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The difference between the normal-shear and volumetric-deviatoric-shear component formulations,
on which microplane models by Hasegawa and Prat are respectively based, is examined by numerical
analysis for a wide range of stress conditions. Then the Hasegawa model (Microplane Concrete Model)
is improved to expand its applicability and reformulated as the Enhanced Microplane Concrete Model
serving as a more general constitutive law. One of the major improvements is to take into account the
resolved lateral stress in normal compression response on a microplane as well as the resolved lateral
strain. Another major improvement is to adopt a model for the transition from brittle to ductile fracture
for the shear response on a microplane at increasing resolved normal compression stress. It is verified
that the Enhanced Microplane Concrete Model can predict well the experimentally obtained constitutive
relations for concrete reported in the literature, covering various stress conditions and cyclic loading.
Examination of the microplane responses in each analysis explains the load-carrying mechanisms in
concrete in terms of the responses on the microplanes. .
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1 . INTRODUCTION

Since the accuracy of finite element analysis for concrete structures depends on the constitutive model
(stress-strain relation) of the concrete, which describes cracking, damage, plasticity, etc. , various
constitutive laws dealing with the complicated nonlinearity of concrete have been developed. The
microplane model is one of such constitutive laws. It has a clear physical image at the microscopic
level, and is based on a characteristic hypothesis that the inelastic origin of concrete as a heterogeneous
material is microcracks which occur within the interface region (microplane) between the coarse
aggregate particle and the mortar matrix.

The model was first proposed by Bazant [ 1], and various types of the model have been developed by
he and his co-workers as shown in Fig.l. However, someof the models sacrifice the conceptional
clearness of the microplane to expanded applicability. Bazant and Gambarova [2] developed the
normalcomponent formulation in which an additional elastic body was incorporated with the microplane
system to adjust Poisson's ratio. Recent models by Bazant and Prat [3], Ozbolt and Bazant [4], and
Carol et al. [5] adopted a volumetric-deviatoric-shear component formulation to obtain an arbitrary
Poisson's ratio. It seems to go against the basic hypothesis of the microplane model to split microplane
responses into an overall macroscopic response and individual microplane responses. In view of the
previous microplane models losing conceptual clearness, Hasegawa and Bazant [6] developed the
Microplane Concrete Model based on a normal-shear component formulation in which no additional
elastic body or volumetric component of microplane is used to adjust Poisson's ratio.

In this study [7] the Microplane Concrete Model, based on the fundamental idea of the microplane, is
pursued with accuracy so that it can be used as a practical constitutive law. The prediction limitations
of this model as well as those of a previous model are clarified through various analyses. Then the
model is reformulated as the Enhanced Microplane Concrete Model to provide a model that is reasonably
sophisticated and moreaccurate while offering wider applicability. The model is verified by comparing
the analytical results with experimental data from the literature. The load-carrying mechanisms of
concrete are discussed through comparison between constitutive relations (macroscopic behavior)
obtained by the model and the responses on microplanes (microscopic behavior).

2. GENERALAPPLICABILITY OF MICROPLANE MODELSTO CONCRETE

Amongthe previous models shown in Fig.l, only the models based on a volumetric-deviatoric-shear
component formulation (Prat model, Ozbolt model, and Carol model) and the Hasegawa model
(Microplane Concrete Model) based on a normal-shear component formulation are applicable to general
multiaxial stress conditions. In this first part of the present study, the prediction accuracy of both
formulations for general multiaxial stress conditions are examined by comparing the calculated results
they yield.

Since the Hasegawa model and the Prat model are different not only in basic formulation but also in
their definitions of shear strain on microplane and the constitutive relations of the microplane
(microconstitutive relations), it is not appropriate to directly compare results obtained by the two
models. In this study attention is focused on the difference in the basic formulations of the models,
and the characteristics of these formulations are clarified. For that purpose, the Hasegawa model with
the normal-shear component formulation is compared with a modified model in which the basic
formulation is substituted by the volumetric-deviatoric-shear component formulation.

