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An equation that expresses the flow behavior of high~flow concrete in the slump flow test is derived
from basic equations of fluids and, at the same time, a theoretical equation expressing the
relationship between slump flow and yield value is developed from this equation describing flow
behavior. The validity of the derived theoretical equation is verified by conducting slump flow
tests and sphere drag tests.
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I. INTRODtJCTION

To accomplishlabor saving and rationalizationin the executionof concretework, high-flow
concreteswith excellentfluidity,such as self-placingconcrete[1], havebeendevelopedandput
intopracticaluse. Slumpflow is widelyused in the laboratoryandin the field as an indexof the
fluidityof suchhigh-flowconcretes.

Studieson the rheologyof freshconcretehavebeencarried out sincebeforethe developmentof
high-flowconcrete. Measurementsof the rheologicalcoefficientsusingrotationalviscometers,
spheredrag viscometers,etc.havedemonstratedthat the rheologicalpropertiesof freshconcrete
implythe flowbehaviorof Binghamplastics[2], [3]. Attemptshavebeenmadeto express the
slumpof concreteby associatingit with the Theologicalcoefficients(yield value,plasticviscosity)
throughtheoreticalanalysisandnumericalanalysis[4], [5], [6]. However,therehavebeenfew
studiesin whichthe relationshipbetweenslumpflow andrheologicalcoefficientsforhigh-flow
concretehas been investigated[7], [8].

If slumpflow couldbe theoreticallyexpressedas a function of rheologicalcoefficients,it would
becomepossibleto clarifythe rheologicalsigmificanceof slumpflow,which is usedas an indexof
the fluidityof high-flowconcrete.

In this study,the relationshipbetweenslumpflow and the yieldvalueof high-flowconcreteis
theoreticallydiscussed. At the sametime, the validityand usefulnessof thetheoreticalequation
obtainedas a resultof this discussionare demonstratedby conductinga seriesof slumpflowtests
and spheredrag tests.

2 . THEORETICAL DISCUSSION

Anequationthatexpressestheflowbehaviorofhigh-flowconcretein theslumpflowtestusinga
slump cone on a flow table is derived from basic fluid equations. Further, a theoretical equation
thatexpressestherelationshipbetweenslumpflowandyieldvalueisderivedfromthisequationof
flow behavior.

igBASis_b

The motionof a fluidis generallyexpressedby combiningan equationof continuityandan
equationof motion. Inthe caseof an incompressiblefluid, the equationof continuityandthe
equationof motion(r component)are expressedincylindricalcoordinates(r, 0 ,z) as follows.

Equationofcontinuity: f=(rvr).f%.%-o
Equationof motion(r component):

%.vr%.y%.vz%-i--:=._i(f=(-rr).i
aJr6r _h+

aTz,

aO r az )

(1)

+g, (2)

Here, v,, vo, vz are the componentsof the velocity vector, Tl] is the stress tensor, p is density,
p is pressure, g, (=0) is the r directioncomponentof gravitationalacceleration,and i is time.
As amatter of interest,the left side of Eq. (2) gives an inertia term, while the first termof its right
side is a pressure term and the seconda viscosityterm.
Therefore,the flowat any one point in a concrete specimen is governedbyEqs. (1) and (2)
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throughouttheperiodfromconeremovaluntilthespecimenbecomesstationary.

b

The equation of continuity (1) is integratedfrom the base of the specimenup to the free surface
during flow,h:

loh%(-r)dz.I.h%dz.I.hr %dz -0 (3)

Equation(4) canbe obtainedusingEq. (3)by applyingLeibnitzTsrule [9]on the assumptionthat
the base is horizontal.

