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ABSTRACT

Transient process of sediment transport is one of the currently fascinating topics in fluvial hydraulics.
Direct effects of flow unsteadiness or/and nonuniformity and indirect effect due to "relaxation process” take
place on transient process of sediment transport, but they are different each other in the mechanism as well
as the effect. Sediment transport in relaxation might be called "non-equilibrium process of sediment
transport.” A convolution-integral model with an impulse response is effective as a perspective framework
of describing a relaxation process or non-equilibrium sediment transport.

Although a lag distance of bed-load motion is as short as the order of the sediment size, it plays an
important role not only on small scale phenomena but also on instability of bed undulation and bed-surface
composition. With development of sand waves and sorting process, the lag of bed-load motion
significantly increases to reach the order of the flow depth.

The adaptation length of non-equilibrium suspended sediment transport as for not only transport rate
but also concentration profile is significantly long and often reaches a few hundred times the flow depth.

The transformation process of bed configurations is also a typical example of "relaxation process” in
fluvial hydraulics, and it affects the sediment transport.

INTRODUCTION

In fluvial streams, non-equilibrium of sediment transport often appears due to a slow response of
sediment transport and fluvial process to the change of flow or that of its boundary condition, and it
severely affects the fluvial phenomena. There are various types of scales of non-equilibrium process,
and they appear coupled together. Due to such a complexity of the phenomena, one has to look for a
proper approach to describe each of them. Some of them cannot be described without any manipulation
for non-equilibrium sediment transport but the others can be explained as a good approximation by using
the equilibrium sediment transport formula. This study aims to show a kind of key to treat non-
equilibrium fluvial process in a simple unified idea.

"Equilibrium sediment-transport rate” can be defined for given flow condition and bed material,
and the sediment discharge in a sufficiently long stream under constant conditions is equal to it. In
general, however, the boundary conditions of sediment transport and the flow condition are often
variable in time and space, and an idealized "equilibrium"” condition is difficult to be achieved but any
unique relation is hardly expected between sediment-transport rate and flow parameters.



Recently, many researchers have fallen interested in the transient process of sediment transport
under unsteady or/and non-uniform conditions. It was often chosen as one of major topics of many
recent international symposia on fluvial hydraulics, in which several lectures or presentations
emphasizing the importance of unsteadiness, non-uniformity and non-equilibrium effects on sediment
transport (Jain (5), Di Silvio (2), Klaassen (6), Yen (13), Tsujimoto (12)).

As explained in Chapter 3 of this paper, in the transient process of sediment transport, direct
effects of flow unsteadiness or/and non-uniformity should be distinguished from non-equilibrium
process. The non-equilibrium process, which appears as a slow response of sediment transport or
fluvial process to the change of flow or the boundary conditions, can be well described as a relaxation
process, and such a concept may help understanding of the mechanism of non-equilibrium sediment
transport and a unified description of non-equilibrium fluvial processes. In this paper, spatial or
temporal lag as an elementary event of the non-equilibrium sediment transport or fluvial process is
extracted, and it is represented by using the concept of an impulse response. Then, a unified description
of the relaxation process by a convolution integration is attempted.

CONVOLUTION INTEGRAL MODELLING OF RELAXATION PROCESS

An independent variable and a dependent parameter in the fluvial processes (for example, one of
the hydraulic parameters as an independent parameter and sediment-transport rate as a dependent one)

are to be represented by the symbols, @ and ¥, respectively. These are in general functions of time or
space (represented by ). Although any variables included in description of the fluvial phenomena are
closely related and any of them is not necessarily an independent one in a rigorous sense, ® and ¥ here
are simply and formally distinguished from each other. A response of ®({) to the spatial or temporal

change of W() is here investigated.
As the simplest case, for a rectangular (abrupt) ¥ ¥

change of ¥ as illustrated in Fig.1, the response of ®r({) y
behaves as a relaxation process due to an inherent lag Yo ‘ T

system. For example, for an abrupt change of flow L) YzL__
discharge, the geometry of bed forms shows such a :
relaxation process (Allen (1); Nakagawa & Tsujimoto (7)).
When ¥ changes from ¥} to ¥, abruptly, ® responds to it
and it changes ®; to ®, gradually. In a relaxation process,

[ ‘;:o
in which @ is non-equilibrium, a unique relation between ¢ ¢
¥ and @ is no longer expected. In other words, the Fig.1 Relaxation process of outputdue
equilibrium relation ®,=f(¥,) is no longer valid in which 10 abrupt change of input process

the subscript e represents the equilibrium values. The
gradual change of @R (L) can be often well approximated by the following mathematical expression.

DR() - @3 = (@1-Dexp(- f;) ‘ 1)

in which Ar=temporal or spatial‘scale of relaxation. The so-called adaptation length defined as a

distance after which [®Rr({)-®1] reaches 90 or 99% of [Py-D] is about 3~5 times Agr.
* Equation 1 can be rewritten as

A0 Dpd
d¢ AR

@

It is a linear approximation that the local (or instantaneous) rate of the change of @ is proportional to the
difference of the local value of @ and its equilibrium value.
When ®g() is known, the impulse response gr(0) is obtained as follows (4, 7):



ddr
dg

= — 3)
gr(®) P

and the response of @ to an arbitrary change of ¥ can be described by the following convolution
integration: ‘
<I>(C)=J‘I’(§-£)gk(8)d£ @

When ®gr({) is written as an exponential function as Eq. 1, the impulse response is written as

1Ly f
RO =~ exp( AR) ®)

If the mechanism of transient process or non-equilibrium process is well described, the impulse
response can be analytically deduced. However, such a mechanism in fluvial process is often difficult to

be clarified. Then, an experiment to know the behavior ®Rr({) will provide a powerful approach to
describe more general non-equilibrium process through the framework mentioned above.

For simplicity, a fluctuation of ¥ is to be approximated as a simple sinusoidal curve as
¥(() = Po(1+aysinkl) - ®

in which Wg=the mean value of ¥; ay¥g=amplitude of fluctuation of ¥; k=angular wave number or
frequency. By substituting Eq. 6 into Eq. 4, the following is obtained: :

(L) = Qo[ 1+rgaysin(kC-¢)] )
in which ®g=equilibrium value for ¥g; rpay®Pg=amplitude of ®; ¢=phase lag of @ behind ¥'; and

_ 1 xAr 1

I ———— sing = ——— ; cosh = ————~
° ‘\] 1+(xAR)? \/ 1+(xAR)? \/ 1+(kAR)?

The phase shift ¢ always belongs to the first quadrature. The relaxation process is characterized by this
kind of phase lag. Thus the relation between ¥ and @ draws a loop (represented by an equation of an

ellipse) around the equilibrium relation between ¥ and @, and it explains an appearance of a hysteresis
(Nakagawa & Tsujimoto (7)) in the relations among the alluvial stream parameters as pointed by Allen
(1.