2.1 The Hasegawa Model (Normal-Shear Component Formulation)

In the Hasegawa model the incremental forms of the microconstitutive relations are written separately
for the normal component and the shear components in the K and Mdirections

normal component: daN = CNd£N- daN" (la)

j&T-shear component: d<JTK = CTKd£TK- daTK" (Ib)

M-shear component: daTM = CTMdeTM- d<jTM" (Ic)
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-normal-shearcomponent formulation
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à"volumetric-deviatoric-shear component formulation

Carolmodel
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-volumetric-deviatoric-shear component formulation

Prat model, Ozbolt model
'- normal-shear component formulation

Hasegawa model

Fig.l Various types of microplane model

in which daN, dffTK,and d<3TM= microplane stress increments; CN, CTK, and CTM= incremental
elastic stiffnesses for the microplane; and daN" , daTK", and dcrTM"= inelastic microplane stress
increments.

The incremental form of the macroscopic constitutive relation for the Hasegawa model is written as
(2).

<*°V = C^fer, ~<*0i (2a)
o /à" r i

£//« =^j [^"A^^ + 4(kinj +kjni)(krns +ksnr)CT

+-(minj + mjni)(mrns + msnr)CTM \f(n)dS (2b)

dai= 2^js[ninJd(jN"+ 2 (kiHJ + kini)daá"" +^(mini + mini)d(JTM J/WS (2c)
in which Cyn = the incremental elastic stiffness tensor; d(Jtj " = inelastic stress increment; S = surface
of unit hemisphere; n{ or n = the normal unit vector of microplane; kt and m,-=in-plane unit coordinate
vectors normal to each other on microplane; and /(n) = a weight function for the normal direction n.
In this paper, indicial notation is used for tensors and the Latin lower-case subscripts refer to Cartesian
coordinates *,à", i=l,2,3 (jc, y, z).

The derivation of (2) is shown later. The formulation of individual microconstitutive relation is well
described in [6].

2.2 Volumetric-Deviatoric-Shear Component Formulation

In the volumetric-deviatoric-shear component formulation considered here, normal strains eN in the
normal-shear componentformulation are decomposed into a volumetric strain ev =%/3 and deviatoric
strains £D =eN- evwhich are different for each microplane, and a volumetric stress <7Vcorresponding
to the volumetric strain ev and deviatoric stresses <JDcorresponding to the deviatoric strains £D on
the microplanes are calculated.

The incremental form (la) of the microconstitutive relation for the normal component is replaced by
incremental forms for volumetric and deviatoric components ((3a) and (3b))

volumetric component: dav =Cvdev- dcrv" (3a)
deviatoric component: deD - CDdeD-daD" (3b)

in which dav, Cv, and dov" =microplane stress increment, incremental elastic stiffness, and inelastic
microplane stress increment for the volumetric component; and daD , CD, and d<rD" =microplane
stress increment, incremental elastic stiffness, and inelastic microplane stress increment for the deviatoric
component.

T/TT
1Ol



Table 1 Material parameters for
normal-shear component formulation

Table 2 Material parameters for volumetric-
deviatoric-shear component formulation

n o rm a l

te n s io n

0 -- ( k g f/ c m 2 ) 4 0 .0

｣ ｫ �" 0 .5

7 N T 5 .0

P N T 1 .0

O N T (se c ) 10 5

n o rm al

co m p re s sio n

(s o fte n i n g )