=rlohvrdz--rs =.%I.hvodz -vos =.-zs --zb -0 (4)

Here, the subscriptss and b affixedto the componentsof the velocityvectordenote the free surface
and the base, respectively,of the specimen.
If the average velocityof the componentin the r direction and the 0 directionfrom the freesurface
to the base is u, and uo, respectively,then the followingequationshold:

ur- flohvrdz

uo - fI.hvodz
Also, from the freesurfacecondition,the followingequationholds:

vzs-i;.vr5 =.T%
ah

Rearranging Eq. (4) using Eqs. (5), (6), and (7), we obtain

r%.i(rurh).i(uoh)--zb -0

(5)

(6)

(7)

(8)

Becausetheflow(spread)ofconcreteis of interestin theslumpflowtest,theflowin questionis
axisymmetric. Theflowspreadsradiallyfrom the origin, andno outflownor inflow of concrete
from the base (flowtable)occurs. Therefore,the followingequationshold:

i -o (9)
aO

vzb-0 (10)

Consequently,theequationofcontinuityintegratedfromthebase to theheightof the free surface
of a specimen during flow, is as follows.

%.f%(rurh)-0 (ll)

i3i&
a) Inertia Term
Rearrangingthe inertiatermof theequationof motion(2)usingtheequationof continuity(1),we
obtain Eq. (12).

Inertiaterm= %.:i(rvr2).f%(vrvo ).i(vrvz )

2

vo (12)
r

The inertia term,Eq. (12), is integratedfrom the base to the free surface of the specimen during

-31 -



flow.

hinertiaterm)dz-i(i.f=(rvr2).fS'vrvo'.='vrvz'-i)& (13,
As with the equationof continuity,Eq. (14) is obtainedby applyingLeibnitz'srule andusingEqs.
(5), (7), (9), and (10).

hinertia ter- )dz- i (urh). f=rI.hv,2dz
If we substitute Eq. (15), in whichthe momentum correction coefficient P is introduced,

fI.hv,2dz - Pu,2
then Eq. (14) canbe rewritten asEq. (16):

J:(inertiater-)dz-i(urh). f=(rp ur2h)

b)Pressure Term
Next,thepressuretermis integratedintheheightdirection.

I.hbressure term)dz- - :I.h&z
By Leibnitz's rule,

J:bressureterm)dz- - f=I.hpd- Lps=

(14)

(15)

(16)

(17)

(18)

If the pressure,p, at heightz fromthe base is assumedto have a staticpressuredistribution,then
p - pg(h -I) (19)

Here,g is gravitationalacceleration.
Also, on the surfaceof specimen,

ps -o (20)
Therefore,the pressuretermof the equation,when integratedfrom the base to the heightof the free
surface of the specimenduringflow, becomesEq. (21):

Lbressureterm)dz- - gh=

c) ViscosityTerm
Similarly,theviscositytermis integratedin theheightdirection.

lob(viscosityterm)dz- floh( + -
aT,, . 1aT& . aTz,

+
ar r aO az

_A+h
r r )dz

Carrying out calculationsusing Leibnitzrsrule, we obtain:

lob(viscosity term)dz-:=I.hTrrdz - :Trrs =.=SI.hTordz - =Tors i6
ah

¥A - % - =J.hToodz. =J.hTrrdzP

(21)

(22)

(23)

Since thereis no stressactingon the surface(that is, the stressvector actingon the surfaceis
assumedto be 0), the followingequationis obtained:

ah 1
¥zr, -Trr3 37-TTors A-0

Also, the followingequation is obtained from Eq. (9):
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=%I.hTordz -0
(25)

Furthermore,if the r componentof the stressvector actingon the base is Tb,, thenbecause thebase
is horizontal,the followingequationholds..

Tb, - Tz,b (26)

Therefore,

lob(viscosityterm)dz-i%I.hT-dz -=JiT88d-=I.hT-dz -% (27)
The normal stresses I,, and Tooare expressedby Eq. (28) and Eq. (29), respectively, in the case of
an incompressible fluid.

