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EXPERIMENTAL STUDY TO DETERMINE THE TENSION SOFTENING
CURVE OF CONCRETE
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A newmethod of determining the tension softening curve of concrete is proposed in this study. To
overcome the problems associated with the modified J-integral method, the release of elastic energy is
quantitatively evaluated, through the unloading and reloading of notched beams subjected to a
concentrated load. In addition, based on measurements of the distribution of fictitious crack width
within the ligament portion of a notched beam, the propagation of fictitious cracks has been evaluated
quantitatively. The new method, in which these new findings are incorporated, is used to estimate the
tension softening curves of various types of concrete at various ages, and the validity of the method is
confirmed experimentally by comparing the tension softening curves with each other.
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1. INTRODUCTION

The tension softening characteristic of concrete, along with its fracture energy, is an important
parameter in determining the fracture property of the concrete. The fracture property of a concrete
structure can be quantitatively analyzed only when both the tension softening characteristic and
fracture energy have been clarified. Further, the tension softening characteristic provides information
important in evaluating the fracture property of various types of concrete, especially for their strength
evaluation. As this makes clear, the tension softening characteristic of concrete is an important one.
However, to date, no standard test method has been established for its determination. Although
RILEM's three-point notched beam bending test is considered the standard method for evaluation of
fracture energy, no such standard for evaluating the tension softening curve has been established.

Methods currently in use for determining the tension softening curve are divided into two groups: (1)
numerical analysis methods based on inverse analysis and (2) J-integral methods based on the energy
balance. Typical of the former is a method in which the relationship between load and displacement is
measured and a fictitious crack model analysis is carried out; then the tension softening curves are
individually calculated so the results coincide with the measurements obtained [1], [2]. With this type
of method, tension softening curves are obtained sequentially such that they coincide with test results;
this makes the method widely applicable. It is a smart and powerful method. However, in order to
standardize a test method, it is necessary to prepare a simple-to-use program for analysis. This
approach has in fact been tried [3], and further developments are expected in future.

In contrast, the inverse analysis method is applicable regardless of whether the phenomenon of crack
propagation in concrete is understood. This is one advantage of the inverse analysis method, but it
also leads to no findings related to crack propagation, so it makes no contribution to clarification of
the actual phenomenon. Onthe other hand, starting with the J-integral based method by Li, et al.[4],
a series of methods based on energy balance have been proposed: the new J-integral based method
[5], and the modified J-integral based method [6]. Although it has been pointed out that these
methods suffer from problems relating to the accuracy of measured data and the propriety of the
assumptions used, they can, unlike the inverse analysis method, help improve understanding of the
fracture phenomenon and, therefore, improve the accuracy of estimation of the tension softening
curve.

In this study, the release of elastic energy when energy is consumed and the propagation of fictitious
cracks in the ligament portion are highlighted and evaluated to propose an accurate method of
determining the tension softening curve.

2. CONVENTIONAL METHODS OF DETERMINING TENSION SOFTENING
CURVE

2.1 Outline of Methods Based on Energy Balance

Figure 1 shows an example of a tension
softening curve. Here, a is the softening stress
and co is the width of a fictitious crack. The
reason why the fictitious crack is strengthened
here is to clearly indicate that this is not the
actual crack width but is obtained through the
integration of displacement accompanying the
development of micro cracks.

When the energy consumed per unit area of
fictitious cracks up until the width of the
fictitious crack reaches CDis e(co), the following
equation is obtained:

ft

0 (QJ) : softening stress

'//.
0

0} (0s

at : fictitious crack width
Figure 1. Example of Tension Softening Curve
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e(co)=| 0(co)do)
Jo (1)

When the softening stress falls to zero, the corresponding width of the fictitious crack is cocr. The
following equation is obtained from the definition:

e(O)cr)=\ 0((0)dd)=GF

Jo (2)

Where, G/r is the fracture energy of concrete. From Eq. (1), if the consumed energy e(co) is obtained,
the softening stress can be calculated as follows:

0(03) = -4-e((O)
da) (3)

ligament portion

fictitious crack a
portion

Figure 2. Distribution of Fictitious Crack Width on Beam

As illustrated in Figure 2, in the ligament portion of a beam with a width of b, the energy E consumed
until the length of the fictitious crack reaches a is calculated by the following equation:

E=b\ e(co(y))dy
;o (4)

In Eq. (4), co(y) is the fictitious crack width at position y. If the consumed energy Ecalculated from
Eq. (4) is provided in the form of external work, the fictitious crack will propagate.