ff jJc ( k g f/ c m 2 ) -4 0 0

C w c 0 .3

Y N C 1 .0

P N C 1 .0

P N C (se c ) 10 7

s h ea r

0 - (k g f / cm 2 ) 1 7 .0

.& �" 0 .5

J T 1 .5

P T 1 .0

ft 0 .6

O r  (s ec ) 1 0 6

la te ra l s tra in

e ffe c t

S I.D 0 .0 1

S L D 0 .0 1

m 1 .0

d ev ia to n c

ten s io n

o -- -( k g f/ c m 2 ) 2 5 .0

t o r 0 .5

T o r 5 .0

P D T 1.0

O n r (SB C ) 10 s

d e v iato n c

c o m p re ssio n

c rJU k g f/ c m 2 ) r2 0 0

f o e 0 .5

7 D C 2 .0

P D C 1.0

P D C (se c ) 10 6

sh e a r

cr? (k g f/ c m 2 ) 6 0 .0

& 0 .5

7 r 2 .0

P T 1.0

n 0 .7

P r  (se c ) 10 6

v o lu m etric

te n s io n

cr^ fk g f/ cra 2 ) 2 5 .0

｣ vr 0 .5

J v t 5 .0

P vT 1.0

A T (s ec ) 10 5

- C D / C v 1 .0

The incremental form of the macroscopic constitutive relation of the volumetric-deviatoric-shear
component formulation is written as (4).

(4a)d°ii = Cijrsd£rS d°i
C ijrs =^ IJ ^ninjSrsCV + ninj( nrns ~^Srs }CD +^(kinj + kjni)(krns + kSnr)CTK

2;r Js[_3 '

+ - (m^j + m^wyi, + msnr)CTM f(n)dS (4b)

d°i= -^)s[ninj(d°v"+d°D") +^(kinj + kjni)d°TK" +^(minj + mJni)d07Mny(K)dS (4c)
in which 8rs = Kronecker's unit delta tensor.

In the volumetric-deviatoric-shear component formulation a lateral strain dependence of normal
microplane response is indirectly taken into account by resolving the normal microplane response into
volumetric and deviatoric responses. The volumetric loading curve in the volumetric-deviatoric-shear
component formulation is identical to the hydrostatic loading curve of the normal component in the
normal-shear component formulation.

2.3 Comparative Analysis

To compare the normal-shear and volumetric-deviatoric-shear component formulations, a series of
numerical analyses is done using both over a wider range of stress conditions.

Triaxial compressive tests along the compressive meridian carried out by Smith et al. [8] are first
simulated using both formulations, and then triaxial compressive analysis along the tensile meridian,
biaxial compression analysis, biaxial compression-tension analysis, and biaxial tension analysis are
done with identical input material parameters to simulate the tests by Smith et al. The material
parameters for the analyses are shown in Tables 1 and 2 for the normal-shear and volumetric-deviatoric-
shear component formulations, respectively. The definitions of the parameters are given in Hasegawa's
study [6], and other parameters not shown in the tables are the same as those used in that study.
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Fig.3 Triaxial compression analysis
along compressive meridian

Fig.4 Compressive and tensile meridians

The integrations in (2) and (4) are evaluated using the numerical integration formula derived by Bazant
and Oh [9]. The integration points and weights for the formula are shown in Fig.2.

a) Triaxial Compression Analysis
In Fig.3 the triaxial compressive responses from the analysis are compared with the test results of
Smith et al., in which <JCis confinement pressure and fc' is uniaxial compressive strength. Neither
the normal-shear component formulation nor the volumetric-deviatoric-shear component formulation
can predict confinement effect and the transition from brittle to ductile fracture well. The compressive
and tensile meridians of the failure envelope are evaluated from maximumstresses obtained in the
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Fig.5 Responses in uniaxial compression analysis using normal-shear component formulation
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Fig.6 Responses in triaxial compression analysis (<Jc/fc ' = -0.60)
using normal-shear component formulation

analyses, and shown in Fig.4 with experimental results from the literature (Balmer [10], Richart et al.
[11], Kupferet al. [12], Smithet al. [8], and Chen [13]), where aoct = 7,/3 = au/3 and Toct - ^j2J2/3
are octahedral normal and shear stresses ( J2 = the 2nd invariant of deviatoric stress tensor). In the
case of the normal-shear component formulation, the compressive meridian under low confinement
stress agrees well with the experimental data; however, it deviates from the experimental data under
higher confinement stress and tends to approach the Goctaxis. On the other hand, in the case of the
volumetric-deviatoric-shear component formulation the tensile meridian is above the compressive
one in contrast with the experimental results.