¥- -2n%

Too-2n(f%.f)
Where 77is viscosity.
In the case of Bingham plastics, viscosity 77is expressed by Eq. (30).

r-pL.ik
Here, 77pLis plastic viscosity and I2 is the secondary invariant of the strain rate tensor.
Substituting Eqs. (28) and (29) into Eq. (27), we obtain

Ioh(viscosityterm)dz-;=I.h2n%dz - tj:2nvrdz. =I.h2n%dz TbT

P

(28)

(29)

(30)

(31)

d) Equation of Motion Integrated in Height Direction
Accordingly,the full equationof motionintegratedfrom the base to the heightof the free surfaceof
the specimenduringflowcan be expressedby Eq.(32).

i(urh).f=(r&r2h)-- gh=.:=Joh2n%dz -fJ:2nvrdz. =I.h2n%dz-% '32'

L4iiEg2P9&aL9fW

Notingthatthe concreteentersa stationaryafterflow,weobtain
u, -o (33)

v,5 - 0 (34)

Sinceit can be consideredthat the shearstressat thebottomof the specimenwhenat rest is equal to
the yieldvalueof the freshconcreteTy, the followingequationholds:

¥b, -T, (35)

Therefore,the inertia termandpart of the viscosityterm of equationof motion(32) integratedin
the heightdirectionbecome0, andEq. (36)holds in a conditionin whichthe concretehas come to
rest in the slump flowtest:

-gh= -i-0
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Equation(36) is then integrated,andthe following
boundaryconditionis given:

r=L ; h=0 (37)
WhereL is the distancefromthe centerto the edges
of the specimen.
Then, a theoreticalequation(38) is derivedwhich
expressestheheightdistributionof thespecimenonce
theconcretehascometo restafterflowin theslump
flowtest.

ho

i -(L-r)3

Fig.1 Heightdistributionof specimen
derivedfromtheoreticalequation(38)

% - (L-r)i (38)Pg
Equation(38)demonstratesthattheheightdistributionof a specimenafter theslumpflowtest
describes a parabola (Fig.-1).

If the height of the centerof specimen(r = 0) is ho,then Eq. (39) can be derived, and the yieldvalue
of the fresh concrete Ty is given byL andho.

Ty=
pgho2

2L

Thevolume of specimen,V,can be givenby Eq. (40)using Eqs. (38) and (39).

v -I.hxr2dh -9@15

(39)

(40)

From Eqs. (39) and (40), therefore, the yieldvalue of the fresh concrete I, is expressed by Eq. (41)

as a function of slump flow, Sf(= 2L).

152pgv2
Ty=

3. EXPERIMENTAL CONI)ITIONS

43r2sf 5
(41)

LgB94iQ9j#B@

In order to evaluatethesuitabilityof equation(41),whichtheoreticallyexpressesthe relationship
betweenslumpflow andtheyieldvalueof freshconcrete,simultaneousmeasurementsof slump
flow andrheologicalcoefficientsweremade.

A spheredragviscometer[10] suitableforthemeasurementof relativelysoftspecimenswas used
to measurethe rheologicalcoefficients.The experimentwasconductedusing mortarinwhichthe
onlyaggregateusedwas a fine one; thisminimizedthe sizeof the apparatusrequired,sincethe
diameterof the spheremustbe notless than3 timesthemaximumaggregatesizeandthe diameter
of the containernot less than5 timesthediameterof thesphere[11].

L2LMAbdAbW

A list of the materialsused is given in Table I. The binder is a mixture of ordinary Portlant cement
(OPC) and ground granulatedblast-furnaceslag (BFS) at a weight ratio of 3 to 7 [12]. The fhe
aggregate is a mixtureof Soma sand (silicasand) No. 3, No. 4, and No. 6, in equal quantities. The
fine aggregate-binderratio (Sm) was fixed at 1.50 in considerationof typical mix proportions for
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Table 1 Materialsused

Table 2 Listof mixproportions

various kinds of high-flow concrete[13].

Three mix proportions were tested, with water-binder ratios (WB) of 35% and 40%, and a WB of
35% plus a viscous agent added in an amount correspondingto 0.25% of water volume. In each of
these mixtures, fluidity was adjustedby changing the amount of super plasticizer (SP). Table 2
showsthe mix proportionsof thesemixtures. A 800
dual-spindlemixer was usedto mix the mortar
(volume: 50 l: speed: 62 rpm). After dry-mixing
the binding materials and fine aggregate for 15
minutes, the water and super plasticizerwere
added and mixed for 2 minutes.

