
12, the experimental data are compared with
the results of stochastic simulation. The re-
sult of deterministic calculation by Sawamoto
& Yamashita is also shown in this figure. In
this calculation, the g is set 0.4, and the coef-
ficient to express the imperfectly elastic colli-
sion with protrusion B is set 0.05, in order to fit the
result of the simulation to the experimental data. The
coefficient yr expresses the strength of the contact of
moving particle to a bed in the moving process, while
the coefficient B; expresses the strength of the imper-
fectly elastic collision which makes the transport pro-
cess probabilistic. In this calculation, both of the coef-
ficients are set smaller than those of the oscillation-
current coexisting flow. This fact means that the con-
tact between moving particle and a bed under the wave
action is smaller than that in oscillation-current coex-
isting flow, and that the probabilistic aspect, which
dominates the sudden rest of the particle caused by col-
lision with protrusions on bed, is smaller in the wave
action than that in the oscillation-current coexisting
flow.

The agreement between the stochastic simulation
and the experimental results is good. Although, at the
early phase, the deposit rate is not experimentally ob-
served, the stochastic simulation predicts a small de-
posit rate. The peek-height and -phase of the deposit

Ps=pg/ \di(ofp-1)g
o
<

0.0

LLL
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Fig. 13 Probability density of moving period

rate estimated by the stochastic simulation show fairly
good agreements with the experiments; while the deterministic approach cannot express the deposit-rate
distribution. ‘

Figure 13 shows the probability density of moving period estimated by the present simulation
under the condition of the experiments by Sawamoto & Yamashita. The asymmetry of the probability
density is more appreciable than that in the oscillation-current coexisting flow, namely the probability
density has a small value in an early phase, and suddenly rises up just before the deterministic moving
period, and after passing the sharp peek, it rapidly falls down to zero. This tendencies of the simulated
probability density function also leads to the same conclusions mentioned above, namely the effect of
the probabilistic aspect in the bed-load motion due to wave action is smaller than that in the oscillation-
current coexisting flow.

CONCLUSIONS

The results obtained in this paper are summarized as follows:

(1) The motion of bed-load particle was investigated with the aid of the numerical simulation, by
dividing the bed-load transport process into two subprocesses: the moving process, in which the particle
is traced by the equation of a sliding motion; and the collision process with protrusions on bed, in which
the effect.of the probabilistic characteristics of protrusion's height is taking into account. By applying
the simulation model of the bed-load transport in oscillation-current coexisting flow, the characteristics
of the moving period has been estimated. A good agreement of the simulation with the experiment was
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recognized.

(2) The probability density of moving period, the detail of which is difficult to be investigated by
experiment, was estimated by the numerical simulation. The extent how sensitively the bed-load trans-
port process depends on the probabilistic aspect varies with the dislodging phase of particles.

(3) The transformation process from pick-up rate to deposit rate was estimated by letting the simu-
lated probability density of moving period into the convolution-integral formed bed-load transport for-
mula. The stochastic simulation can estimate the deposit rate distribution, with sufficient accuracy,
while the deterministic approach cannot estimate the deposit rate distribution. The advantage of the
stochastic simulation over the deterministic one is confirmed.
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APPENDIX-NOTATION

The following symbols are used in this paper:

Ag, Az = two-and three-dimensional geometrical coefficients of particle, respectively;

B = constant in the equation of the collision;

Cum = added mass coefficient;

Cp = drag coefficient;

d = diameter of particle;

Jr(d9 = probability density function of the moving period of the particle picked up at a time 7,
Ju(d) = probability density function of the height of the protrusion;

Jrm(E) = approximated distribution of the simulated probability density function of the moving
period;

g = gravitational acceleration;

I(Houlty) = transition probability of the particle's speed by collision with the protrusion;

Is = moment of inertia;

M = virtual mass of the particle;

fo = dislodging time of the particle;
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T = period of oscillation;

u = flow velocity;

Uin, Uink = speed of the particle just before the collision and its dimensionless form;
Uout, Uoux - = speed of the particle after the collision and its dimensionless form;

Up = speed of the particle;

Ps(t) = pick-up rate of bed-material particle;

pa(d) = deposit rate of bed-load particle;

Tm = mean moving period;

Xp = longitudinal coordinate in the equation of particle's motion;

Xpr = mean interval of neighboring protrusions;

o = variation coefficient of the protrusion's spacing;

Oyp = empirical constant in the equation with respect to the particle's speed equation;
O = variation coefficient of interval of neighboring protrusions;

B - = coefficient of the imperfectly elastic collision;

Bup = empirical constant in the equation with respect to the particle's speed equation;
A, Ax = height of the protrusion and its dimensionless form;

o = dislodging phase of the particle;

U, Kso = coefficients of kinetic- and static friction, respectively;

p = mass density of fluid,

o = mass density of bed-material particle; and

Orm = standard deviation of the protrusion's height.
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