Figs.5 and 6 show the normal, £-shear, and M-shear responses of microplanes (integration points) 2,
3, and 14 as well as the average volumetric responses eav for the uniaxial (crc//c' = 0) and triaxial
(<TC//C ' = -0.60) compression analyses using the normal-shear component formulation (eav = £U/3J.
It is obvious from Fig.5(b) that normal tension damage of microplane 3, representing splitting cracks
under lower macroscopic compressive stress, results in lower macroscopic strength in the uniaxial
compression analysis. On the other hand, normal compression stress occurring on microplane 3 when
macroscopic confinement pressure is applied delays normal tension damage of the microplane as if it
werea prestress, resulting in higher macroscopic strength in the triaxial compression analysis (Fig.6(b)).
Since all microplanes ultimately exhibit strain-softening responses, as shown in Figs.6(a) - (c), increases
in macroscopic strength and ductility with confinement pressure cannot be predicted well by the normal-
shear component formulation.

Figs.7 and 8 show the deviatoric, ^-shear, and M-shear responses of microplanes (integration points)
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Fig.8 Responses in triaxial compression analysis (<JC//C ' = -0.60)
using volumetric-deviatoric-shear component formulation

2, 3, and 14 as well as the volumetric responses for the uniaxial (0c/fc' = 0) and triaxial (crc/fc'
=-0.60) compression analyses using the volumetric-deviatoric-shear component formulation. The
total normal responses ( £DV-crDVrelations) as sums of the deviatoric and volumetric components are
also shown in Figs.7(a) - (c) and Figs.8(a) - (c). The difference between the deviatoric and the total
normal responses on each microplane, shown in Figs.7(a) - (c) and Figs.8(a) - (c), represents a
microplane strength increase due to the volumetric response depending on confinement pressure. The
difference in the triaxial compression analysis is much larger than the uniaxial compression analysis,
and this difference enables the volumetric-deviatoric-shear component formulation to evaluate
confinement effect.

As shown in Fig.7(b) and Fig.8(b) the total normal responses of microplane 3 are unacceptable, i.e.,
the microplane stress-strain curves go into the fourth quadrant of the coordinates. This means that the
microplane as the basic load-carrying element at a microscopic level loses its original physical meaning
as a result of resolving the normal component into the volumetric and deviatoric components. Since
all microplanes in the triaxial compression analysis ultimately exhibit strain-softening responses, and
unloading occurs for the volumetric component, as shown in Figs.8(a) - (d), increases in macroscopic
strength and ductility with confinement pressure cannot be predicted well by the volumetric-deviatoric-
shear component formulation.

b) Biaxial Analysis
Fig.9 shows the stress-strain relations obtained in biaxial tension analysis with the normal-shear and
volumetric-deviatoric-shear component formulations. The volumetric-deviatoric-shear component
formulation predicts tensile lateral strains after a certain tensile axial strain in the uniaxial tension
analysis, which implies that a uniaxial tension fracture results in lateral expansion with a negative
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Poisson's ratio. This is because the volumetric tensile response becomes prominent and induces
volumetric expansion in uniaxial tension analysis with the volumetric-deviatoric-shear component
formulation. As shown in Fig.9(a), the normal-shear component formulation predicts a reasonable
stress-strain relation with a positive Poisson's ratio in uniaxial tension analysis. The formulation
describes the characteristic of a concrete material that peak stresses under biaxial tension are almost
the same as the uniaxial tensile strength.