®

DIRECT EFFECT OF FLOW UNSTEADINESS OR/AND NON-UNIFORMITY
AND NON-EQUILIBRIUM EFFECT ON SEDIMENT TRANSPORT

When the flow intensity (¥) varies temporally or spatially, the time derivative or the spatial

derivative (d¥/d{ ) may degenerate the relation between ¥ and @ besides the non-equilibrium or the
relaxation effect (explained in the preceding chapter). In order to investigate the essential difference
between the "direct effect” of flow unsteadiness or non-uniformity and the "indirect effect” due to a

relaxation, a simple behavior of ¥ as expressed by a sinusoidal curve and the response of @ to it are
employed (Tsujimoto, Graf and Suszka, (10, 11)).

W(x,1) = Yol l+aysin(ot-kx)] ©)
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in which k=angular wave number; and w=angular frequency.
Without any effects of unsteadiness, non-uniformity and relaxation, the equilibrium relation
between ¥ and & is still valid, and thus,

D(x,t) = Dol 1+Baysin(wt-kx)] ‘ (10)

in which B=(d®/d¥)y(¥ /D) and it is evaluated for Yo by using the equilibrium relation between ¥

and @ (for example, an equilibrium sediment-discharge formula). Then, the sediment-discharge
variation is in phase to the variation of the flow intensity.

If the direct effect of flow unsteadiness and non-uniformity dominates, the relation between ¥ and
® can be written as follows under a linear approximation:

k3 0¥  poh 0¥
00 = Dol 148 (- +pih g+ 205 )] (1n

in which h=flow depth; us=shear velocity; the subscript 0 represents the equilibrium value; and ' means

the perturbation. pj and py should be determined as a function of ¥q based on the equations of

unsteady flow and sediment motion. Then the response of @ to the sinusoidal fluctuation of ¥ is
written as follows:

D(x,t) = o[ 1+ Pagsin(ot-kx-6;)] | (12)
in which
or=Y1+A?;  ¢1 =arctando; 7&0=P1K'%2£ (13

This result is illustrated in Fig.2 and characterized by an amplification of the amplitude (ci;>1) and the

phase shift (¢1). The phase shift becomes either positive or negative depending upon the values of the
parameters py and py. The bed-load transport in a steep gravel bed at unsteady flow with a sharp

hydrograph corresponds to this type. The experimental results at the laboratory (Graf & Suszka (3,9))
shown in Fig.3 are the good examples.
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Fig. 2 Direct effect of flow unsteadiness Fig. 3 Laboratory data (EPFL) of unsteady bed-load transport
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On the other hand, the situation where a relaxation effect dominates is investigated as follows.
When the impulse response of the system is written as Eq. 5, the response of @ to the sinusoidal
fluctuation of ¥ is written as follows:

B(x,t) = o[ 1+02Baysin(Ot-kx-02)] | (14)
in which

PPRUE — 2 = arctan(kAR) (15)

\j 1+(xAR)? ’

This means the suppression of the amplitude (0ip<1) and a positive phase lag (§2>0), as illustrated in
Fig.4. When the sediment transport on a sand bed with dunes is focussed, the relaxation due to dune
deformation dominates in the relation between the sediment discharge and the flow parameter. The
analytical result is consistent with the experimental data of unsteady bed-load transport on a sand bed
with dunes (Phillips & Sutherland (8)) as shown in Fig.5.
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Fig.4 Relaxation effect on unsteady ' Fig.5 Laboratory data (Univ. of Canterbury) of unsteady bed-loa
bed-load transport transport dominantly affected by relaxation :

As demonstrated in this chapter, the direct effect due to flow unsteadiness or/and non-uniformity
and the indirect effect due to relaxation appear in different manners on the transient process of sediment
transport or fluvial processes. In the cases shown in Figs.3 and 5, one of them appears independently,
but in general, they are coupled together. In the study on the transient process of sediment transport or
fluvial process, these two should be distinguished each other.

NON-EQUILIBRIUM BED-LOAD TRANSPORT
Non-Equilibrium Transport Law of Bed-Load

The sediment transport process is constituted by two phases: the pick-up of a sand particle from a
bed and the deposition (or stop) of a moving sand particle on the bed. When the volume of sand
particles dislodged from a bed and that of those depositing on the bed per unit area per unit time are
represented by E and D, respectively, the following equation with respect to the spatial variation of bed-
load transport rate (qr(x)) is written based on a mass conservation law.

4B _ gy - Do (16)

E must depend on the local flow intensity, while D depends on the local discharge of sediment. D is
affected by the upstream situation of sediment transport. Eq. 16 implies that the sediment transport
inherits a (spatial) relaxation mechanism.

When the pick-up rate, defined as the probability density per unit time for a sand particle to be
dislodged from a bed, is represented by pq,

A
E=(z)psd an
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in which A, Ag=geometrical coefficients of sand; and d=sand diameter. On the other hand, Einstein

(1950) expressed D as qg/A, in which A=mean step length of bed-load motion. Based on it, Tsubaki &
Saito (42), Tsuchiya & Iwagaki (43) and Hayashi & Ozaki (25) deduced the following differential
equation with respect to the non-equilibrium bed-load transport rate.

dgp(x) (A '
90 a2

Because the equilibrium bed-load transport rate (qg,) is written as (As/A,)pgAd (Einstein (16)), Eq. 18
is rewritten as

Us _ 9ne dp(x) ‘iB(X) | (19)

which corresponds to Eq. 2. Fukuoka & Yamasaka (21, 22) also proposed Eq. 19 where 1/A was
termed a "non-equilibrium parameter” without any argument on bed-load transport mechanics.

Nakagawa & Tsujimoto (32) deduced the following non-equilibrium bed-load transport formula
based on a stochastic model of bed-load motion constituted by pick-up rate and step length:

A o0 oo
) =~,§*290Jps<x-e) fex@at de 20)
£

in which fx(§)=probability density of the step length. Eq. 20 satisfies the differential equation
expressed by Eq. 18. Comparing Eq. 20 with Eq. 4, one can recognize that the distribution function of
the step length is the impulse response of non-equilibrium bed-load transport process, as expressed as

oo

gr(€) = %3251- £x(©)dg @
e .

Phenomenologically, the step length plays a role to transmit the upstream situation to the bed-load
motion to the downstream reach.

