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SYNOPSIS

Longitudinal stripes of sorting is closely interrelated to cellular secondary currents, and they
promote or suppress each other through a feed-back system of flow and sediment transport. In this
paper, a reasonable model of heterogeneous size material transport is prepared, and the interrelation
between fractional bed-load transport and secondary currents are carefully described.

A secondary currents causes a lateral bed-load transport from “rough” stripe to ”smooth” stripe;
and, if the finer material is predominantly transported laterally, alternate sorting is promoted. The
condition of development of sorting is determined by the characteristics of bed-load motion for each
grain size. Based on a phenomenological understanding of sorting and a reasonable bed-load transport
model, a criterion of occurrence of longitudinal stripes due to alternate lateral sorting is clarified.
Moreover, the spanwise distributions of composition of bed-surface layer and bed-load transport rate for
equilibrium longitudinal stripes of sorting are also predicted.

INTRODUCTION

In a stream composed of sand and gravel, several kinds of sorting take place. Besides armor coat
and pavement formation as monotonous sorting processes, ”longitudinal stripes of sorting” and "diffuse
gravel sheet” as cyclic sorting phenomena are interesting from the viewpoint of river morphology.
These alternate sorting phenomena are also important from the view point of river engineering, because
they often cause severe fluctuations of sediment discharge.

In a stream composed of sand and gravel, longitudinal stripes of bed-surface gradation or the
transverse repetition of coarser and finer stripes are often observed (see Photo 1), which is here termed
"longitudinal stripes of sorting.” Such a bed condition promotes a transverse secondary flow from the
rough to smooth parts near the bed . Particularly when the transverse wave length of sorting is roughly
twice the flow depth, cellular secondary currents often called longitudinal vortices develop and maintain
themselves (Miiller & Studerus (7), Nakagawa et al.(8)).

Photo | Longitudinal sorting stripes observed in a natural stream
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Cellular secondary currents and longitudinal sorting stripes are promoted or suppressed each
other. Such an interaction between them has been investigated mostly from the view point of secondary
current initiation (Miiller & Studerus (7), Nakagawa et al.(8)) but scarcely from the view point of
mechanics of graded material transport. In this paper, the formation mechanism of the longitudinal
stripes of sorting is investigated from the view point of selective transport properties of graded bed-
material, and the equilibrium stripes are predicted.

Miiller & Studerus (7) and Nakagawa et al. (8) made artificial longitudinal stripes of different
roughness in order to produce a lateral inhomogeneity of bed shear stress and successively cellular
secondary currents, and conducted detailed measurements of such siable cellular currents. According to
their experiments, lateral secondary-flow component, the intensity of which near the bottom is 2~5% of
the maximum main-flow velocity, was confirmed. Such secondary currents often bring longitudinal
stripes of bed undulation often called “sand ribbons” or ”sand ridges,” and a few theoretical analysis on
their formation mechanism (Kuroki & Kishi (5)) and several experimental studies, mainly turbulence
measurements, were conducted (Hirano & Ohmoto (4), Nezu et al. (12)). .

In this paper, the formation of longitudinal stripes of sorting is treated in terms of an instability of
spanwise distribution of bed-surface composition. The longitudinally alternate sorting often called
diffuse gravel sheet was also analyzed as an instability problem (Tsujimoto & Motohashi (15)), for
which a linear analysis was performed.

OUTLINE FOR FORMATION MECHANISM OF LONGITUDINAL STRIPES WITH SORTING

A secondary current has a lateral component from a relatively rough part ((A) region in Fig. 1),
where coarser particles dominantly exist, to a relatively smooth part ((B) region in Fig. 1), and it causes
lateral sediment transport from a rough part to a smooth part. Finer particles are picked-up more from
the bed but are transported in shorter distance compared with coarser particles, and thus, the difference
of bed-surface composition is sometimes amplified (unstable) but sometimes suppressed (stable). By
describing the bed-load transport behavior, the condition of instability of bed-surface composition can be
clarified, and it corresponds to the condition that the sorting stripes exists. When the difference of bed-
surface composition is promoted, the cellular secondary currents grow to be stable.

Even when the lateral sorting develops initially, the selective transport diminishes the number of
the fine particles exposed at the bed surface in a rough stripe ((A) region) and it ceases increasingly to
produce equilibrium sorting stripes.
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Fig. 1 Front view of cellular secondary current and longitudinal sorting stripes

In the following, based on the above phenomenological understanding, an analytical model is
proposed to clarify the criterion of longitudinal stripes of sorting and the spanwise distributions of bed-
surface composition and sediment transport rate for the equilibrium longitudinal stripes with sorting.

