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SYNOPSIS

The sediment laden buoyant jets with a certain fall velocity of particles are
analyzed theoretically, assuming similarities for both velocity and sediment
concentration profiles, and using Prandtl's mixing-length theory, for two-
dimensional and axisymmetric cases.

The jets are shown to be divided into three regions: nonbuoyant region, plume
region, and settling region which causes only in an axisymmetric case,

The numerical solutions show that the particle laden jet performs like a pure
jet near the jet source, as the initial momentum is predominant. For the two=-
dimensional jet, the jet becomes asymptotic to the negative buoyant plume of finite
velocity which is expressed in terms of jet sediment flux. For the round jet, the
velocity of plume decreases continuously, so the plume turns to the next stage where
particles settling is predominant.

The validity of numerical solutions are checked by laboratry experiments.

INTRODUCTION

This paper concerns sediment laden jet which is injected vertically into calm
water of uniform density. The jet spreads like a pure jet near the jet source, as
the initial momentum of a jet is predominant. Then the jet turns to the density
plume as the flow velocity decays and for the axisymmetric case the velocity of
plume decreases continuously.

In this paper, we discuss the effect of initial momentum and particle flux of
jet on the buoyant jet behavior. The main objective of this study is to investigate
the effect of particle fall velocity and the effect of sediment concentration on the
buoyant jet characteristics.

In the theoretical investigations, the mixing length model is adapted to the
turbulent diffusion. The similarity profiles of jet flow velocity and sediment
concentration in a cross section are also assumed. )

Several works have been reported on the sediment laden vertical jet. Kikkawa et
al. ( 5 ), Brush( 2 ), and Singamsetti( 13 ) discussed on the case where jet
momentum is predominant , while Kitano et al. ( 6 ) studied on the bubble plume
where relative density of fluid is predominant and initial momentum is negligible,
To the best of writers knowledge, however, there has been no study which treats the
particle laden jet characteristics including the transition behavior mentioned
above.

There are some other papers concerning the buoyant jet or plume, such as by
Morton ( 10 ), Abraham ( 1 ), Kotsovinos ( 7 ) which treat the buoyant jet of
different density from ambient fluid. Making use of the results of those previous
works, we discussed the value of numerical parameter  which relates the mixing
length to the jet breadth.

Numerical solutions given by the basic equations are checked by experiments,
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THEORETICAL INVESTIGATION
Basic equations

The excess specific gravity due to particle suspension is given by
o=clp- 0 )/p

where Pg is the density of suspended particles, P, is the density of fluid, C is the
volume concentration of sediment particles.

In the derivation of the basic equation of the particle 1laden jet, the
following assumptions are made about the particle motion. First, it is assumed that
the relative motion of a particle adds no effect to the turbulence in a buoyant jet,
and that the acceleration due to the turbulence which acts to a particle is
negligibly small compared with the acceleration due to gravity, so that the relative
motion of each particle to the surrounding fluid is only settling by its own fall
velocity.

Fig, 1 shows schematic illustration of submerged jet. Taking x axis along the
jet center and y axis across it, the equation of continuity, conservation of
momentum and negative buoyancy flux of sediments are applied to yield the governing
equations as follows
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where u is the veloc1ty in the b4
direction, v is the velocity in the y
direction, w is the fall velocity of
sediment particles, assumed to take a

constant value which is not affected by
the particle concentration.

Fig.l Schematic illustration
of submerged jet

Fig.2 Profiles of velocity and Fig.3 Profiles of velocity and
sediment concentration sediment concentration
symbols in the Figure are listed symbols in the Figure are listed

in table 3 (two-dimensional case) in table 4 (axisymmetric case)
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Km is kinematic eddy viscosity and Ks is eddy diffusivity for sediment, . and n=0 for
a two-dimensional jet and n=1 for an axisymmetric one.