Although a non-equilibrium transport formula should be deduced from the conservation laws of
both mass and momentum, the above treatment is based only on the former, where the characteristics of
pick-up rate and step length are regarded as the same as those under equilibrium. The momentum
conservation law is used in estimation of these constituent elements under equilibrium,

Ashida & Michiue (15) divided the shear stress into that taken charge of by fluid and that by
granular materials according to the Bagnold's theory (16), and they concluded that the latter shear stress
is equal to the critical shear stress under equilibrium. Hasegawa (24) discussed the change of pick-up
rate under non-equilibrium based on this concept, but the change of the pick-up rate under non-
equilibrium could not be apparently realized in the laboratory experiments (see Fig.8, Nakagawa et al.
(35)). \ ‘

Parker (38) discussed non-equilibrium moving layer of sediment based on the momentum-

conservation law for two-phase phenomenon. He attempted to explain a sand bed instability due to bed-
load motion based on this concept, but could not successfully explain a sand bed instability in lower
regime. :
. As above-mentioned, an application of the momentum-conservation law has not been succeeded in
explanation of non-equilibrium bed-load transport and the subsequent fluvial processes up to date. On
the contrary, a consideration of mass conservation under non-equilibrium has apparently succeeded in
explanation of several fluvial processes.

The pick-up rate can be related to the bed shear stress. After the formulation by Nakagawa &
Tsujimoto (32), ‘

Psk = ps'\/ d/(o/p-1)g = Fyts(1-kpTs/T5)™ (22)
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in which Ts=us2/[(c/p-1)gd]=dimensionless bed shear stress; Txc=dimensionless critical tractive force
(T%¢ does not rigorously correspond to the condition that ps=0, and ko<1.0); o=mass density of

sediment; p=mass density of fluid; g=gravitational acceleration; and the experimental constants in Eq. 22
are determined as follows: Fp=0.03; k9=0.7; and m=3 (32).
According to the laboratory experiments under flat bed condition, the step length has a mean equal

to 80~250 times sand diameter, and it follows an exponential distribution (32, 48). Hence the
probability density function is written as follows:

£x(©) = Lenol: -}) @3

If the step length follows an exponential distribution, Eq. 20 perfectly coincides to Egs. 16 and 18. No
analytical attempts to evaluate the mean step length based on the equation of motion have succeeded up
to date. However, if it is invariant even under non-equilibrium conditions, it can be estimated from the
following equation which is deduced as an asymptotic equilibrium of Eq. 20:

__A An\IBex
=-a—= (—-—— —

A3’ psx @4

in which qB*EqB/\/ (o/p-1)gd3; and the subscript e represents the value under equilibrium. gpex can be

evaluated based on the equilibrium transport formula deduced from a more macroscopic approach (for
example, Bagnold's formula (17) based on a macroscopic energetical approach); while ps« can be

evaluated by Eq. 22.
Figure 6 is an illustration of the 16mm movie camera
laboratory experiment for the simplest non-
equilibrium bed-load transport, where non-
equilibrium bed-load motion was observed
in a mobile bed in the downstream of a rigid
"bed by a 16mm film movie analysis
(Nakagawa et al. (35)). Fig.7 depicts the

flow from constant

relation between the local rate of bed-load  jevel head tank (1ft=30.48cm)
transpor.t and the dlsgance from the ongin of Fig.6 Flume experiment on non-equilibrium
the mobile bed, and it can be well described bed-load transport
by the following equation:
x (cm) x (cm)
qB(x) = de[ l-exp(- Z‘A_)] 25) 10 &:,, D0 W W0 g0 1 2 0 o 0
EQ "f;,}\ = s

The measured pick-up rate is almost — a\ P |~ Loy,
constant even under non-equilibrium (see & s 5 4, | & \ 3
Fig.8), and thus Eq. 22 is a response of & a1l—N Y X o
bed-load transport rate to a rectangular type .8 N LN
change of the pick-up rate. When the step - 5 @1 - A
length follows an exponential distribution, oRUN L Qu\
Eq. 20 deduces Eq. 25. The slight SRUN N RuN l oRN Y RUN 1
increasing tendency may suggest that a 0.01 : L 0.01 ! 5 L
momentum conservation should also be @ {1ft=30.48cm)

considered for more accurate argument.
However, it may be difficult because the
pick-up due to the collision increases more
obviously than that due purely to the fluid
force as shown in Fig.9. The pick-up rate due purely to the fluid force does not obviously increase
gven in the non-equilibrium reach as well as the speed of sand grains (see Fig.10). Another result is

shown in Fig.11, where the relation between the deposit rate (pg=(A2/A3d)+D) and the transport rate is

inspected. The experimental data suggests a proportionality between them, which is an assumption
when Eq.18 is deduced.  The model constituted by pick-up rate and step length brings the following

Fig.7 Spatial change of bed-load transport rate
under non-equilibrium (Nakagawa & Tsujimoto)
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equation, and the deposit rate is proportional to the local transport rate of bed load if the step length

follows an exponential distribution:

pd<x>=0f ps(x-e)fx(e)de  (26)

Thus, both Figs. 7 and 11 verify that the step
length follows an exponential distribution, and
the mean step lengths calculated from these
figures are well consistent to those clarified by
tracer tests (32, 48).

When an adaptation length (if it is defined as the
length for the bed-load transport rate reaches
95% of the equi-librium value, it is almost three
times the mean step length) is almost 800 times
sanddiameter at most, and it is still short. Thus,
it canbe often neglected in explanation of large

scale fluvial processes. In other words, the non-equilibrium feature of bed-load transport need not be
considered for fluvial processes with large submergence which have the scale larger than the flow
depth, but one cannot neglect it in small scale model tests or fluvial phenomena in small flumes in
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Reversely, one must exterpolate the prototype 30— : 150
phenomena from model phenomena in laboratories with [ runcalibrate s b Lag | d=0.189cm
consideration on the non-equilibrium properties. Fig.12 [ 5 | heSem ]

i
Py
=
[<]

demonstrates the spatial lag of the bed-load transport rate to
the pick-up rate in a small flume with variable width
(Tsujimoto (44)). Because the variation scale (Lp) of the
stream width is not so large than the sediment diameter (d),
the spatial lag is obvious. However, if the value of Lp/d is
large enough as often observed in natural streams, such a
lag would be negligibly small.
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Pick-up intensity

o
e
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(=

Lpf2=20cm Longitudinal distance

Fig.12 Phase shift between pick-up

rate and transport rate in a stream

with variable width (Tsujimoto)
Bed Forms and Non-Equilibrium Bed-Load Transport

Although the lag distance of bed-load transport is small in general, it plays an important role in
small scale bed-form formation mechanism. When Eq. 20 is applied, the lag distance (3) or the phase

lag (x8) of bed-load transport to the sinusoidal spatial variation of bed shear stress is obtained as follows

(Nakagawa & Tsujimoto (32)), and it has given a significant progress of sand-bed instability analysis
introduced firstly by Kennedy (29):

sinkd = L S COSKS = 1

A1+0eA? A 1+(cA)?