The biaxial strength envelopes given by the normal-shear and volumetric-deviatoric-shear component
formulations are compared with experimental envelopes of Kupfer et al. [12] in Fig.10. The normal-
shear component formulation gives a relatively good biaxial compression-tension strength envelope
compared with the experiments, although the formulation predicts a slightly higher uniaxial tensile
strength and somewhat overestimates biaxial compressive strengths. On the other hand, the volumetric-
deviatoric-shear component formulation predicts much higher biaxial compressive strengths as well
as biaxial compression-tension strengths when compared with the experiments. In analysis with the
volumetric-deviatoric-shear component formulation, the peak stress of volumetric tension component
is assumed to be the same as the deviatoric tension component ( cr^ = OQ
DT) according to the Pratmodel [3], in contrast with Hasegawa's study [6] where crj^ > aQ
DT was assumed to obtain a good
biaxial tensile strength envelope. Therefore, biaxial tensile strengths are underestimated with the
volumetric-deviatoric-shear component formulation.
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3 . REFORMULATION OF ENHANCEDMICROPLANE CONCRETE MODEL

The volumetric-deviatoric-shear component formulation loses the conceptional clearness of the
microplane because the volumetric component is used. Furthermore, the aforementioned analyses
demonstrate that the model cannot predict constitutive relations under multiaxial stress conditions
with accuracy. On the other hand, the normal-shear component formulation (the Hasegawa model),
based on the fundamental idea of the microplane, is proven to have practically better prediction accuracy
for biaxial and low confinement stress conditions; however, this model cannot describe well the strength
increase and the brittle-ductile transition under high triaxial stress conditions.

In view of the finding that the normal-shear component formulation (the Hasegawa model) gives
relatively better prediction accuracy than the volumetric-deviatoric-shear component formulation, an
improvement to the former model is made in this second part of the present study. To develop a
rational constitutive law with more general applicability, or Enhanced Microplane Concrete Model,
the prediction accuracy of the Hasegawa model on confinement effect is improved by taking account
of the complicated interactions between microplanes, not only for the shear components but also for
the normal component.

3.1 Modification

Improvements to take account of interactions between microplanes are mentioned first.

a) Lateral Strain and Stress Effects on Normal Response of Microplane
In the Microplane Concrete Model, the normal stress increment on a microplane depends not only on
the normal strain £N but also on the resolved lateral strain £L (lateral strain effect). This hypothesis
meansthat each microplane response is determined uniquely by the microplane strains, which closely
follows the basic concept of the microplane model that each microplane is independent. However,as
shownin the preceding analyses, appropriate confinement effect is not obtained only with the lateral
strain effect.

Due to heterogeneity resulting mainly from the existence of coarse aggregate particles, microcracks,
plasticity, and damage occurring in one direction at the microscopic level in concrete affect the inelastic
responses in the other directions within the concrete, and this effect forms a microscopic interaction.
Whenthe interface region between the coarse aggregate particles and the mortar matrix is compressed
under the suppressed lateral strains of the region and large compressive confinement stress occurs in
the lateral direction of the region, microcracks are not likely to occur. Therefore, the strength of the
region increases and a plastic hardening state is reached. Since the lateral stress acting in the interface
region consists of the normal stresses acting in other interface regions perpendicular to it, microscopic
interactions can be modeled by taking account of lateral stresses of the interface regions, i.e.,
microplanes.

In the Enhanced Microplane Concrete Model interactions between microplanes relating to normal
components are taken into account by assuming that the normal compression response of microplane
depends on the lateral stresses SL , which are the resolved lateral components of stress tensor cr-
(lateral stress effect), in addition to the lateral strain effect (Fig.ll(d) ). The lateral strain and stress
effects are also considered for hysteresis in unloading and reloading of microplane normal components.

b) Transition from Brittle to Ductile Fracture for Shear Response of Microplane
The shear peak stress T0 of a microplane is assumed to depend on the normal stress SN which is the
resolved normal component of the stress tensor <Jtj on the samemicroplane in the Microplane Concrete
Model (dependence of shear peak stress on resolved normal stress). The shear friction law is used to
describe the interactions amongshear responses of microplanes through the stress tensor <7(y, which is
the integral of shear and normal stresses for all microplanes. As clarified in the preceding analyses,
the transition from brittle to ductile fracture in concrete as confinement pressure increases cannot be
described only by applying the shear friction law to the shear peak stress.