If E, a, and co(y) are experimentally determined, e(co), and subsequently a(cfl) can be determined
using Eq. (3). This is an outline of the method of the energy-balance method of determining the
tension softening curve.

2.2 J-Integral Method by Li. et al.

In the J-integral method described by Li, et al.[4], two specimens are prepared, exactly the same in all
respects except for slightly different initial ligament depths, and load-deflection curves for the
specimens are measured; the difference between the curves is assumed to result from the difference in
crack height of the specimens and the relationship between the width o> of the fictitious crack and the
consumed energy e(o>) is calculated.
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assumed to be equivalent
to uniaxial tension

w/1

Figure 5. Assumption of Uniaxial Tension in New J-Integral Based Method

distribution of fictitious crack width is uniform within a = a0, which means that, as shown in Figure
5, the behavior of a ligament portion subjected to bending is assumed to be equivalent to its behavior
under uniaxial tension.

Externally applied energy can be calculated from the area below the load-deflection curve. In practice,
the effect of the specimen's self weight must also be considered. When this energy is assumed to be
consumed in the ligament portion, the following relationship is obtained:

E((0) =A,ig- e((0) (6)

where, Ang = b a0 = the area of the ligament portion. Further, the energy applied up until the crack
mouth opening becomes wis calculated as follows:

SK

£(<u)=| P(S)d8

Jo (7)

where, 8Wis the deflection when the crack mouth opening becomes w. From Eqs. (6) and (7), e(co)
is obtained as follows:

e(co) =J-
Atig

8W

P(S) d8
(8)

This new J-integral method is both practical and simple. It does require some assumptions, which
result in somewhat lower accuracy of calculation. However, the new J-integral method is superior to
the original one in that it is not significantly affected by the fluctuations in test data. It proves useful
for rough evaluation of the tension softening curve and in cases the tension softening curves of
several types of concrete are compared against each other.

The method does, however, make the assumption that the fictitious crack propagates throughout the
ligament portion immediately after loading; that the energy released after accumulation in the elastic
region can be ignored; that the distribution of fictitious crack width is uniform in a0; and that the width
is one-half of the crack mouth opening. These assumptions do not accurately reflect the actual
phenomena, so there is room for improvement.

2.4 Modified J-Integral Method by Uchida. et al.

In place of the above newJ-integral method, Uchida, et al. proposed a modified J-integral method
[6]. Uchida, et al. point out three problems that they attempt to solve:
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Figure 6. Fictitious Crack Distribution in the Modified J-Integral Method

a) the assumption that the fictitious crack width co is one-half of the crack mouth opening w, and that
the fictitious crack width is uniformly distributed in the ligament portion;
b) the assumption that energy applied to a specimen is completely consumed in the fictitious crack
portion; and
c) the assumption that the fictitious crack propagates throughout the ligament portion immediately
after loading.

In their modified J-integral method, assumption (a) is modified. In other words, the fictitious crack is
not uniformly distributed, but (as shown in Figure 6) the crack is assumed to be distributed as if it
was rotating around an axis located at the compression fiber on the upper portion of the notch.

Therefore, the fictitious crack width is calculated as follows.