The buoyant Jjet is assumed to have Gaussian profiles of time mean vertical
velocity and of time mean negative buoyancy, as shown in Fig.2 and Fig.3, then we
obtain

L}

u

uo (x)exp{-y*/b(x)?} (4)

]

0 = oo(x)exp{-y*/a(x)?} (5)
where u, and Og means a center line value of each wvariables, b(x) is the
characteristic jet width of buoyant jet spreading, and a(x) is that of sediment
spreading. The experimental values plotted in Figs.2 and 3 will be described later.
It is assumed that Ks is proportional to Km, so that Ks= g8Km, and B is taken to
be 1 because of the lack of sufficient knowledge on this subject so far, hereafter
we write K=Km=Ks. We also assume that the momentum diffusion coefficient is
" described by the Boussinesq expression and the Prandtl's momentum transfer theory,
thus

K =12 ]%‘yi 1=c¢eb (6)

As our objective is to describe a gross jet behavior of the particle laden
buoyant jet, the numerical value of the parameter € is assumed to have a constant
value along the jet.

As we assumed the Gaussian profiles of vertical velocity and vertical buoyancy
previously, it is necessary to derive four ordinary differential equations relating
to four variables uy(x), b(x), Oy(x) and a(x) from the three partial differential
Egs. 1,2 and 3. For this purpose, we integrated the basic Egs.2 and 3.

In a case of two-dimensional buoyant jet, we can derive Eg.7 by integrating
each term of Eq.2 over y from -« to +« with the use of Eg.l. Multiplying each term
of Eg.2 by y and integrating over y from -« to +w, we obtain Eq.9. The derivation of
Eq.9 1is shown in Appendix(I). Making use of the same way we also obtain Eq.8 and
Eq.10 from Eg.3.

%%(U%B) = AS (7N
4 s+ —20 01 =0 (8
dx 1+ AZy2
(m + 4)U032dU°+ (r + Z)BU%jg = 2/27BU% + 4A%S (9
du oo A2 - 1) Uo dA
{tan A+ ‘i“:“Z‘}SB ax + {tan') + WZ}SUD + 2{1 + W}S —
Up ds 1
+ R
1+ 75y ia gx = 206 ey (10)
where
A = A/B (11)

Uo= UQ/W s, X = X/LO’ B = b/(ezLO) s A= a/(gzLO) s S = COgLO/wz (12)

1/2 ~2/3

Lo= m(qg) (2/ ) €

oo -1/2 (13)
= 2{ o(u + w)dy = vmacg{w + bug(a® + b?) '}



66
M = m/(/T/2e%Low?) =

- - 1/2
Q = qge 7w =/ AS{l + BU./(A% + B2) }

in which m is the jet momentum flux at the virtual origin

(14)

= 2£mu2dy (at x=0)

In above nondimensional expressions, M is a momentum flux at the virtual point
or line source. Q is the sediment particle flux. B and A correspond to the
characteristic jet spread width of momentum and of sediment respectively, and Lo is
a characteristic length which means the ratio of excess jet gravity to initial jet
momentum.,

In a case of axisymmetric buoyant jet, the following equations are derived from
Eg.1 - Eq.6, with the same procedure as used in deriving Egs.7, 8, 9 and 10. In this
case the integration is made over the whole cross sectional area of the jet.

gi(U%Bz) = 2542 s
d a2 16
GO+ ) - e
dUp, 2v2 - 1 _, ,dB 3 2 2.2 (17)
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_ 1 2. dUo 2 3)2 dB
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U ds _ 8
+ 3{“*77(1 ALY ,+ 1A% S + {1+ H-;*i—z-jg;}Aa V—m—)\‘vyzB SUy

(18)
where
Uo= ug/w , X = x/L, , B = b/(e’Ly) , A = a/(e?L;)
(19)
S = oogl,/w?
Li= ﬁ/%qg;lﬂ(z/ﬂf/%—l
(20)
q = {wZWy(u + w)ody = moga’{w + b2uy/(a? + b2y}
M= m/(/T/2e’L,w)? = B2US
R ) (21)
Q = qgLiw e = TA“S(1 + Uye/(1 + A%))
in which

= [Ponyuldy (at x=0)
0

The jet behavior is assumed to be characterized by the initial jet momentum M
and sediment flux Q, but the following relation is derived by substituting the first
eqution of Eq.13 (or Eq.20) into Eq.14 (or Eg.21)

This means that the jet behavior can be represented by only one parameter Q both in
a two-dimensional case and in an axisymmetric case.
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Numerical Solutions

Numerical integrations of the basic equations are made by use of Runge-Kutta-
@ill method. The values of four unknowns Uo, S, B, A are obtained along the jet
succesively by solving Egs.7-10 for the two-dimensional case.