BED-LOAD TRANSPORT MODEL OF GRADED MATERIAL

In order to describe non-equilibrium or selective transport of graded material and subsequent
sorting process, a model constituted by pick-up rate and step length for each grain size is a powerful
means. In this chapter, the framework of the model of graded material transport and the evaluation of
the constituent parameters are investigated.

Sediment Pick-Up
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The pick-up rate of bed-material particles for each grain size can be estimated by applying the
formula derived by Nakagawa & Tsujimoto (9) with a modification of the critical tractive force, as
follows: ;

Psi# = psiNdi/(0/p-1)g = FoTui( 1-koTwcifTai)™ (D

in which ps;=pick-up rate for each grain size; di=diameter of sediment particle belonging to the i-th
fraction; T#;=ux2/[(o/p-1)gd;]; Txc;=dimensionless critical tractive force for each grain size of
heterogeneous bed material; us=shear velocity; c=mass density of sediment; p=mass density of fluid;
g=gravity acceleration; and the empirical parameters are determined as follows: F=0.03; k>=0.7; and
m=3 (Nakagawa & Tsujimoto (9)).

The ratio of the dimensionless critical tractive force for each grain size of mixture, Tucj, to that for
sand of the mean diameter in the mixture, Txcm, is expressed as a function of (dy/dy), and Egiazaroff’s

formula (2) somewhat modified by Ashida & Michiue (1) for finer materials is often applied, which are
written as follows:

{In19/1n[ 19(d;/dm)1} 2 {dy/d>0.4)
Thci/ Them = { . 2
0.85/dy/dp) (dy/dy=0.4)

However, the above formula overestimates the difference of the critical tractive force due to
sediment size in the mixture as suggested by a force-balance analysis on a bed with an irregularity of the
order of sediment diameter (Nakagawa et al. (11)) or by data analysis for paved bed (Parker et al. (13))
and for dynamic equilibrium bed (Michiue & Suzuki (6)). Then, the following formula is appropriate to
describe the relation between Txcj/Tscm and di/dy, instead of Eq. 2: ‘

Taci/Trem = (di/dm) ®3)
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Fig. 2 Critical tractive force for each grain size of sediment mixture
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The previous data are plotted in Fig. 2(a) with Eqs. 2 and 3. As a reference, the results by
Nakagawa et al. (11), Parker et al. (13), and Michiue & Suzuki (6) are also shown in Figs. 2(b)~(d).
Although it is difficult to judge the superiority between Egs. 2 and 3, Eq. 3 is adopted here because of
its mathematical simplicity. According to Eq. 3, particles belonging to any fraction of size have the same
threshold of mobility, but it does not conclude no selective transport process (see Eq. 5). The ratio of
Txcm to the dimensionless critical tractive force for uniform sand (t#c0=0.05 when the grain-size

Reynolds number is larger than almost 100), otcm, might be a function of gradation of sediment mixture
(Nakagawa et al. (11)). Then, Eq. 1 is reduced to

psi* = PstVdi/(0/p-1)g = FotlemTicoNm(1-ko/Mm)™(di/dyy) ! @

in which 1y, =Tam/T#em; and the subscript m indicates the value for the fraction with the mean diameter in
the mixture. In Fig. 3(a), the previous data are plotted with Eq. 4 (Eq. 1 with Eq. 3). As a reference,

the evaluation of the pick-up rate by Eq. 1 with Eq. 2 is compared with the data in Fig. 3(b) (Nakagawa
etal. (10), (11)). When Eq. 4 is adopted, the following relation is derived:
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Fig. 3 Pick-up rate for each grain size of sediment mixture
Lateral Transport of Sediment

The experimental data indicate that the step length for each grain size of mixture follows an
exponential distribution, the average of which (A;) is 20~50 times each grain size (Nakagawa et al.
(11)). In the present situation, the lateral component of flow velocity induces lateral sediment transport
from the stripe (A) to (B) (see Fig. 4). If the transverse bed slope is negligible, the lateral component of
step length is expressed as a product of the step length and I'=tany, in which y=deflection angle of flow
near the bed from the longitudinal direction. Although I' changes spatially, its detailed behavior is not
yet clear, and thus here it is assumed to be constant. However, the fact that the movement of sediment is
restricted in the stripes (A) and (B) should be taken into account.
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Then, the probability that a particle of diameter d; dislodged from the stripe (A) reaches the stripe
(B), T, can be approximately calculated as follows (see Fig. 3):