0)(y) = wy/at> (9)

As a result, the energy consumed in the fictitious crack region is obtained as follows:

ra cw
E=b\ e(ca(y))dy=b\ 0(0*)^da

Jo Jo

1 We(co)d(0
(10)

Equation (10) is differentiated by w to obtain the following relationship:
. . 1 [_. . dE(w)]

e(w) =-L-\0w) + w-±-L\
Angi dw J (ll)

Equation ( 1 1) is further differentiated by w to obtain the following relationship:

de(w) _ ! \^dE(w) ,_d2E(w)
ly^fvy =-|^ T w

dw AUK\- dw d w2 J (12)

E(w) is obtained in the same manner as for Eq. (7). Replacement of w in Eq. (12) with to provides
the tension softening curve; however, the effect of the specimen's self weight must also be
considered.

As described above, the assumption of fictitious crack width in the modified J-integral method is
morerealistic than the uniform distribution of the new J-integral method. As a result, the modified J-
integral method is judged to more accurately estimate the tension softening curve.

3. PROBLEMS WITH CONVENTIONAL EVALUATION METHODS

3.1 Outline

The modified J-integral method uses a modified fictitious crack width distribution, thus overcoming



Load (P)

Ee : Released Elastic Energy

Unloading-Reloading Path

Figure 7. Release of Elastic Energy in Load-Deflection Diagram

one of the problems of the earlier method. However, the assumptions that externally applied energy
is completely consumed in the fictitious crack portion and that the fictitious crack propagates
throughout the ligament portion immediately after loading remain. It is thought that if these
assumptions were brought closer to reality, the tension softening curve could be more accurately
evaluated. Therefore, it is these two assumptions that are dealt with in this study.

3.2 Release of Elastic Energy

In both the new and modified J-integral methods, the externally supplied energy is calculated using
Eq. (7). Actually, this is a potential energy, though it is assumed to be consumed completely in the
fictitious crack portion for convenience. However, part of the energy actually accumulates in zones
other than the fictitious crack, and this energy must be released as elastic energy at unloading, as
shown in Figure 7. Therefore, in order to properly evaluate the energy consumed in the fictitious
crack portion, the amount of elastic energy released must be deducted from the total potential energy.

To do this, the unloading-reloading path in the softening region of the load-deflection curve has to be
clarified. In this study, the unloading-reloading path was clarified through experiment, and based on
this, the released elastic energy was quantitatively evaluated.

The dark colored portion in Figure 7 is the released elastic energy Ee; that is, it represents the energy
not consumed in the fictitious crack portion. Therefore, if the unloading-reloading path can be
determined, the consumed energy E can be obtained. For example, if the unloading-reloading path is
determined to be linear, E is estimated using Eq. (13).

[8
E (w)= \ P(8)dS-±-P(8)(S-6p)

Jo 2 (13)

In Eq. (13), 5p is the residual deflection in a fully unloaded state. To account for the effect of the
specimen's self weight, one-half of the self weight of the specimen is added to P(6).

3.3 Evaluation of Propagation of Fictitious Crack

Immediate propagation of the fictitious crack throughout the ligament portion immediately after
loading is simply an assumption. Actually, it must gradually propagate as the deflection increases.
As indicated in Figure 8, when the ligament depth is a0, the fictitious crack length is a and the
fictitious crack width is 00(37), the following relationships are realized:

co(y)=-w
y=-^00(y)

dy=0da) (14)
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Figure 8. Fictitious Crack Propagation in Ligament Portion

1/2
1

h /2

5L �"

Figure 9. Rigidly Deformed State of Notched Beam

Then , the energy E consumedin this portion is calculated as follows:

E=b\ e ( (o) -9-d(0=^\ e(ca)do)
w w \

Jo Jo

From Eqs. (13) and (15) ,

r [8
^ e(0))dao= P(S)d8-^-P(S)(8-8p)=E(w)

Jo Jo
[ W

(15)

e (0 dco= .w-
h n

E(w)

e (w) - - i - \E (w)+w
dE(w)~

_de(w)_ ! \^dE(w) . _d2E(w)
d w

- = - L 2 -
b a \ dw dwi

0(w

3.4 Consideration of Propagation of Ficti t ious Crack

(16)