Numerical solutions for two-dimensional case are shown in Fig.4 - Fig.7
together with experimental values.

Fig.4 and 5 show the decay of jet flow velocity and sediment concentrations
along the jet center line, respectively. It is one of the most characteristic
features of two-dimensional plume of this type that the center-line velocity of the
plume becomes asymptotically to a constant value and this constant value is uniquly
determined by the jet particle flux Q. On the other hand the sediment concentration
decreases continuously along the jet axis X. In those Figures, Q= corresponds to
the case of w=0.

The jet spreading with momentum B and factor A is shown in Fig.6 and Fig.7,
where )\ is the ratio of width of momentum jet to that of sediment.

In Fig.4-6,the transition behavior from jet like flow to plume like flow can be
shown.
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For the axisymmetric jet the numerical solution is obtained from Egs.15 - 18 just
like the same way as for the two-dimensional jet. These solutions are shown in Fig.8
- Fig.11.

Like a two-dimensional buoyant jet, the buoyant jet turns from the momentum
predominant jet to the plume in which the relative density predominant. Furthermore,
in an axisymmetric case, as the center-line velocity decreases continuously, the
plume goes to the final stage where sediment particles settle down by their own fall
velocity. Thus, in an axisymmetric case, the center-line velocity of the plume turns
to zero. This is one of the remarkable difference compared with the two-dimensional
case. The cause of this difference is just the same as in the case of pure plumes.

The ;et center-line velocity decay in each stage is represented by x<4,x“fix*”
(XJ”,XO,quin Fig.8) respectively. In Fig.8, for the case of Q=10 for example, in
the region X<1 : momentum is predominant, 5(X<50 : relative density is predominant
and X>10% : particle falling becomes effective. The same kind of transition behavior
about some other properties of the buoyant jet is shown in Fig.9 and 10. When the
values of Q are very small, the particle fall velocity becomes effective before the

jet turns to the plume.
Discussion

In this study the mixing-length theory is employed, so0 the turbulent
diffusivity 1is assumed to be determined bye, jet width and jet center-line
velocity. For the prediction of the jet behavior the values of € must be determined.
In order to determine the value of €, which is taken to have a constant value over
full jet range in this work, we assume the value of € has almost the same value as
that for w=0.

Numerical values of € calculated from previous works are summarized in Table 1
and Table 2. The values of €, which are shown in brackets in those tables, are
calculated by equating the values of each jet properties in references to those of
this work.

The following values of €& may be obtained from these tables; for two-
dimensional case £€=0.2 for jet, €=0.3 for plume, and for axisymmetric case € =0.18
for jet, and €=0.2 for plume. Morton (10) also assumed in their buoyant jet analysis
that € has constant value along jet, just like in our study. The numerical values in
these tables will be helpful to describe the particle-laden jet behavior.
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Table 1 Comparison of liquid buoyant jet
(two-dimensional case)

Jet Plume

b a ugvx Oovx b a u
L 2 .1 - _Jogx
X X Vm g;m X X (qg)t”? (qg)#/3

Authors 3.192¢?| 3.192¢2{0.50067 |0.500e7L | 1.949¢2| 1.771e?| 0.820¢7 | 0.524€

Lee, 0.3610 | 0.3250 | 1.486 1.486 0.1806 | 0.1625 | 1.812 2.578
et al. 8)(0.336) | (0.320) | (0.336)| (0.336)] (0.304){ (0.303)| (0.305) (0.303)

Kotsvinos, {0.0808 | 0.1083 | 2.514 2.706 0.0808 | 0.1083 | 1.650 2.381
et al. 7)}(0.159)| (0.184)| (0.199)| (0.185)] (0.204)| (0.247)} (0.351) (0.322)

Rouse, . . 0.1768 | 0.1562 | 1,800 2.600
et al.ll) (0.301)| (0.297)] (0.308) | (0.301)

Table 2 Comparison of liquid buoyant jet
(axisymmeric case)

Jet Plume
b a UnX b 173
Do a UgX 00X o a Up X [oR:2
b X y/m qy/m X X Tqeli3 ?Egéﬁf