Considering the shear frictional phenomenon at a microscopic level in concrete, a microcrack tends to
close and does not develop further when the normal compression stress on the plane of the microcrack
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increases, i.e., whenthe confinement pressure increases. Then the microscopic shear response becomes
moreplastic, and the post-peak shear response changes from brittle softening to ductile plastic behavior.

In the Enhanced Microplane Concrete Model, the interactions between microplanes relating to shear
components are taken into account in terms of the shear friction law, in that the shear peak stress and
ductility of microplanes increase with the resolved normal compression stress on the samemicroplane
(transition from brittle to ductile fracture for microplane shear response)(Fig.ll(e)). A similar transition
model is also considered for hysteresis in unloading and reloading of microplane shear components.

3.2 Hypotheses

The aforementioned interactions between microplanes are taken into account as Hypotheses III and IV
in the Enhanced Microplane Concrete Model The following are the hypotheses made in the present
model:
Hypothesis I : Normal strain eN, shear strains £TK, £TM,and lateral strain e^ of a microplane are the
resolved components of the macroscopic strain tensor £tj (tensorial kinematic constraint).
Hypothesis II : Normal stress <JN and shear stresses OTK,am ona microplane depend on normal
strain eN and shear strains £TK, £TM.The relations between those strains and stresses are described by
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microconstitutive laws. The directions of the shear stresses on each microplane are the same as those
of the shear strains.
Hypothesis III : The inelastic normal stress increment on a microplane depends on the resolved lateral
strain £L of the macroscopic strain tensor e^ (lateral strain effect) and resolved lateral stress SL of the
macroscopic stress tensor <7l7 onto the same microplane (additional static constraint: lateral stress
effect).
Hypothesis IV : The inelastic shear stress increment on a microplane depends on the resolved normal
component SN of the macroscopic stress tensor cr^- onto the same microplane (additional static
constraint: transition from brittle to ductile fracture for microplane shear response).
Hypothesis V : The microconstitutive laws for the normal and shear components are based on a
generalized Maxwell rheologic model in which a linear viscous element is coupled in series with an
elastoplastic-fracturing element.
Hypothesis VI : The microconstitutive laws for the normal and shear components on each microplane
are mutually independent.
Fig.ll illustrates these hypotheses.

3.3 Basic Formulation

a) Microplane Strains
According to Hypothesis /, the normal strain component on a microplane with unit normal vector n is
  £N = nj£" = njnk£jk                        (5)
in which n-t = components of unit normal vector n of the microplane.

For Hypotheses I and II, two in-plane unit coordinate vectors k and m, normal to each other, are
introduced on each microplane as shown in Fig.ll(a), and two shear strain components £TK, £TM in
those directions are considered. Since the directions of the vectors k and m must be fixed at the
beginning of calculations, some kind of rule to determine these directions is necessary. The rule must
not have a significant bias for any direction, i.e., the frequency of various directions within the
microplanes taken by vectors m and n must be about the same. This is approximately achieved by
the following simple rule: vector m of microplane 1 is determined to be normal to the z-axis, vector
m of microplane 2 normal to the *-axis, vector m of microplane 3 normal to y-axis, vector m of
microplane 4 normal again to the z-axis, and so on. The x-, y-, and z-axes are a set of three mutually
orthogonal axes in the Cartesian coordinate system x(. Then for vector m normal to z-axis

     _  n2        _ ~ni
  mi~/2, 2;  mz-I2, 2;  m3=0             (6a)

I n* +n.

butrat=1; m2=0; w3=0ifWj=«2=0.
For vector mnormal to jc-axis

OT2=v«; m3=7&r mi=0 (6b)
butmj=0; m^=1; m3=0if«2=n3=0.
For vector mnormal to y-axis

-n, «,
m , = 2 ' m3=à"

.2 ' m2=0 (6c)
ATI +n

J

butml=0; m2=0; m^=1ifnv=«3=0.