In order to evaluate whether in fact the fictit ious crack propagates immediately after loading, the
following examination was conducted. Weassumedthe deformation of a beam with a notch
extending to one-half of the height, as shown in Figure 9. In this figure, the deformation at the
fictit ious crack takes precedence, and other portions are assumed to undergo rigid deformation.
Whenthe fictit ious crack propagates throughout the ligament portion, the following relationships
mustbe upheld betweenthe deflection in the specimen 8, the crack mouthopening w, the span /, and
the height h with deflection angle 0:



5=19/2

w=(h/2)29=H9

(17)

(18)

From Eqs. (17) and (18), the following relationship is obtained:

jL=_/_
w 2/i (19)

In the notched beam bending test recommended by RILEM, / = 80 cm and h = 10 cm; therefore, 8/vv
=4.0. As a result, if the relationship between 8 and w is linear and the ratio is 4.0, it is reasonable to
assume that the fictitious crack propagates throughout the ligament portion immediately after loading.
However, if this is not the case, a more appropriate assumption for the propagation of the fictitious
crack is required.

4. TEST PROCEDURE

4.1 Purpose of Test

In order to obtain information on the release of elastic energy and the propagation of the fictitious
crack, we decided to conduct a notched beam bending test according to the RILEM recommendation.
To determine the unloading-reloading path in the softening region, we carried out repeated loading in
the softening region. Further, five rc-type displacement gages were fitted in the ligament portion to
measure the strain in that portion and clarify the propagation of the fictitious crack.

4.2 Materials Used

Ordinary Portland cement (specific gravity of 3.15) was used. Fly ash (of specific gravity 2.27,
corresponding to ASTM C-type) and silica fume (specific gravity = 2.20) were mixed with the
cement. River sand (specific gravity = 2.60, FM = 2.85, water absorption ratio = 1.17%) was used
as the fine aggregate, and crushed limestone (specific gravity = 2.66, water absorption ratio = 0.72%)
was used as the coarse aggregate (max. diameter = 16 mm); a naphthalene-type super plasticizer was
used.

In the test program, three types of concrete were produced as shown in Table 1. The slump flow of
the self-compacting concrete averaged 61 cm, while the slump values for the high-strength and
ordinary-strength concretes were 1.5 cmand 7.5 cm, respectively.

Table 1. Mixing Proportion of Concrete

T y p e o f

C o n c re te
W /B

% )*

s/a

(% )

U n it W e ig h t (k g /m j)

w c F .A . S .F . s G
S .P .
(% )"

A ir

(% )
S e lf-

C o m p a c tin
24 5 8 15 9 5 3 13 3 8 96 6 64 2 .2 2 .0

H ig h -

S tre n g th
2 2 4 2 116 4 8 3 7 76 8 1 0 84 2 .4 1 .0

N o rm a l-

S tre n g th 60 4 5 190 3 1
S IIB

8 19 10 2 1 .0

* W/B is the ratio by weight of water and combining materials,
such as cement + fly ash or cement + silica fume.

** Amount of S.P. is the ratio by weight to combining materials.



hook for withdrawing
steel plate

steel plate (t = 5 mm)

Figure 10. Steel Mold for Notched Beam

n-type djsplacement

notched portion

cross 'section of
notched beam (unit: mm)

Figure 1 1. Allocation of ic-Type Displacement
Gages

,. . Load (P) jt-type

P placement 1 displacementsase 4^, / gase

10cm

Figure 12. Loading and Measurement Conditions of Notched Beam

4.3 Specimen

The notched beams used in the experiment had a 10 cm x 10 cm cross section and 84-cm long.
Twelve such specimens wereprepared for each type of concrete to permit testing of three specimens
at 1 day, 3 days, 7 days and 28 days. As shown inFigure 10, a 5-mmthick steel plate was inserted
into the specimen before casting; the plate was withdrawn before hardening to form the notch.

After casting, the concrete was maintained in a wet condition to prevent drying, and except for
specimens to be tested at 1 day, all specimens were cured in water immediately after removal from the
molds. In addition to notched beam specimens, cylindrical specimens (4> 10 x 20 cm) were prepared
as control specimens for strength. A total of 24 cylindrical specimens were prepared for each type of
concrete: three for compression tests and three for splitting tests at each age.