According to the above result, the phase shift of the local bed-load transport rate to the bed shear stress
belongs to the first quadrature. Because the phase shift of the bed shear stress to the bed form is almost

7t in the upper regime while it belongs to the forth quadrature in the lower regime, bed forms migrating
upstream easily develop (antidunes) in the upper regime while those migrating downstream sometimes
develop in the lower regime (dunes). Furthermore, since a convolution integration as seen in Eq. 20
becomes easy to analyze when it is transformed in a Fourier integration, the instability analysis has been
applied to explain the spectral evolution of sand bed (Nakagawa & Tsujimoto (33)).
Figures 13 shows another experimental data for non-

equilibrium bed-load transport rate (Bell & Sutherland (18)).
According to the result, the adaptation length of bed-load 1.0

@7

Bas
9%
i

transport rate increases with time and it reaches as long as 7-8 ?‘:3 AR

times the initial value of it. It implies a significance of non- 'é EUERNN
equilibrium feature of bed-load transport (Jain (5), Di Silvio (2)). £ ¢ bbb S5

Such an increase of the adaptation length is caused by the \:é AR
developments of dunes and a scour hole at the upstream end of = ' N ST

the mobile bed. In the experiments by Bell & Sutherland (18) a
scouring and dunes developed with time; while they did not 0.01
appreciably develop or the measurements were finished before e
their development in the experiments by Nakagawa & Tsujimoto .
(27) shown in Fig.7. Research works on the step length of bed- distance x (m)
load motion over duned beds (Hung & Shen (25), Nakagawa & io. S 1
Tsujimoto (31)) suggests that the step length on a duned bed is I;;gnslsoﬁs gﬁﬂﬁﬁﬂiﬁiﬁﬁ%ﬁ
proportional to the dune length, and thus, the adaptation length of  (Bell & Sutherland)

bed-load transport is no longer of the scale of sand diameter but

of the scale of flow depth (because the dune length is almost 5~10 times the flow depth). The
distribution of the step length on a duned bed is no longer an exponential distribution but rather a
gamma distribution of which shape parameter is almost 4.0 (31). Therefore, the impulse response of
deposit rate and that of bed-load transport rate are different each other as seen from Egs. 20 and 26, and
thus the assumption that the deposit rate is proportional to the local transport rate is no longer valid for a
duned bed.

When the three-dimensional bed-forms are discussed, non-equilibrium bed-load transport
promoted by the lateral bed slope should be focussed. Several analytical approaches to this topic were
attempted by Hasegawa (24), Fukuoka & Yamasaka (21), Nakagawa et al. (35) and others.

yd

-
'

3 4 s

o



10

Non-Equilibrium Bed-Load Transport of Graded Materials

When the bed materials are composed by several fractions of sediment size, non-equilibrium
transport law of bed-load is written as follows for each fraction:

4860 =%3—2‘-‘—iojpi<x-e>psi<x-a) i@z ae 28)
s

in which di=representative diameter of the i-th fraction of sediment; and p;=volumetric ratio of the i-th
fraction sand in the surface layer of the bed (often termed "exchange layer") to that of sand of all
fractions in the surface layer. There are several works on the characteristics of bed-load transport for
each size of graded materials (sediment mixtures) since Egiazaroff's idea (19) of the critical tractive force
for each grain size. Among them, Nakagawa et al. (34, 37) proposed a modification of formulas for the
pick-up rate and the step length of uniform size materials as follows, by which the pick-up rate and the
step length for each grain size of sediment mixtures are evaluated:

Psix = Psi\ di(0/p-1)g = Fotai(l-koTuci/Ta)™ 29
i =Lexp(-2) Ai=Agd; 30)
Ay A :

in which T+=us2/[(0/p-1)gdi], Tsci=dimensionless critical tractive force for each grain size; Aj =mean
step length for each grain size; and the constant Ag is almost 20~30 according to the tracer tests (37).
T is given by the following formula:

Taci Txci
*ci ¢ Inl19 )2 (>0.4) ; *ci _0.85

Gi0.4) (1)
Teem  In19¢ teem i G

in which {i=di/dm; dm=mean diameter of sand in the surface layer; and Txcm=dimensionless critical
tractive force of sand of di, in the mixture. Though Tacp is different from the dimensionless critical

tractive force for uniform sand (Tsc0), they are often identified with each other for simplicity. Eq. 31

was proposed by Ashida & Michive (14) by modifying the Egiazaroff's formula (19).

When no sediment is supplied to a mobile bed composed of sand mixture, the bed surface of the
region near the upstream end of the mobile bed becomes coarser than the original mixture (or the mixture
in the "substratum" of the bed), and such a coarsened bed is termed "armor coat” or such a process is
termed "armoring". Particularly when the flow intensity is so strong to pick up the minimum size
material and not so strong to pick-up the maximum size material, an armor coat develops. Gessler (23)
proposed a method to calculate the bed-surface constitution of an equilibrium armor coat. Under
equilibrium of armoring, no sediment is picked-up from the armored area. In this sense, it is called
"static armoring.” In the process of armoring, bed-load transport is non-equilibrium, and thus the
formation process of an armor coat cannot be described without non-equilibrium transport law for each
grain size. Nakagawa et al. (34) proposed an analytical model to describe the formation and propagation
of the armor coat, and this model could well explain the laboratory data obtained by Ashida & Michiue
(14).

Against a static armor, an equilibrium coarsened bed where significant sediment transport exists
are observed, and it is termed "pavement” (Parker & Klingeman (40, 41)) or often called "dynamic
armoring.” This concept becomes more important when one would describe morphological processes
more appropriately (Parker & Andrews (39), Ikeda & Yamasaka (28)). The pavement process was
described by applying Eq. 28 by Tsujimoto & Motohashi (47). According to this model, an increase or
a decrease of the amount of sediment supply brings about a sorting of bed-surface constitution as a result
of non-equilibrium and selective transport of sediment mixture. When the amount of sediment supply is
suppressed, the bed is increasingly paved. On the pavement process, non-equilibrium characteristics of
bed-load transport for each fraction varies with time, and finally the transport rate for each fraction
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becomes equal to the input bed-load discharge and
an equilibrium pavement is accomplished. Fig.14

depicts the temporal spatial change of fractional apto . st

local transport rate. It demonstrates that the s

adaptation length at the initial stage is certainly of B i .coo 0

the order of the step length but it appreciably =N Toynanic €qufiibrivn) """ b
increases with time. The adaptation length of bed- L L 8 0 ke

load motion of sand mixtures is negligibly small -
before sorting, but it increases appreciably with
the progress of sorting.