Authors | 3.853c?| 3.853c2|0.207¢? |0.207¢ | 3.0306?| 2.669¢%|0.452% |0.175¢73

10) | 0.1640 | 0.1902 |4.865 4.240 0.0984 | 0.1141 |4.872 11.74
Morton (0.206) (0.223) 1 (0.206) |(0.221) (0.180) | (0.207)|(0.168) | (0.207)

1) | 0.1125 | 0.1220 [6.997 |6.263
Abraham | (0.171)| (0.178)|(0.172) |(0.182) -

Rouse,11) 0.1021 | 0.1187 |4.700 11.00
et al. (0.184) | (0.211)] (0.173) |(0.212)

Tn relation to the turbulent diffusivity, an entrainment coefficient is often
used. Let us consider the entrainment coefficient in our case. In a two-dimensional
case from the conservation equation of mass, an entrainment coefficient a can be
given as

/T (22)
2

d -
dX{ uob} = Cuyg

by using the equations which correspond to the Eq.7 and Eq.9 but have the
dimensional form and eliminating d/dx (uyb) from Eg.22, we have

o = V2e? + 2a%0,g/ (VTbu?) - v2a0,g/ (VTu3) (23)
= v2e? + /T ¥ A2(2\ - V2)T'R, , Ry= qg/ud
O changes with Ri, and the asymptotic a value of o for a jet and plume can be given

from the corresponding Ri value, Ri=0 and 0.82077> respectively.

In the case of an axisymmetric buoyant jet, the entrainment coefficient is
defined as

%;(Wuobz) = o+ 27buy (24)

Making use of the same procedure as used in deriving Eq.23, from Egs.15, 17, 19 and
20, we have
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a= (2 + /2)e?//m+ AMr+ (0 - 1)L+ V2)}/(2F2) (25)
Fge = uo/vadog

Like a two-dimensional case, o varies with buoyant jet behavior, represented by Fie
in this case. List and Imberger ( 9 ) give the following expression in a two-
dimensional case,

a = 0.055 + 0.087R,/VZ (26)
and Wright ( 14 ) gives also for an axisymmetric case
o = 0.057 + 0.25/F2 (27)

Some other expressions, 1like Eq.26 or Eq.27, by other researchers ( 3 ),( 4 ),( 7
), 9 ), 12 ),( 14 ) were given.

Eg.23 and Eq.25 are derived by use of mixing length theory and by the assumption
that € in Eq.6 is constant all over a buoyant jet. It is not the objective in this
study to investigate the effect of density gradient on a turbulent structure, so
further consideration is not done on this matter.

EXPERIMENTAL INVESTIGATION

Experimental set up.

To examine the validity of theoreti-
cal investigation, particle laden vertical
buoyant jet experiments are performed in a
rectangular large water tank T which has
5.0m length, 2.0m width and 2.0m full
depth. A schematic diagram of the experi-

¢'g$
<y

mental equipment is shown in Fig 12. Fig.12-1 Schematic diagram of
In two-dimensional experiments, it is experimental arrangement
necessary to avoid the secondary flow (water and particles supply)

caused by the jet. For this purpose a
vertical plate D is set 10cm apart from a
wall, with opening at both side, which
allows suitable in or out side flow at
each edge of the experimental field
between a basin wall and this plate. The
jet nozzle N1 of 9.8cm width and 0.3cm
apparture 1is set at the middle of the
channel-water surface.

For an axisymmetric jet, circular
nozzle N2 of 1.3cm in diameter is placed
at the center of a tank water surface.