For the experiment, the surface of the notched beam was smoothed using sand paper as bases for re-
type displacement gages (distance between marks = 100 mm,width = 12 mm). These gages were
bonded to the specimen using these bases (Figure ll). For the purpose of obtaining as much
measurement data as possible toward clarifying the state of fictitious crack propagation, five re-type
displacement gages (three on one side, two on the other side) were placed on the 5-cm high ligament
portion. The five re-type displacement gages were set 1 1 mm apart, as shown in Figure 1 1.

4.4 Loading and Measurement Methods

Figure 12 shows the conditions under which the notched beams were loaded and measured. In order
to prevent transverse restriction at the support, a teflon sheet was placed over and below a roller, and
silicon grease was spread on the surface of the teflon sheet. A displacement-control test machine was
used for loading. Displacements were measured at the supports and the center of the span and the
horizontal displacement at ligament portions was measured using the five re-type displacement gages.
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0.02 0.04 0.06 0.08 0. 1

Deflection 5 (cm)
Deflection (8)

Figure 13. Example of Measured Load and
Deflection for Repeated Load

(self-compacting concrete at 28 days)

Figure 14. Meaning of"Energy" in Eq. (7)

In order to clarify the amount of elastic energy released, it was necessary to carry out unloading and
reloading in the softening region, so repeated loading was carried out in the softening region. An
example of the results, for self-compacting concrete at 28 days, is shown in Figure 13.

5. NEW METHOD OF DETERMINING TENSION SOFTENING CURVE

5. 1 Deduction of Elastic Energy

As shown in Figure 14, the area below the load-deflection curve obtained by Eq. (7) is the potential
energy, most of which is consumed in the fictitious crack portion; however, some is elastic energy
released by unloading. In consideration of the balance of energy, Eq. (13) rather than Eq. (7) should
therefore be used to calculate the energy consumed.

In order to determine 8p in Eq. (13), the three
types of concrete shown in Table 1 were used to
conduct unloading and reloading tests in the
softening region. The maximumdeflection (=
ultimate deflection) on the load-deflection curve
is Smax> tne deflection when unloading starts is
8, and the residual deflection in the fully
unloaded condition is 8p; 8 and 8p are normalized
by 8max for all test data, and the relationships
between 8p/8max and 8/8max are plotted in Figure
15.

All test data in Figure 15 are processed in the
samemannerregardless of type, age, strength,
or fracture energy of concrete. If the
relationship between 8p/8max and 8/8max is
formulated, the portion of elastic energy released
can be evaluated quantitatively. In this study, it
was decided to indicate 8p/8max simply as an
exponent of 8/8max, and the exponent is
determined using the method of least squares,

Sp / 5max
1.0

0.9

0.8

0.7

0.6

0.5
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Figure 15. Relationship between 8p/8max and
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Figure 16. Relationship between 5/w and 8/8max
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Figure 17. Propagation of Fictitious Crack
(self-compacting concrete at 28 days)

shown in Figure 15 as a solid curve. This relationship is represented by Eq. (20).
\1.38

O max
: |_<L_

\ Omax (20)

Equation (20) is a simple approximation for all test data using an exponential function, and its
accuracy maybe open to question. Another function might have improved accuracy, but the aim of
Eq. (20) is to formulate all test data and it can be considered sufficient as a first approximation. Once
8p is determined by Eq. (20), the portion of elastic energy released can be evaluated in accordance
with Eq. (13).

5.2 Relationship between Deflection of Notched Beamand Crack Mouth Opening

In order to confirm the appropriateness of the assumption that the fictitious crack propagates
throughout the ligament portion from the initial stage after loading, the ratio of deflection of the
notched beamto crack mouth opening 8/w was plotted against 5/6max for the three types of concrete
shown in Table 1; the result is shown in Figure 16. According to the consideration in 3.4. if8/w =
4.0, this assumption of fictitious crack propagation is appropriate.