Even if the spatial lag of bed-load motion is
very short, it plays an important role on a sand

Spatially Equilibrivm at t=0

Pl

—
£=2000sec
ot e faes

bed instability (an instability of the fluctuation of . L S 0 kexin

the bed-surface elevation). Similarly, the spatial =3 Spatially Equitiorivm at t=0

lag of fractional bed-load motion of sand mixture, 10 e

which is different from each other according to the - e e

fractional size, plays a role in an instability of w051 LT T o

sorting. Unstable sorting brings about stripes due ST
P ; 0.2

to the spatial difference of the local mean diameter o 1 T p "

of the bed-surface layer. A longitudinal - ~ kexltx

alternation of coarser and finer parts, often called a P

"diffuse gravel sheet”, was observed in the 50 gt

laboratories (Ikeda & Iseya (27), Kuhnle & B s . I

Southerd (30), see Fig.15) and fields. A gravel 5 PE LSS

sheet migrates downstream, and brings an 020l T - .

appreciable temporal fluctuation of fractional bed- - Fo 0 ke

load transport rate (Kuhnle & Southerd (30), see
Fig.16). The formation of a gravel sheet and its
characteristics are well explained by the non-
equilibrium trans-port model and an instability
theory (Tsujimoto (45)). The longitudinal stripes
as alternate lateral sorting due to cellular
secondary current are also

interesting and the formation process is well described by a similar manner (Tsujimoto (46)).

Fig.14 The temporal and spatial change of transport
rate after sudden decrease of the sediment supply from
from the initial equilibrium gge to YqBe. ¥=0.2 in
this figure (ggT=total bed-load transport rate; qg;=
fractional bed-load transport rate.
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Fig.15 Diffuse gravel sheet as longi- Fig.16 Temporal variation of fractional bed-load
tudinally alternating sorting (from ) transport rate due to migration of diffuse gravel sheet
Ikeda & Iseya's experiment) (Kuhnle & Southard)

NON-EQUILIBRIUM TRANSPORT OF SUSPENDED SEDIMENT
Because the excursion length of a suspended particle (the travelling distance as a suspended load)
is relatively long, the adaptation length becomes large and non-equilibrium feature of suspended load
plays an important role on fluvial processes.
Relaxation Model

In the case of suspended sediment, the mass conservation law gives the following equation:
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in which gg=suspended sediment transport rate; Cy=sediment concentration near the bed (the
concentration at y=a, and simply called "bottom concentration" or "reference concentration");
wo=terminal velocity of sediment; and the subscript e indicates the values under equilibrium. Under
non-equilibrium condition, the response of the bottom concentration to the change of the bed shear stress
is important. If the concentration profile and the velocity profile are similar to those under equilibrium

respectively (C/Ca=0s(1)=Ce/Cae and v/ux=yy(n)=ue/ux),
1
d Gy 1 G . -
alGawd) =g (e B n{d)(n)\v(n)dn 33)

in which n=y/h; and h=flow depth. For the simplest case such as the shear velocity changes abruptly,
Eq. 33 becomes a simple ordinary differential equation with respect to Cy/Cye and the following solution
is obtained.

CaGoe _ Xy, = B (X ;
o= tew(- )5 Ast=Poy(G) | (34)

in which Cyp=bottom concentration before the change of the shear velocity; x=longitudinal distance from
the abrupt change of ux; and Agr=relaxation length of suspended sediment discharge (the adaptation

length of suspended sediment discharge is almost three times Agt). Kalinske (59) and Ashida (49)
proposed a simplified method to calculate the spatial change of C, in almost the same manner as the
above.

Figure 17 shows a development of suspended sediment concentration in the downstream mobile
bed of a rigid bed measured by Yalin & Finlayson (75). Fig.18 shows the measured concentration
distributions for the growing stage and the decaying stage of suspended sediment transport by Ashida &
Okabe (52). These data demonstrate an importance of a degeneration of the concentration profile under
non-equilibrium conditions. When the non-equilibrium sediment concentration profile is not similar to

the equilibrium one, B¢y becomes a function of x and Eq. 32 cannot be easily solved. In general, the
relaxation is promoted by the degeneration of concentration profile and the relaxation length becomes
shorter.

Growing process

Decaying process

2 3
C/Cy
Fig.17 Development of suspended Fig.18 Growing stage and decaying stage of suspended sediment concentration
sediment concentration profile at profile (Ashida & Okabe)
downstream of a rigid bed (Yalin
& Finlayson)

Not only the sediment concentration profile but also the velocity distribution is a function of x in
the transient process. In the transient region after an abrupt change of the bed roughness, the Reynolds
stress-distribution shows a two-dimensional relaxation process as shown in Fig.19 (Jacobs (58)). The



13

relaxation of the Reynolds stress is faster near the bottom and slower near the water surface. Such a
characteristic can be well described by a convolution-integral model as follows (71):

wEm) = Ofwe@-e,mgm(e In)de (35)

in which tp(€,n)=Reynolds-stress distribution, Tre(§,n)=Tp(1-1)=equilibrium Reynolds-stress
distribution; Th=pus2=bed shear stress; E=x/h; grr(e | 1)=impulse response of Reynolds stress at the
dimensionless height 1. The relaxation scale involved in ggr(€ l 1) increases with 1. Based on the data
of a wind tunnel by Jacobs (58), gr1(€ ln) has been determined written as follows (71):

= 20m(1+1.51m2 36
grrelm = xm) exp(- P )) Ar(m) = 20n(1+1.5n2) (36)

smooth ~ rough
o= Jacobs’ eq, - Relaxation model
= Relaxation model .

Fig.19 Transition process of Reynolds-stréss distribution from Jacobs’ wind-tunnel data and two-
dimensional relaxation model

Tsujimoto et al. (71) reported Eq. 36 is still available for open channel flows by inspecting the data
of the refined flow measurements in an open channel with LDA (Nakagawa et al. (67)). The velocity
profile in the transient process can be well described by an integration of the following equation.

du Tt Y
o= VT =K 1- 37
dy  pvr r=rusy(1-1) 7
in which vy=eddy kinematic viscosity; and ko=Kdrmdn constant.
Based on the Reynolds' analogy, the relaxation of the vertical flux of suspended sediment by

turbulence Wr=c'v' has the same impulse response as that of the Reynolds stress, and thus it can be
described as .

PrEn) =0f‘¥Te(§-e,mgm(elmda (38)
and the concentration distribution can be obtained by the following integration.
a}“ =-— 3 &= Bsvt (39

in which ¥re(§,n)=¥1(€,n) under equilibrium; C=volumetric concentration of suspended sediment;

gg=diffusion coefficient of suspended sediment; and Bg=reciprocal of turbulent Schmidt number. The
boundary condition is that C=C, at y=a, but it cannot be determined independently. Reversely, the non-
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equilibrium profile is necessary to calculate the change of C;. Under equilibrium, the flux Wre(€,n) is
equal to the falling flux due to the terminal velocity, and thus,

Yre(§.n) = -wp C(EN) (40)

Eq. 39 with Egs. 40 brings the Rouse equation or the Lane-Kalinske equation as an equilibrium
concentration profile of suspended sediment.