The +tap water discharged from a tank i
W is mixed with sand particles in a tank M Fig.12-2 Schematic drawing of
Water volume flux is controlled by valves experimental arrangement
V1l, V2 and V3, the particle feed rate is (large tank and jet nozzle)
controlled by changing the revolution of
the feeding roller installed in the hopper
H. A total jet flux is controlled by valve —E I50M =]
V4 or V5 and V6. Froto Trarsiter

Sand particles wused have specific /"‘T\\-_______________J%%ﬁ%

” e
gravity of 2.65, and are passing through a \\__///—_-;;:ﬁber e
70 mesh (0.210mm in opening) sieve and are Photo Diode

retained on the 100 mesh (0.149mm) sieve. Fig.13 Photoelectric probe of
They have mean fall velocity of 2.5cm/sec. a turbidty meter
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Table 3 Experimental conditions Table 4  Experimental conditions
(two~dimensional case) (axisymmetric case)

RO [n() | 0 | o | swmoL RN (0| o | u | o |sweou

S S

2-1 1 1920 | 0.4083 | 65.42 | 529.2 e} 3-1 | 3963 | 1.4530 | 139.9 | 1656.4 | O
2-21 981 | 0.2423 | 46.20 | 314.0 o 3-2 | 2357 | 1.0960 | 136.9 | 1603.2 | &
2-3| 824 | 0.2746 | 50.22 | 355.9 o 3-3 | 8173 | 1.3440 | 90.1| 85.0| O
2-4 | 480 | 0.1157 | 28.23 | 150.0 Q 3-4 | 7669 | 1.6410 | 113.6 | 1212.1 | O
2-5 | 380 | 0.1232 | 29.43 | 159.6 Q 3-5 | 2324 | 1.6150 | 203.1 | 2895.4 | ©
2-6 | 307 | 0.1885 | 39.08 | 244.3 | O 3-6 | 9987 | 1.3850 | 84.0 | 770.6 | O
2-7 | 309 | 0.5399 | 78.81 | 699.7 | -O 3-7 | 3373 | 1.4140 | 147.6 | 1794.0 | O
2-8 | 307 | 0.4628 | 71.11 | 599.7 | O 3-8 | 3216 | 2.3520 | 251.5 | 3988.9 |
2-9 | 309 | 0.5206 | 76.92 | 674.7 ® 3-9 | 8618 | 2.2990 | 150.2 | 1841.2 | @
3-10| 8650 | 0.5579 | 36.3 | 219.4 | ©

The velocity in a jet is measured by use of a pitot tube of 3.0 mm diameter and a
pressure gauge unit.

Sediment concentrations are measured by a hand made turbidity meter with photo-
electric probe, shown in Fig.13 . Experiments were carried out by changing the
several jet conditions. Experimental conditions in each run are summarized in Table
3. and 4.

Experimental results

Examples of flow velocity profiles and of sediment concentration profiles
across a jet axisis are shown in Fig.2 for a two-dimensional case and in Fig.3 for
an axisymmetry one together with theoretical curves. Because of the difficulty of
precise measurement and the sensitivity of disturbances, the data was scattered.
The theoretical curve, however, fits to the experimental data, so that the jet
profiles have the similarity.

The center-line value of u and ¢ are shown in Fig.4 and 5 in two-dimensional
case, and in Fig.8 and 9 in axisymmetric one. In these figures experimental data by
other researchers are also shown. For the data by Kikkawa et al. ( 5 ), Q is 120 and
€=0.19 and for the data by Kitano et al, € is taken to be 0.3 . For the Brush ( 2 ),
Singamsett ( 13 ) data which investigate the momentum predominant jet behavior,
€=0.17 is used.

To compare the theoretical value with experimental results, we used following
numerical values of €; €=0.23 for two-dimensional case and £=0.18 for axisymmetric
case. In order to obtain better agreement with our experimental results, for two-
dimensional case, two values of may be used, ie. €=0.20 in jet-like region, £=0.25
in plume-like region. But it must be noted that the values of all characteristic
parameters varies with € , and it becomes difficult to give any practical meaning to
the absolute values of X, when € varies with X.

The Jjet spreading width is also shown in Fig.6 for a two-dimensional and in
Fig.10 for an axisymmtric case to check the theoretical value.

Several papers ( 1), (5), (7)), (10), (11 ), ( 13 ) report that the
A=A/B>1, this means the sediment spread wider than momentum, on the other hand some
experimental results show that A is less then unity ( 6 ), (2 ), (11 ), (8 ) . We
assumed in this study that the rate of the mixing length of momentum is equal <o
that of sediment, but this assumption may need more careful works to understand
precisly.