= [t - L Z V4= 1z

in which T is defined at the boundary of the two stripes and thus it is a transversally maximum of T'; and
f7i(z)=probability density function of lateral component of the step length and an exponential distribution
is here reasonably assumed. The probability that z>31,/8 has been sophisticatedly concentrated at
z=31,,/8 because sediment cannot be transported beyond the other edge of the stripe (B). Eq. 6 provides
the following relation:

i_ Lz dm
oo = exel- snr (D] ™

Then, the volume of sediment for each grain size transported from the stripe (A) to (B) per unit time per
unit longitudinal length, Vj, is written as follows:

Vi _psi pri _ (diy-32 L, (dm
Vm Pssrln pTrln (dr:';) exp[- 8AT d?-l) ] . 8)

Furthermore, the transport discharge distributes transversally on a bed with longitudinal stripes of
sorting. The bed load dislodged from the stripe (A) partially contributes the transport rate on the stripes
(A) and (B), qgijaa and qgjBA, respectively; while all the bed load dislodged from the stripe (B)
contributes the transport rate on the stripe (B), qgijgp- The transport rates of the stripe (A) and (B), qBia
and qg;p, are expressed as follows:

gBiA=GBIAA GBiB=GBiBA+IBiBB 9
/8 oo
aBiAA=(1-po)OEDiA PsiA ? J fxi(z)dz dC

= (1-p0)Bepia Psia Ai [ 1-exp(- gxlff )] (10)

aBiBA=(1-00)0EDiA PsiA Ij; f fxi(2)dz dC fxi(z)dz) dC
= (1-p0gpiA psia A expl- %) an

in which Og=thickness of the bed-surface layer ("exchange” layer (3)); and po=porosity of bed material.
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CRITERION FOR OCCURRENCE OF SORTING STRIPES

In the present model, the bed material is composed of two typical size particles (sand and gravel)
of which diameter are d and Bd, respectively (8>1). When the volumetric ratio of the coarser material in
the bed-surface layer (sometimes called a layer of “exchange”) is p, the (hypothetical) mean diameter of
bed-surface layer is written as follows:

dm = [(1-p)+Bpld ‘ (12)

dm or p is a representative parameter of each stripe of sorting.

For simplicity, two stripes (A) and (B) (see Fig. 1) are considered, and the volumetric ratio of the
coarser material in the bed-surface layers of (A) and (B) stripes are expressed as pa and pg,
respectively, by neglecting a continuous change of p from (A) to (B). Moreover, it is here assumed that
the difference of the bed shear stress between the stripe (A) and (B) is negligible. Thus, the difference
of sediment pick-up from the bed between (A) and (B) is assumed to be caused only by the difference of
the bed-surface composition between (A) and (B). ,

In the present model, it is assumed that the bed material is transported from the stripe (A) to (B)
by the resultant flow near the bottom defined at the boundary between (A) and (B) (deflection angle is
¥). As a result, the volumetric ratio, rc, of the coarser material to the total sediment transported from the
stripe (A) to (B) is calculated from Eq. 8 as follows:

pAB-¥2exp[L*(1-1/B)]
1-pA+paB-3Zexp[L*(1-1/B)]

in which L*=L,/(8AT'); A=mean step length of the finer material; and the subscripts A and B indicate the
values for the stripe (A) and (B). The secondary flow induced by such a difference of bed roughness
yields the maximum lateral flow velocity of the order of 2~5% of the maximum main velocity (4, 7, 11).
Since the longitudinal velocity near the bottom is the order of about 30% of the maximum main flow
velocity, the deflection y of the near-bed flow from the longitudinal direction is approximately estimated
to be I'=tany=0.1.