Eq. 36 suggests the turbulent flux of suspended sediment adapts the new condition faster near the
bed and more slowly near the water surface. This is supported by the measured data of ¢'v' under the
transient process by Sukegawa et al. (69) and Kanda et al. (60). Moreover, Eq. 39 with Eq. 38 implies
that the concentration profile adapts its equilibrium gradient (dC/dy), faster near the bed and more slowly
near the water surface, and this is also consistent with many data in the transient process (Yalin &
Finlayson (75) (see Fig.17), van Rijn (74) (see Fig.20), Ashida & Okabe (52) (see Fig.18), Kanda et
al. (60)).

xh 4 10 20 free surface 40 e
o8
eeer — Calculated
— o Measurements Celic & Rodi
Flow v van Rijn
direction ’\1 {\\\‘

’ % e 90 00 02 0L 00, a2, 0Lt ‘“é B R TR S SRR
rigid bed: loose sand bed *
Fig.20 Development of suspended sediment concentration profile at downstream of a rigid bed (experiment by
van Rijn, and calculated by Celic & Rodi)

Approach by Diffusion Equation
A conventional approach to non-equilibrium suspended sediment transport is one based on a

diffusion equation with a convection term. The fundamental equation for non-equilibrium suspended
sediment transport under two-dimensional steady uniform flow is written as follows:

dC @ aC dC
U'a-)-(‘r—'a—)y-(esgi)'{-wo‘é? “1n

The following boundary conditions are adopted.

ay y=h dy y—0

The bottom boundary condition is based on the fact that the turbulent flux of suspended sediment at the
bottom responds immediately to the change of the bed shear stress.

When an above-explained approach is adopted, one has to know the spatial change of C, but it
depends on the change of the profile as mentioned precedingly, and the equations with respect to the
velocity would be solved simultaneously.

The numerical calculation based on this approach was Lo W05 w0k o Avh=10 |
attempted by Kerssens et al. (57), Michiue et al. (63), Celic 1‘“ ’/1/ N Ay/n=0.95/91]
& Rodi (54) and others. The computed example by Celic s | ] T ; H |
& Rodi (54) is shown in Fig.20, where the computed = 3 ;[cquilibium™ | |7 )
results well explains the development of suspended = ™~ }\K
sediment concentration profile in a mobile bed downstream X T‘\%
of a rigid bed investigated by van Rijn (74). Michiue et al. e e o
(63) computed the change of the concentration profile to an C/C,

abrupt change of the shear velocity (see Fig.21) and

moreover computed an adaptation length of the Fig.21 Change of suspended sediment
concentration profile in the case that the shear velocity concentration after abrupt decrease of shear
changes abruptly from usj to usg, as shown in Fig.22. velocity (calculated by Michiue et al)
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Kerssens et al. (57) computed an adaptation length of the concentration profile in the case that the depth-
averaged concentration of the supplied sediment transport changes (see Fig.23), and they also applied
the result to river morphological computation. Although a numerical method enabled a computation of
non-equilibrium suspended sediment transport based on a diffusion equation, approaches based on it
could not necessarily clarify the characteristics of non-equilibrium transport systematically.

T T M B
' Jog 1 wa/ua=006| |
oz | LLrp e 1], 1
1T =5% erosion | deposition
00— = /
E 230
< 0.08
= . // | Loz
200 :
0.3
100 i
- %3?3
0 i sHll;ﬁ 0.1 ] 10 0
10 0 T . [ 10
Ux /U4 GG
Fig.22 Adaptation length of suspended sediment Fig.23 Adaptation length of suspended sediment profile
concentration profile due to abrupt change of shear for different concentration of supplied suspended sediment
velocity (calculated by Michiue et al.) (calculated by Kerssens et al.)

A numerical calculation of turbulent flow has recently developed remarkably by an introduction of

a k-¢ model. For a sediment laden flow, Fukushima (56, 57), Kanda et al. (60) published some
computed examples. .

Kuroki et al. (61) obtained an approximated concentration distribution of non-equilibrium
suspended sediment without solving Eq. 41 directly. They assumed a functional form of the
concentration distribution as follows: 1.0

C(‘n) = Caexp(_RETl) + Kln .exp(_Kzn) (43) Yalin & Finleyson

in which Rg=woh/es. Applying the boundary conditions indicatedin 45
Eq. 42, they determined the constants Ky and K2 as follows.

K1 =Re(Ca-Cae) Ko =Rg+l 44

Ca/Cae=0.5

If C, is estimated reasonably, Eq. 43 well approximates the non-
equilibrium concentration profile of suspended sediment as shown in
Fig.24. Although the second term represents the relaxation or non-  Fig.24 Applicability of simpli-
equilibrium effect, the spatial change is included only in the constant Ky  fied method by Kuroki et al. to
but not in the functional form. the data of Yalin & Finlayson

0 05 /g, 1.0

Stochastic Approach

Another approach to non-equilibrium suspended
sediment transport is stochastic or probabilistic one.
Yalin & Krishnappan (76) made a good progress of a
stochastic approach to suspended sediment transport.
They deduced a concentration profile by a stochastic
approach (simulation). However, a stochastic approach
is more effective to non-equilibrium conditions. A
stochastic simulation will easily draw non-equilibrium
concentration profiles. Several attempts based on such
an idea were conducted by Bechteler & Fiber (53),

Ashida & Fujita (50), and others. Fig.25 is an example
of stochastic simulation for development of suspended Fig.25 Example of stochastic simulation of
sediment concentration profile at the downstream of a development process of suspended sediment

rigid bed (53). Furthermore, such an approach has been conceniration by Bechieler & Faber.
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applied to non-equilibrium suspended sediment transport over dunes (Nakagawa et al. (64)).