Figure 2 shows changes in slump flow with time
when the amount of added SP is 10.06 kg/m3
(w/B = 35%), 7.44 kg/m3 (w/B = 40%), and
ll.61 kg/m3(withviscous agent). It is apparent
from this figure that with eachmixproportionthe
slump flowbegins to stabilize15minutesafter the
completionof mixing, and then scarcelychanges
over the following30minutes.

,•`
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5, 700
a
0

G

ED.600
3

U3

400

-35-

- t]-

-+ Wm=35%
+ Wm=40%
- -D - - Withviscousagent

0 15 30 45 60 75 90

Timeelapsed (minute)

Fig. 2 Changesin slump flow with time
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a) Test Method
Slumpflowtestswereconductedin accordancewithJSCE-F503usinga slumpconeas specifiedin
JISA 1101anda steel-plateflowtablemeasuring1,000mmin on a side. Sampleswerenot
tampedwith a tampingrod whenfillingthecone,becausethetestcoversthehigh-flowregion,in
whichthe coneis filledunderthedeadweightof thesampleonly. Dripsof mortarfallingafter the
conewas removedwerecollectedin a dishinorderto preventthismortardroppingontothe
specimen.Slumpflowwas measuredto thenearest1mm. The heightdistribution(r, h) of each
specimenwasmeasuredat a 20-mmpitchalongthe samelineusedto measureslumpflow.
Furthermore,thevolumeof the specimenwas determinedby measuringitsweight. Fromthe
resultsof thepriormeasurementof changesin slumpflowwithtime(Fig.2), it was decidedto start
the test15minutesaftercompletingmixing,whenslumpflowbeginsto stabilize.

b) Method of Data Analysis
The yieldvalue T,F Wasfoundby substitutingtheslumpflowandspecimenvolumeinto

theoreticalequation(41). Fromthe measuredvaluesof heightdistribution(r, h) of eachspecimen,
theyieldvalue TyRWasObtainedby carryingout a regressionanalysisusingL and TyaSfitting
parameterson thebasisof theresultexpressedby thetheoreticalanalysisof Eq. (38);thatis, that
theheightdistributionof a specimenis givenby aparabola.

(4)Sphere Drag Test

a) Test Method
The arrangementof the spheredragviscometerused tomeasurethe rheologicalcoefficientsof the
mortarsampleis shownin Fig.3. The diameterD of the steelsphere(JIS B 1501)is 19.05mmand
the diameterof the containeris 284mm. The samplemortarwas placedto a heightof 250mm
fromthe bottomof the container. The test began 15minutesafterthe completionof mixing,as in
the slumpflow test, andwas competedwithin20 minutes. Thespherewaspulled up froma point
50 mm abovethe bottomof the container,andthe pull-upspeedwas constantthroughouteach
measurement.The displacementy(t) of the spherewas measuredusingan ultrasonicdisplacement
sensor,the dragforceF(t) generatedas the
spherewas pulledwas measuredusing a load
cell,andall measurementswere fed intothe
personalcomputer. The measurementinterval
waschosenin considerationof the spherepull-
up speedsuchthatmeasurementswouldbe
obtainedbythe computerforeach 1 mmof
spheretravel. Motorspeedwas adjustedin
advancesuchthat the spherepull-upspeed
became 5, 10, 15, 20, 25, and 30 mm/s. The

measurementof each samplebeganat 5 mm/s,
andmeasurementsup to30 mm/swere
implementedby raisingthespeedby 5 mm/s

Uttrosonicdfsptocementsensor

dT?srpg?icoeientse

LoodceL

E
E

O
Ln

eachtime. Thenmeasurementswere repeatedby cu
reducingthe speed in 5 mm/s increments. This
meansthat a total of 12 measurementswere
carriedout for eachsamplewithin 20minutes.
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Therelationshipbetween
drag force F and sphere
pull-upspeedv was
obtainedfromthemean
valueof themeasured
results(N:about50)
between50 and 100mm.

b) Methodof Data
Analysis

Ansley et al. [14] derived
anequationthatexpresses
therelationshipbetween
thedragforceF actingon a
spheremovingat a constant

,•` 35
U)

!30•`

:25
4>
q)

a. 20
A
3

i 15
j
EL

a 10
O

A

a. 5

0

TY= 23.7Pa
77Pl = 8.56Pa.s
R= 0.950

A

A

u

I

up curve, cD<103

up curve, cD>103

down curve, CD<1d

down curve, CD>103
Regression line

0 0 .05 0.1

Dragforce F (N)
0 .15

Fig. 4 Exampleof spheredrag test result
speed in a Binghamplastic,
the yield value Ty, and the plastic viscosity 77pl.At the sametime, it was ascertained from the
results of a falling ball test that Eq. (42) holds when the dragcoefficient CD,given by Eq. (43), is in
the range 100to 103.