‘When the volumetric ratio of the coarser material to the total sediment transported from the region
(A) to (B), r¢, is smaller than the volumetric ratio of the coarser material to the total material in the bed-
surface layer of the region (B), pp, the lateral distribution of bed-surface composition is unstable, and
the sorting stripes grow. The criterion of the initial occurrence of such an instability is given under the
condition that po=pg, and it is written as follows:

Ic = (13)

M*(B) = B-3/2exp[L*(1-1/B)] < 1.0 (14)
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The relation between In(¥/L*) and In(¥»/L*) is depicted in Fig. 5, in which Wy=exp[L*(1-1/8)] and
W,=p3/2, and it reveals that the neutral instability (which corresponds to the intersection of the two
curves in Fig. 5) is given as a combination of f and L* as shown in Fig. 6. Since it is expected that
L,=2h (h=flow depth), A/d=30, and I'=0.1, thus L*=(h/d)/10. Under the condition of the same value
of L* or (h/d), the longitudinal sorting stripes are more easily formed for the larger value of the ratio of
the diameter of the coarser material to that of the finer material (B), independently of the bed shear stress
and the volumetric ratio of the coarser material to the total material in the substratum.

EQUILIBRIUM STRIPES OF SORTING

With the progress of lateral sorting, the difference between pa and pp increases, and the condition
for development of lateral sorting deduced under the assumption that pa=pg falls no longer valid.
Phenomenologically, the decrease in the number of fine particles exposed at the rough stripe (A)
suppresses the transport of fine material to the stripe (B), and sorting process no longer goes on.

The changes of pa and pg with the progress of sorting are here represented by a dimensionless
parameter yp as follows: :

pa=po(1+yp) 5 pe=po(l-wp) (15)
in which po=initial volumetric ratio of the coarser material in the surface layer (volumetric ratio of the

coarser material in the substratum). Then, the criterion for instability of the bed-surface composition is
written as follows, instead of Eq. 14:

M*(B) < &(po,wp) (16)

in which

=1 2y
SPoty) = 1 Ty i1-polLw,)] | an

Eq. 14 is identified with Eq. 16 with £=1.0, because yp=0 for the initial stage. ,

With the progress of sorting, £ decreases, and the unstable region of bed-surface composition in
the L*~p plane is increasingly suppressed as illustrated in Fig. 7. This behavior explains the existence
of the equilibrium state of sorting, as follows: When the hydraulic condition (h/d) and the ratio of the
diameter of gravel and that of sand, B, are given, a point K is determined on the L*~B plane as shown in
Fig. 7. If the point K belongs to the initially unstable region which is below the neutral curve for £=1.0,
the longitudinal stripes of sorting develop. With the progress of sorting, £ decreases and the sorting
process reaches its equilibrium when £ becomes the value £, so as the point K is just on the neutral curve
determined by &..

L*

4.0

L*x

2.0

0.0

Fig. 7 Change of instability condition with progress of sorting
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‘When L* and f are given, the value of £ for equilibrium, &, is calculated as follows:
Ee=p¥2explL*(1- /)] (18)

The value of yy, for equilibrium, ype, is obtained as a solution of the following equation which satisfies
the condition that 0<ype<1.0:

19

E - 1_ 211»‘De
T (I +ype)[1-po(1-wpe)]
The solution is obtained as follows:
_ 1+E-\D,
¥pe ™ Ipo(1£) (20)
in which Dy is described by
De = [1-4po(1-po)[(1-Ee)2+4Ee ~ 21

When yp. is obtained, the volumetric ratios of the coarser material and the mean diameters of the
bed-surface layer of the regions (A) and (B), pAe, PBe, dmae and dmBe, are clarified, as follows:

PAe=Po(1+ype) ; PBe=Po(1-Wpe) v 22

dmAE = I+ (ﬁ' l)p()wpe . dee = 1- (B’ I)P()wt)e . dmAe - (ﬁ'l)pO(1+WDe)+1 (23)
d (B-Dpot1 »  d (B-Dpotl * dmBe (B-Dpo(l-ype)+1
in which the subscript e indicates the values of equilibrium sorting stripes.
In Fig. 8, the equilibrium volumetric ratio of the coarser material in the surface layer of the region
(A), PAe, are shown against B with py and L* as parameters. Moreover in Fig. 9, the difference of the
mean diameters between the stripe (A) and (B) under the equilibrium is demonstrated.