As indicated in Figure 16, 8/w gradually approaches 4.0 as 8/8max increases. Although in the initial
stage after loading, when 8/8max is small, 8/w fluctuates considerably, the value is mostly greater than
4.0, and it is recognized that the crack mouth opening is small in comparison to deflection.
Therefore, the assumption that the fictitious crack propagates throughout the ligament portion
immediately after loading is not appropriate. It cannot be considered appropriate to say that
deformation of the notched beam resembles rigid deformation in the initial stage after loading when
the deflection is small, and this is judged to be one of the factors leading to reduced accuracy of the
tension softening curve.

5.3 Propagation of Fictitious Crack

The outputs from the five 7i-type displacement gages are assumed to be the fictitious crack widths,
and their distribution is plotted in Figure 17. This example is for self-compacting concrete at 28 days.
The interval between marks on the rc-type displacement gages is 100 mm,and strictly speaking, the
data collected from the n-type displacement gages includes the fictitious crack width, which is the
accumulated value of minute deformations at micro cracks, as well as the elastic deformation in this
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Figure 19. Proposed Method of Determining
Tension Softening Curve

portion. However, the elastic stress generated here is at greatest equivalent to the tensile strength of
the concrete; the resultant deformation works out to be below about 0.001 cm, which is judged
negligible in comparison with the fictitious crack width. Thus, wecan assume that the measured data
corresponds to the fictitious crack width.

As shown in Figure 17, a clear compression zone is recognized at the upper edge of the beam at the
initial stage of loading when 6/8max is 0.2 or 0.4, and it is confirmed that no fictitious crack reaches
this zone. However, the compression zone narrows as deflection increases, and when 6/5max
becomes 0.8, it is confirmed that the measured deformation becomes completely tensile, and the
fictitious crack propagates through the upper area of the ligament portion.

If the state of fictitious crack propagation were to be indicated as a function of, for example, relative
deflection 5/5max or relative crack mouth opening w/wmax,it would become possible to quantitatively
deal with fictitious crack propagation. In Figure 18, the relative position of fictitious crack
propagation a/a0, obtained by dividing the end point a of the fictitious crack (the point at which the
fictitious crack width is zero) as shown in Figure 17, by the depth a0 of the ligament portion, is
plotted against w/wmax.

As shown in Figure 18, while the crack mouth opening is small at the initial stage of loading, the
fictitious crack stops at between 50% and 80% of the ligament depth. On the other hand, as loading
progresses, the end of the fictitious crack propagates to the upper edge of the beam, and when
w/wmaxbecomes about 50%, ala0 rises to 90% or more.

The solid curve in Figure 18, is derived from plotted data and calculated using Eqs. (21) and (22).

0.05 <w/Wnt0< 1.0 -3-=1.0+0.125In(-&-]

°° Wmail

0<wlwmax<0.05 -0-=12.51-BL_
Oo

5.4 Method of Determining Tension Softening Curve

(21)

(22)

Aproposed newmethod of determining the tension softening curve is described in Figure 19. The
dark colored portion of the figure indicates the difference between the modified J-mtegral method and

-13-



Softening Stress (kgf/cm2)
40r

Softening Stress (kgf/cm2)
401 ; ; à"

(a) Tension sofetning curve
by new J-integral based
method

(b) Tension softening curve
by modified J-integral
based method

0 0.005 0.01 0.015 0.02 0.025 0.03 vv(cm)

Softening Stress (kgf/cm2)
40| j ! ! i i 1

0.005 0.01 0.015 0.02 0.025 0.03 w(cm)

Softening Stress (kgf/cm2)
40r

(c) Tension softening curve
by inverse analysis
method

(d) Tension softening curve
by the proposed method

0 0.005 0.01 0.015 0.02 0.025 0.03w(cm) 0 0.005 0.01 0.015 0.02 0.025 0.03w(cm)

Figure 20. Tension Softening Curves for Self-Compacting Concrete (Age = 1 Day)

this new method. Based on Eq. (20), the release
of elastic energy is taken into account, and from Table 2. Properties of Concrete
Eqs. (21) and (22), the propagation of fictitious
crack in the ligament portion is evaluated. These
two points are the newly introduced steps in the
proposed method of determining the tension
softening curve.