According to a stochastic model, an excursion length of a suspended particle corresponds to the
step length of bed-load transport in a concept, and thus an adaptation length of suspended sediment
transport might be a few times the excursion length. The distribution of the excursion length was
investigated by a stochastic simulation (Tsujimoto & Yamamoto (73), Ohmoto et al. (68)), and the results
suggested that the mean excursion length varies from a few times the flow depth to a few dozens of the
flow depth with the increase of (us/wg). The variation coefficient of the excursion length decreases
from 2.0 to less than 1.0 with the increase of (us/wg). ,

In stochastic simulation, there are still many difficult problems to evaluate constituent parameters
(for example, the time step of stochastic trials), which should be reasonably solved. Conveniently, they
are determined so as to obtain the Rouse distribution under equilibrium condition. Furthermore, a
problem how to determine the bottom concentration still remains for a stochastic model. In order to
solve it, a transport model of bed-material load including both bed load and suspended load should be
established. An attempt was conducted by Nakagawa et al. (65, 72). They defined the bed load motion
as sediment motion incessantly contacting a bed and the suspension as random sediment motion
subjected to the turbulence. Based on the detailed observation of bed-material load transport in the
laboratory flume, they imagined a bed-material particle's motion as follows: A bed-material particle is
picked up from a bed and starts a bed-load motion which is expressed as "irregular successive saltation".
The turbulence sometimes makes a saltating particle entrained into the body of the flow, and it is a
transition from bed-load motion into suspension. After a relatively long drift as a suspended particle, it
returns to the bed again. This is a transition from suspension to bed-load motion. Based on the above
image, the following non-equilibrium transport law of bed material-load was proposed:

an) =5 [{IpstxDepaste M fix OO Frrd e 45)

oo

qs(x) = J{q—‘i‘(’ﬁélm-&)-[ fxs(()aL] }ae (46)
5 Ug(X"g) \

g

P = Ay j [%fzgf—g-pﬂx-@-fxs©]d& @)
: 0

in which Frr(§)=the probability that a bed-load particle does not turn into suspended load during

traveling a distance § after its incipient motion (dislodgement from a bed); pgs(x)=number of suspended
particles per unit time to deposit (not necessarily to stop) on the bed of the area occupied by one particle
at x to turn into bed-load motion; ug=bed-load particle's speed; pr=probability density of transition from

bed-load motion to suspension per unit time; and fxs(&)=probability density function of the excursion
length. Frr(E) might be approximated as follows:

Fir@) =exp(-E8) (48)

In this modelling, the transition from bed-load to suspension is a key, and it has been recently analyzed
as an instability of the saltation trajectory by using a logistic equation (66, 70).

NON-EQUILIBRIUM DUE TO RELAXATION OF BED FORMS GEOMETRY

As mentioned in the preceding chapter, the bed form affects the sediment transport and it requires a
relatively long lag time to be adapted to the change of flow condition. Fig.26 shows a hysteresis
appearing in the relation between the dune geometry and the flow discharge in an actual river (Allen
(77)). Such a hysteresis is a result of a relaxation, as illustrated in Fig.27. Freds¢e (4) and Nakagawa
& Tsujimoto (7) analyzed such a relaxation process by a linear approximation. Fig.28 demonstrates the
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phase shift and the amplification of the fluctuating amplitude of the dune height for sinusoidally

fluctuating flow discharge obtained in the analysis by Nakagawa & Tsujimoto (7), in which w=angular
frequency of the fluctuation; and Tgx=time scale for dunes to grow from an initially flattened bed to the
fully developed state. In this analysis, the following impulse response was adopted. ‘

grD(0) =;15%§e><p(- o) (49)

in which He=equilibrium dune height for qg; and qo=average flow discharge per unit width. Then, the
response of dune height to the fluctuation of the flow discharge q(t) is described as follows:

H( = ()Iq(t—&gan(&ds

(50)
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Fig.26 Data in an actual river of bedform
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Fig.27 Relation between dune height and flow discharge and expected hysteresis loop
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Fig.28 Response properties of dune height to the fluctuation of flow discharge(ag=amplitude of bed undulation;

ag=amplitude of fluctuation of flow discharge; ¢y=phase shift of duhe height to flow discharge)
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The investigation of dune development from an initially flattened bed contributes to an estimation of the
impulse response.  Eq. 49 does not necessarily well correspond to the previous results of laboratory
experiments (Yalin & Bishop (83); Nakagawa & Tsujimoto (79)), but Eq. 49 is easy for analytical
calculations. Yalin & Bishop (83) obtained an empirical equation to express the dune development and
estimated Tgx based on it. Nakagawa & Tsujimoto (79) proposed an analytical model for dune
development, and exterpolated the time required for dunes to reach the fully-developed geometry from

an initially flattened bed, Tp, based on their model (Tp=2Tgx). The results are shown in Fig.29.

When the amplitude of fluctuation is not so small, the impulse response varies with time. Then, a
numerical calculation describe a phenomenon, and the instantaneous growth rate (the time derivative of
the bed-form geometry) becomes important. Several experimental data (Nakagawa et al. (79, 80);
Ashida & Sawai (78), Wijbenga & Klaassen (82)) can be used for determination of the process rate. An
example of empirically formulated process rate is as follows (Tsujimoto & Nakagawa (81)):

dL_ Pra r, LLloy . dH_ Bugs f, H
at (I'PO)H[l Le-h)]’ dt (1-po)L[1He] Gb

in which L=dune length; By, By=empirical constants (Bg=0.36 and B1.=0.24 for growing stage of

dunes; while By=0.72 and Br=0 for decaying stage of dunes); po=porosity of sand; Lo=minimum dune
length which appears initially in the dune-development process from an initially flattened bed. The dune
length and height in the transient process can be computed as follows:

L+a) =L@ + (), At ; H(+a) = H) + (), At 52)

Fig.30 is a computed example (81), where an 8-figure loop appears which cannot appear in a linear
analysis. Fig.31 shows a comparison between the computed results and the laboratory experiments
(81).
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Fig.30 Calculated examples of response of dune-dimensions Fig.31 Hysteresis loop in the relation between depth

and flow depth to fluctuation of flow discharge (Tsujimoto & and discharge of unsteady flow with dunes (flume

Nakagawa) experiment and calculated examples by Tsujimoto &

Nakagawa)
CONCLUSIONS

The transient process of sediment transport is affected not only by flow-unsteadiness or/and
nonuniformity but also by non-equilibrium characteristics. The former effects might be expressed as
functions of the temporal or/and spatial derivative of the flow parameters. While, the latter effects
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appear even when these derivatives are zero, and they are often called hysteresis. In this paper, they are
termed relaxation processes, and a relaxation of sediment transport is termed non-equilibrium sediment
transport. Besides the non-equilibrium sediment transport itself, there are several examples of relaxation
processes in fluvial phenomena such as bed-form deformation. The sediment transport with such a
relaxation is also treated in this paper because it might be described in the same manner.

As a simplified and generalized description of relaxation processes, a convolution-integral model is
proposed, where the impulse response is a key. An impulse response expressed by an exponential
function often approximates several relaxation processes. This model has been explained in Chapter 2.
In Chapter 3, the essential difference between the direct effects of flow-unsteadiness and non-uniformity
on sediment transport and the indirect effect due to relaxation has been demonstrated in a linear mode.
The former brings about a phase shift (either positive or negative) and an amplification of the amplitude;
while the latter brings about a phase lag and a suppression of the amplitude. ;

In Chapter 4, non-equilibrium transport of bed load has been discussed. Several proposals have
been explained in comparison. Particularly, the model constituted by the pick-up rate and the step length
is the most effective one for description of several fluvial processes due to non-equilibrium transport
characteristics. The bed-load motion is essentially non-equilibrium which is caused by the step length.
Because the mean step length is the order of the sediment diameter, non-equilibrium feature of bed-load
transport is often neglected. However, it shoud be considered on exterpolating the prototype
phenomena from the small scale model tests, and it often plays an important role on the instability of
sand bed elevation (sand-wave formation) and that of bed-surface constitution (alternate sorting stripes).
The transport of graded materials often becomes non-equilibrium with its selective transport
characteristics for each size. The non-equilibrium transport law can be written for each grain size of
sediment mixtures. The adaptation length of non-equilibrium bed-load transport is certainly short, but it -
becomes longer to reach the order of the flow depth with the growth of bed undulation or with the
progress of sorting.