F --2(npl=.=T,)

CD-
8F

FW27d) 2

(42)

(43)

In the presentexperiment, the drag coefficient CDis in the range 102to 105, and measuredvalues
obtainedwhen CDexceeds 103are also included in the results. As shownin Fig. 4, however, it was
ascertainedthat even if the drag coefficientCD,exceeds 103,a proportionalrelation is maintained
between drag forceF and spherepull-up speedv. Therefore, it was decided to determinethe yield
value TyDand plasticviscosity rlpLDfrom all measuredvalues ofF and v for each sample by linear
regressionusing the methodof least squareson the basis of Eq. (42).

4iBiSfgW

Table 3 showsthe results of the slump flowtests andspheredrag tests,alongwith thoseof the
regressionanalysisof heightdistribution.
The validityandeffectivenessof the theoreticalequationare examinedon the basisof these
experimentalresults.i&
An exampleofa regressioncurveofheightdistributionasobtainedfroma slumpflowtestis shown
in Fig. 5. In this sample ofW/B = 40%-No.1 whose slump flow is 425 mm, there are portions
betweenthe centerof the specimen(r = 0) anda radiusof 100mm wherethe measuredvalueof
heightis not in agreementwith the regressioncurve. In specimenswith a slumpflowof not less
than450 mm,however,the measuredvaluesof heightare in goodagreementwith the regression
Curves.

Fromthe relationshipbetweenslumpflowandcorrelationcoefficientshownin Fig. 6, it is apparent
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Table 3 Overviewof experimentalresults

Measuredvalueof height
Regressioncurve
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70

i 5ZS
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0

WB=40%-1
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I-
O
t•`
•`
O

U
0 100 200 300 400

01 00 200 300 400

r (mm)
WB=35%-5

0 100 200 300 400
r (mm)

Fig. 5 Regressioncurve of heightdistribution

1
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0.97

0.96

0.95

0.94

0.93

0.92

0.91

0.9

400 500 600 700 800 900 1000

Slumpnow(mm)
Fig. 6 Relationshipbetweenslumpflow and

correlationcoefficient

that if slumpflowis at least450 mm,the height
distributionof a specimencanbe approximated
with a considerablyhigh correlation(correlation
2 o.98) by a parabola. Furthermore,as shown
in Fig. 7, the measuredvalueof heightat the
centerof a specimen(ho)is in most casesin good
agreementwith the calculatedvalueat r = 0 (hoR),
as obtainedby substitutingL obtainedfrom the
regressionanalysisandthe yieldvalue TyR, into
Eq. (38). The exception is case WB = 40%-No.1.
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Y ield h op

(mm )

Y ield
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N o . Sf sp ec im en V T yF R T 7R T yD
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(mm )

( X 10 6

m m 3)

(p a ) (p a ) (p a)

W /B

= 3 5 %

1 4 5 8 5 1 .6 4 .7 75 13 9 .5 0 .9 79 4 5 4 13 2 .9 52 .8 13 2 .9

2 4 6 8 4 8 .5 4 .6 84 12 0 .5 0 .9 76 4 6 4 115 .9 4 9.9 10 7 .5

3 5 50 3 5 .3 4 .6 9 9 5 4 .1 0 .9 79 5 5 4 49 .5 35 .6 55 .5
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= 4 0 %
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As shown in Fig. 8, the slump flowagrees
wellwith 2L in all cases. Accordingly,it is
verified that the results of regressionanalysis
of the height distributionof specimensin the
slumpflow tests basedon Eq. (38)derived
from theoreticalanalysisare in goodagreement
with measured valueswhen the slumpflow is
at least450 mm.2&

Test

Figure 9 showsthe relationshipbetweenthe
yield value J{yFaSfound using the theoretical

equatioh(41) fromtheslumpflowandthe
specimen volume, and the yield value T,D
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found from the sphere drag test. This figure shows that TyDtakes somewhat higher values than

TyF does in the region where the yield value is up to 100 Pa, while TyF takes somewhathigher

values than T,D does in the region above 100 Pa. Thus, I,F is in agreement with T,D tOan

accuracygoodenoughforpracticaluseover the wide rangefrom 0 toabout250Pa.