6. COMPARISON OF TENSION
SOFTENING CURVES

6. 1 Material Properties of Concrete

The compressive strength, tensile strength, and
fracture energy of the three types of concrete
used in this study are shown in Table 2.

a g e 1  d a y 3  d a y s 7  d a y s 2 8  d a y s

t y p e  o f

c o n c r e te
f c f t G F fc f t G F f c / / G F f c / / G F

s e lf -

c o m -
p a c tm g

3 5 3 3 4 0 .  1 0 0 4 7 8 4 5 0 .1 3 6 5 3 8 4 9 0 .  1 4 6 7 2 1 5 8 0 .1 5

h ig h -s tre n g th 5 9 7 5 2 0 .1 1 4 7 4 4 5 0 .  1 4 2 8 4 0 5 8 0 .  1 4 9 9 6 5 9 0 .1 5

n o r m a l-

s tre n g t h
1 3 4 1 6 0 .0 9 2 2 5 5 2 0 .0 9 3 2 9 1 3 3 0 . 1 0 1 3 6 3 8 0 .1 0

*/c' : kgf/cm2, /, : kgf/cm2, GF : kgf/cm

6.2 Various Evaluation Methods and Tension Softening Curves

In order to confirm the appropriateness of the proposed method, the tension softening curves obtained
by various methods are compared. The methods chosen for comparison with our proposed method
are the new J-integral method, the modified J-integral method, and the inverse analysis method.
Based on the results of this comparison, characteristics, the advantages and disadvantages of the
various methods are compared. The estimated value of initial softening stress by all methods does not
exactly coincide with the tensile strength of concrete obtained through the splitting test. Therefore,
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Figure 21. Tension Softening Curves for High-Strength Concrete (Age = 3 Days)
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Figure 22. Tension Softening Curves for Normal-Strength Concrete(Age = 1 Day)
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the initial softening stress is replaced with the tensile strength of the concrete on the tension softening
curve.

Figures 20 to 22 show tension softening curves for self-compacting concrete, high-strength concrete,
and normal-strength concrete. In each figure, the tension softening curves estimated by the new J-
integral method, the modified J-integral method, the inverse analysis method, and the proposed
method are shown; the broken lines represent the 1/4 tension softening model proposed by Rokugo,
et al. [7]. For the inverse analysis method, the analysis program [8] proposed by the size effect sub-
committee of the concrete committee at JSCE was utilized.

From Figures 20 to 22, the following observations can be noted:

a) The tail portion of the tension softening curve estimated by the new J-integral method is shorter and
ends at an earlier stage than curves estimated using other methods. This may be because it is assumed
that the ligament portion of the notched beam is subjected to conditions equivalent to uniform tensile
force, and the fictitious crack width is one-half of the crack mouth opening.

b) Since the 1/4 model is known for its good conformity with test data, this is considered to be a
typical tension softening curve. Tension softening curves obtained from the new J-integral method
resemble those of the 1/4 model for each type of concrete. However, there is some oscillation in the
curves Therefore, results obtained from the new J-integral method should be used for only rough
estimations.

c) Compared with the new J-integral method, tension softening curves obtained from the modified J-
integral method were considerably smoother for each type of concrete. Further, a long tail portion,
where stress gradually decreases as the fictitious crack width increases, can also be estimated.
Therefore, as a method of estimating the tension softening curve, this method seems fairly
satisfactory. However, since a close examination of, for instance, a portion of the flat inclination of
the tension softening curve (corresponding to the second inclined portion of the 1/4 model), indicates
somedifference between this method and the 1/4 model, there is some roomfor improvement.