In Chapter 5, non-equilibrium suspended sediment transport has been discussed. In the case of
the suspended sediment, not only the transport rate but also the concentration profile become non-
equilibrium and they are interacted each other. Firstly, an application of a relaxation model has been
attempted. With a comparison to the transient process of the Reynolds-stress distribution, it has been
suggested that the turbulent flux of sediment adapts the new equilibrium faster near the bottom and more
slowly near the water surface. Moreover, it has been pointed out that the relaxation of the concentration
profile promotes that of the bottom concentration of suspended sediment. Besides, the recent works by
an approach based on a diffusion equation and a stochastic approach have been explained. As for the
former, some diagrams for the adaptation length of suspended sediment transport for sudden change of
the bed shear stress or the concentration of the supplied sediment are introduced. As for the latter, an
attempt of modelling bed-material load transport including both bed load and suspended sediment has
been introduced. ‘

In Chapter 6, the relaxation process of dune geometry has been discussed based on a convolution-
integral model. The deformation process of dunes brings about a temporal lag and it might cause a
temporally non-equilibrium sediment transport.

The main purpose of this paper has been to clarify what is non-equilibrium sediment transport,
and thus several problems on non-equilibrium processes in fluvial streams have been treated as similarly
as possible. A convolution-integral modelling is an effective one of the means to satisfy this purpose.
For respective non-equilibrium phenomena, several other approaches have been also introduced but the
relation with the common framework has been focussed. The proposed model is certainly powerful, but
some rigorous mechanics involved in the non-equilibrium processes has been rather slighted.
Igundlamental studies would be added to this paper in future, and also more applied aspects should be

eveloped.

Most part of this paper is translated from the Japanese paper (12), though several parts are revised.
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APPENDIX - NOTATION

The following symbols are used in this paper:

Ag, As = two- and three-dimensional geometrical coefficients of sand;

ap¥y = amplitude of fluctuating process of ¥;

C = suspended sediment concentration; ;

C. = reference (bottom) concentration of suspended sediment;

D = volume of bed-load particles depositing on the bed per unit time per unit area;
d = diameter of sand;

dm : = mean diameter of sand mixture; ;

E = volume of bed-load particles dislodged from the bed per unit time per unit area;
Fo = empirical constant;

Frr(x) = probability for a bed-load particle does not turn into suspension witin x;
fx(x) = probability density function of step length of bed-load particle;

fxs(x) = probability density function of excursion length of suspended particle;
g = gravitational acceleration;

gr(x) = impulse response of @ to ¥ in the fluvial system;

gre(x) = impulse response of bed-load transport rate;

grp(®) = impulse response of dune height;

grr(€ )] = impulse response of Reynolds-stress distribution;

H = dune height;

h = flow depth;

ko = empirical constant;

L, Lo = dune length and its initial value on grwoth from flattened bed;

Lg = variation scale of stream width;

La = adaptation distance of suspended sediment concentration distribution;
m = empirical constant;

P P2 = parameters to represent the flow-unsteadiness;
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Pd> Pax = deposit rate and its dimensionless form (Epd\/ d/(c/fp-1)g);

Pds(x) = number of suspended particles to deposit on the bed of the area occupied by one
particle at x to turn into bed-load motion;

Pi = volumetric ratio of the i-th fraction sand to that of sand of all fractions in the
surface layer;

Ps; Ps* = pick-up rate and its dimensionless form (Eps\/ d/(c/p-1)g);

Pr = probability density of transition per unit time from bed-load motion to
suspension;

q = flow discharge per unit width;

qo = temporal averag of the fluctuating flow discharge per unit width;

qm, qB* = bed-load transport rate and its dimensionless form (EqB/\/ (o/p-1)gd®);

Rg = woh/eg;

reaydy = amplitude of the fluctuation of @,

o = time required for dunes to reach the fully-developed dimension from initially
flattened bed;

Tex = time scale for dune development;

t - =time;

u = flow velocity;

Ug = bed-load particle's speed;

Uk = shear velocity;

wo = terminal velocity of sand;

X,y = longiyudinal and vertical coordinates;

oy, O = direct effect of flow unsteadiness and relaxation effect on the amplitude;

B = (dP/d¥)o(¥ o/ Do);

Bu, BL = empirical constants for process rates of dune geometries;

Bs = reciprocal of turbulent Schmidt number;

1
Boy Enﬁb(n)wm)dn;
a

op = lag distance of bed-load motion;

€ = turbulent diffusion coefficient of suspended sediment;

Gi = di/dm;

1 =relative flow depth (=y/h);

LS = angular wave number;

L) = Kdrman constant;

A = mean step length of bed-load motion;

Ar = temporal or spatial relaxation scale;

Agt =relaxation length of suspended sediment discharge;

A, Ag = dimensionless mean step length of bed-load motion (A/d and Ay/dy);

Ar(m) = dimensionless relaxation length of Reynolds stress at respevctive relative height;

VT = eddy kinematic viscocity;

£ =x/h;
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P = mass density of fluid;
Po = porosity of sand;
c = mass density of sand;
Th = bed shear stress;
1T = Reynolds stress;
T = dimensionless bed shear stress (=us2/[(c/p-1)gd] );
Tee = dimensionless critical tractive force;
Ticis THem = dimensionless critical tractive force for each grain size and that for sand of mean
diameter in the mixtures;
0] = output process of the fluvial system;
Dy = mean value of the fluctuating process of @;
01,902 = phase shifts due to direct effect of flow unsteadiness and relaxation effect;
LY = output process responding to an abrupt change of the input process '¥;
o = phase shift of ® to '¥;
bs(n) = normalized equilibrium concentration profile of suspended sediment (Co/Cae);
¥ = input process of the fluvial system;
Yo, V' = mean value and perturbation of the fluctuating process of '¥;
Yt = upward flux of suspended sediment due to turbulence;
yuM) = normalized equilibrium velocity profile of flow (uc/ux); and
0] = angular wave number;
Subscripts
e = equilibrium states; and

i = the i-th fraction of sediment mixture whose diameter is d;.