Thisdemonstratesthat the yieldvaluecanbe obtainedwithconsiderablyhighaccuracyfromthe
slumpflow as obtainedfrom a slumpflowtest andthe volumeof the specimen.

3) Normalizationof Slump Flow
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Figure 10 shows the relationshipbetween slump flow and yieldvalues T,F and T,D aSfound

above. The yield value found from Eq. (41), TyF, is not only a function of slump flow, but also
dependson the volumeof the specimen. In these experiments,to preventmortarleftwithinthe
conefrom droppingonto the specimenafterpullingup the cone,a dish was usedto collectthe
drippings. For thisreason,the volumeof specimenhasa smallervolumethanthe slumpconeby
the amountof mortarleft in the cone,as shownin Table 3. Besides,the volumevaries a littlefrom
one slumpflow test to another. Therefore,in order to fhd therelationshipbetweenslumpflowand
yieldvaluefor a constantspecimenvolume(= the volumeof slumpcone),the slumpflowwas
normalizedusingEq.(44) obtainedby referenceto Eq. (41).

2

sfN-(%)5 xsf
(44)

HereSfNis the normalizedslumpflow (mm) and VNis the volumeof the slumpcone (1.757CX 106
mm3).

Therelationshipbetweennormalizedslump flow SfNand yieldvalue is shownin Fig. ll. By
normalizingthe slump flowin thisway, it is possible to moreclearly expressthe relationship
betweenslump flowandyieldvalue using theoreticalequation(41).

5!jigBRgg

ig_Pg2P95Ai9f*
An equationthatexpressesthe flowbehaviorof concretein the slumpflowtest (Eq.(32)) was
derivedfromcontinuityandmotionequations. Bynotingthatconcretereachesa stationarystate
afterflow fhishes, a theoreticalequationfor theheightdistributionof a specimenafter theslump
flowtest (Eq.(38))andanotherthatgivesthe relationshipbetweenslumpflowand yieldvalue(Eq.
(41))weredevelopedfromthederivedequation.

21VerirlCationby Ext)eriment
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Slumpflow testsandspheredrag testswere carriedout on mortar,andas aresult the following
pointswere verified:
a)Whenthe slumpflowis at least450mm, a regressionof the heightdistributionof a specimen

obtainedin the formof a parabolabasedon theoreticalequation(38) are ingoodagreementwith
the measuredvalues.

b)The yieldvalue,TyF, foundfromslumpflowusingtheoreticalequation(41) is in agreement

with the yieldvalue, I,D , foundfrom the spheredrag testwithan accuracywhichis highenough
for practicaluse.

Thisworkclarifiesthe rheologicalsignificanceof slumpflow,andit is apparentthat the yieldvalue
can be readilyobtainedfrom the slumpflow.

(3iEghW

Theoreticalequations(38)and (41)werederivedfroman equationthat expressesthe flowbehavior
of Binghamplastics,andtheapplicabilityof thesetheoreticalequationsto mortarwhichdoesnot
containcoarseaggregatewas demonstrated.Althoughit mightbe assumedthatconcrete
containingcoarseaggregatecan alsobe treatedwiththesetheoreticalequationsover the rangein
whichits flowbehaviormatchesthatof Binghamplastics,the authorsaimto carryout a
verificationof thisas a futuretask.

The authorsarealsoplanninga studyof theevaluationof plasticviscosityfromthe spreadingrate
of concretein theslumpflowtest withtheaidof the Equation(32),whichwas derivedin the
presentstudyandexpressesthe flowbehaviorof concrete.
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