Considering the hardness of experiment especially of the sediment concentration
measurement, it can be said from these figures that the theoretical curves fit to
the experimental results.
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SUMMARY AND CONCLUSION

We discussed particle laden jet which is injected vertically into still water
of uniform density. The basic equations are derived from the conservation of volume,
momentum and gravitational flux of sediment. Similarity profiles of jet flow
velocity and of sediment concentration are assumed and Prandtl's mixing length
hypothesis is applied to the turbulent diffusivity.

The general procedure employed in the theoretical analysis consist of integrat-
ing conservation equations for momentum and negative buoyancy over the jet cross
section. Moment transformations of these conservation equations are also used to get
numerical solutions.

Numerical solutions show that the buoyant jet performs like pure jet near the
jet source, as the initial momentum is predominant. This jet turns to the plume as
the Jjet velocity decrease and relative density becomes predominant along the jet
axis.

For the two-dimensional case, the velocity of this plume becomes asymptotic to
a finite value, on the other hand in a round jet this velocity decreases continuous-
ly along the jet. Therefore in a round jet this plume turns to the next stage, where
settling of particles becomes predominant. As we discussed the jet from point source
or line source, the variations of the buoyant jet properties along jet axis are
determined uniquly only by @, which is non-dimensional sediment flux.

The validity of numerical solutions are checked by laboratry experiments.
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APPENDIX(I) - DERIVATION OF EQ.9

du , ov _
5}:4“8‘;— 0 (1
du du _ 9 ,,2(0u;du !
uax+vay—0g+8y(l[§§—§§ (2h
u = ugexp(-y2/b?) (3
o = ggexp(-y?/a?) (4)
from Eq.Z'
© du ® du = g .29u;du
[uge vdy + v oo ydy = [ogydy + [ (L2 [l dydy (A1)

Each term of Eq.Al can be integrated with use of Egs.4 and 5

©  Ju oo d
[Tu g5 ydy = [ uoexp(-y®/b®) x {5 exp (-y*/b%)

2y3db
+ T}} & uoexp(-y*/b?) }ydy

1 d 1
= %@ uobz.d;1{0+ A U(Z)b *—32 (A2)
Ju ) o 0 v
I 2 oydy = - - v
5 v 3y yay [VUY]O { vudy { yu Sy dy

= 2 Bu . ™ du
{{( ) dyrudy {yu(— L

o d 2y?d
[Muoexp (=y*/62) [ (G204 uodd 2 Yexp(-y2/b2)dydy

B dx
®©  Ju
+ { u ydy

ﬂ 1 db

2du ™
g Z Jugb a;; + *é— u%b ——;{' (A3)

]
o
+

=0 2 2uBu o Budu, e e dudu
Doy laylay Iy = ¥lgglayeyl - [AfIgley &

It

~7e?b2uF () 2y exp (~277/b%)
d b2’

VT
= mezu%bz (A4)
oo o0 2
{ ogydy = Gog{;yexp(—yz/az)dy = %Gog (A5)

Substitution Eqs. A2, A3, A4, A5 into Al
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(m + 4)uob?80 (7 4 2)u2p 9B

ix i 2/21-e%bu} + 4a’0,g 9)

The nondimensional expression of Eq.9' reduces to Eg.9. Egs.10, 17 and 18 can
be derived by using the same procedure.

APPENDIX (II) - NOTATION

The following symbols are used in this paper:

a, A = characteristic jet width of suspended sediment;
b, B = characteristic jet width of momentum;

c = volume concentration of sediment particles;

F = densimetric Froude Number;

g = acceleration of gravity;

K = eddy diffusivity;

Km, Ks = eddy diffusivity for momentum and sediments ;

1 = mixing length;

Lo, Ly = characteristic length of jet;

m, M = kinematic source momentum flux of jet;

q, Q = source volume flux of jet;

Ri = Richardson Number;

u = flow velocity in the x direction;

u, = the value of u along the centerline;

v = velocity in the y direction;

w = fall velocity of sediment particles;

X, X = longitudinal coordinate taken along the jet axis;
vy = lateral coodinate;

o = entrainment coefficient;

B8 = reciprocal of turbulent Schmidt number;

€ = 1/x , numerical constant;

A = a/b , jet width ratio;

o8 ,%v = density of sediment particles or fluids; and
g, S = excess specific gravity due to particles suspension;