1.0 = T T

PAe

0.0

Fig. 8 Bed-surface composition of equilibrium stripes of sorting

Under the equilibrium conditions, the ratio of the transport rate in a "smooth” stripe (qpae) to that
ina "rough” stripe (qgRe) is calculated from Egs. 9~11, as follows:

aBiBe . (I+wpe)expl-LABAT)I+(1-ype)(Psin/Psia) (24)
9BiAe (1+ype){ 1-exp[-LABAD)]}

Eq. 4 suggests that pip/psia=(dmp/dma). Hence,
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gBiBe _ (1twpedexpl-L/BAD) +(1-ype)([dmB/dma) 25)
dBiAe (T+ype){ 1-expl-LABA) I}

The fractional and total bed-load transport rates on the equilibrium sorting stripes are calculated and
some examples are shown in Fig.10. The coarser material transport on the stripe A always increases
with {3, but the finer material transport on the stripe A increases with f only when the sorting stripes
appreciably develops. The total sediment transport is eventually affected by predominant sediment
fraction. Unfortunately, we have no available data up to now to compare with the above theoretical
results.

CONCLUSIONS

In streams composed of sand and gravel, we often observe longitudinal stripes of alternate lateral
sorting and cellular secondary currents. They are promoted or suppressed with each other through an
interaction between them. In this paper, such an interaction has been investigated mainly from the view
point of mechanics of bed-load transport of heterogeneous size material (or graded material) affected by
secondary current. ’

A secondary current brings about a lateral bed-load transport from a "rough” stripe to a ”smooth”
stripe, and alternate sorting develops when the finer material is predominantly transported laterally. A
transport model constituted by pick-up rate and step length for each grain size has been prepared and the
mechanics of lateral sorting has been described. Based on it, a criterion of occurrence of longitudinal
stripes of sorting has been clarified. By considering the decrease of the finer material exposed in the
“rough” stripe with the progress of sorting, the equilibrium stripes have been analytically investigated.
The spanwise distribution of the bed roughness and bed-load transport rate for equilibrium longitudinal
stripes of sorting have been predicted.

Some assumptions have been imposed to simplify the present analysis in this study. Actually, the
boundary shear stress must have a transverse distribution on sorting stripes, and the amplitude of
secondary currents may change with the progress of sorting. The detailed measurements of flow and
fractional sediment transport on beds with lateral sorting will refine the present model.

The most part of this paper is translated from the author’s preceding paper (14) written in
Japanese, some part of which is revised herein.
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APPENDIX - NOTATION

The following symbols are used in this paper:

d = diameter of sand (finer material);

d; = diameter of the i-th fraction sediment;

dm = mean diameter;

fz7:(z) = probability density of lateral component of step length for each grain size in
sediment mixture;

Fo = constant in pick-up rate formula;

g = gravitational acceleration;

h = flow depth;

ko = constant in pick-up rate formula;

L, = transverse wave length of sorting stripes;

L* = dimensionless wave length (=L/(8AT));

m = constant in pick-up rate formula;

M#* = index of instability defined by Eq. 14;

P = volumetric ratio of coarser material to the total material in the bed-surface layer;

Po = volumetric ratio of coarser material to the total material in the substratum;

Pi = volumetric ratio of the i-th fraction material in the bed-surface layer;

Psi = pick-up rate for each grain size;

Ps# = dimensionless pick-up rate (Eps\fm %

PTi = probability that a particle of the i-th fraction dislodged from stripe A reaches B.

qBi = bed-load transport rate for each grain size;

rc = volumetric ratio of coarser material to the total transported from stripe A to B;

Uy = shear velocity of main-flow direction;

Vi = volume of sediment for each grain size transported from stripe A to B; -

z = transverse coordinate; i

Oem = Tyem/Tic05

B = ratio of diameter of gravel (coarser material) to sand (finer material);

Y = deflection angle of flow near the bottom from the longitudinal direction;

r = tany;

Mm = Tem/Teems



O = thickness of bed-surface ("exchange”) layer;
A = mean step length of sand (fine material);
Ay = mean step length for each grain size;
& = index to express the progress of sorting defined by Eq. 17;
p = mass density of fluid;
o) = porosity of bed material;
o = mass density of sediment;
TacO = dimensionless critical tractive force for uniform bed material;
Taci = dimensionless critical tractive force for each grain size;
Teem = dimensionless critical tractive force for sediment of mean diameter in mixture;
Tyi = dimensionless tractive force for each grain size (=u,/(o/p-1)gd D);
Yp = index of sorting defined by Eq. 15; '
¥ = exp[L*(1-1/p)]; and
v, = R3/2,
Subscripts
e = equilibrium states; and

AB = stripe A and stripe B, respectively.