d) For the inverse analysis method, as described above, the analysis program proposed by the size
effect sub-committee of the Concrete Committee at JSCE was used. Further, in this method, the
tolerance was fixed at about 0.01. The results obtained by the inverse analysis method were
unexpectedly different from those of the 1/4 model. In the inverse analysis method, actual
determination of the steep portion of the tension softening curve (corresponding to the first inclined
portion of the 1/4 model) should be made at the stage before the fictitious crack propagates
significantly. Therefore, the earlier portion of the tension softening curve seems sensitive to the
effects of experimental error and tolerance. It seems that the difference in tension softening curves
between the 1/4 model and the inverse analysis method is affected by this factor.

e) The tension softening curve obtained from the proposed method, in which the modified J-integral
method is further modified in the two areas described, is slightly lacking in smoothness when
compared to that obtained by the modified J-integral method, but the deviation in the flat portion when
compared with the 1/4 model is considerably improved. In addition, the long tail portion of the
tension softening curve can also be estimated. With the proposed method, it may be possible to
estimate a tension softening curve resembling that of the 1/4 model regardless of the type of concrete.

6.3 Main Factors Affecting the Proposed Method

In the proposed method, the modified J-integral method is further improved by (1) deducting the
released portion of elastic energy, and (2) evaluating the fictitious crack propagation. An examination
wascarried out to determine which of the above two modifications has a greater effect on the results
obtained using the proposed method.

Figure 23 shows results of estimating the tension softening curves for self-compacting concrete by (a)
the modified J-integral method, (b) the modified J-integral method and release of elastic energy, (c)
the modified J-integral method and fictitious crack propagation, and (d) the proposed method.
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Figure 23. Main Factors Affecting the Proposed Method (Self-Compacting Concrete at 1 Day)

In the case of (b), in which the release of elastic energy is taken into account, the tension softening
curve obtained moreclosely resembles the 1/4 model, in comparison with (a), so consideration of the
release of elastic energy contributes to improved accuracy of the tension softening curve.

In the case of (c), where fictitious crack propagation is considered, the tension softening curve also
resembles the 1/4 model more closely than in (a), where only the modified J-integral method is
adopted. Further, in both the steep portion immediately after softening and the flat portion that
follows, case (c) more closely resembles the 1/4 model than case (b). This suggests that appropriate
evaluation of fictitious crack propagation is more important than the release of elastic energy.

As Figure 23(d) shows, the proposed method, in which both of these two corrections are taken into
consideration, the deviation from the 1/4 model is small in comparison to the modified J-integral
method, and the estimated long tail portion qualitatively coincides with the softening behavior of
actual concrete. However, judging from the results shown in Figure 23(b) and (c), it seems more
important to model the fictitious crack propagation than the release of elastic energy.

7. CONCLUSIONS

In this paper, an experimental method of determining the tension softening curve of concrete based on
the energy balance concept and using a J-integral method is studied. The conventional modified J-
integral method was further modified by estimating the release of elastic energy and fictitious crack
propagation in the ligament portion of a beam. The elastic energy was taken into account by
implementing repeated unloading and reloading tests in the softening region, and the residual
deflection was quantitatively evaluated at maximumdeflection and at unloading. Further, fictitious
crack propagation was quantitatively evaluated based on measured data obtained using rc-type
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displacement gages fitted to the ligament portion. The following conclusions were reached through
thisstudy:

1) The tension softening curve obtained with the proposed method, in which two shortcomings of the
modified J-integral method were further modified, is somewhat lacking in smoothness when
compared to that obtained with the modified J-integral method, but is superior to that obtained with
the modified J-integral method in its conformity to the 1/4 model, which is considered the standard
tension softening curve of concrete.

2) The tension softening curve obtained using the inverse analysis method was, surprisingly, quite
different from that of the 1/4 model; however, the first half of the steep portion of the tension
softening curve should be determined before the fictitious crack has propagated very much. It
therefore seems that this method would be sensitive to experimental errors and other factors.

3) Of the two modifications adopted for the proposed method, the evaluation of fictitious crack
propagation was recognized as being more important than the release of elastic energy.
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