After determining vector m, vector k is calculated for each microplane as k = mx n. The shear
strain components in the k and m directions on a microplane with direction cosines n{ are

eTK =kj£] = kjH^j = -(&;«,. + kjrii}eij (7a)

eTM=mf] = mjnftj =-(minj + ni^)e&. (7b)

wherethe symmetry of £y is exploited to symmetrize these expressions. kt and mi are components of
in-plane unit coordinate vectors k and m.
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To implement Hypothesis III, we need derive equations for the maximumand minimum principal
values £á"ax,£á"nof lateral strain of each microplane. To this end we introduce another in-plane unit
vector p whose angle with the unitvectors k and m is 45°, as shown in Fig.ll(a); p - (k+m)/V2.
The lateral normal strains in the directions of k, m, and p are

£K = kikjey (8a)

£M = m^jSij (8b)

sp =p^jey (8c)
in which p{ = components of the in-plane unit vector p of the microplane.
Considering Mohr's circle for the in-plane strains of the microplane, wecan obtain the maximumand
minimumprincipal values £á"ax, £á"nof the lateral strain on each microplane

(9a)

(9b)

b) Incremental Form of Macroscopic Stress-Strain Relation
As with ( 1) for the previous model [6], the incremental forms of microconstitutive relations are written
separately for the normal component and the shear components in the K and Mdirections:

normal component: daN =CNdeN - daN"=fm(eN,eL,SL) = fN2(ekl,akl,nr] (1Oa)

.ST-shear component: doTK = CTKdeTK- doTK"=fTl(eTK,SN] = fT2(%,okl,nr] (1Ob)

M-shear component: dvTM = CTMdeTM- daTM"=fn(STM,SN) = fT2(£ki^^nr) (10c)
in which fN\ (£N^ £L->^L) afld /N2 (£ki-> (7ki'>nr) are microplane normal stress increments daN expressed
in terms of £N, £L, and SL, and in terms of £kl, crkl, and nr; fTi(£Ts,SN] and /72(%,<Jw,nr) are
microplane shear stress increments doTs expressed in terms of eTs and SN, and in terms of ekl , akl ,
and n (Ts=TK,TM).

Using the principle of virtual work (i.e., the equality of virtual works of the stress tensor within a
unit sphere and microplane stresses on the surface of the sphere), we can write

4n f
-de^ =2j (doN8eN + daTKd£TK+daTM8£TM}f(n)dS (1 1)

f f2n f^2
inwhich dS= I I sinQdQdd ; 6 and 0 =the spherical angularcoordinates; and 5ew, §£N, S£TK,Js Jo Jo
and §£TM=small variations of the strain tensor and of the microplane strains. The constant 4n/3
meansthat the work of the stress tensor is taken over the volume of the unit sphere. The factor of 2 on
the right-hand side arises because the work of microplanes needs to be integrated only over the surface
of the unit hemisphere S. The function /(n) is a weight function for the normal directions n, which
in general can be used to introduce anisotropy of the material in its initial state. Wewill use /(n) = 1 ,
which means isotropy. Expressing §£N, d£TK,and 8£TMfrom (5) and (7) and substituting them into
(ll), we obtain

A ir
-r-da,

3 à"ySey=2^ninjdffN+^fa+k^+^-farij +m^)]/(n)^<5eiy (12)
This variational equation must hold for any variations 8etj , therefore, we can delete <5er. Then,
substituting ( 10), we obtain y

3 fr i
d°ij =^)s[ninj(C"d£N ~d°*"} + 2 (kiHJ + kJni)(CTKd^TK ~d°TK")

+-(mitij + mjni )(CTMdeTM - doTM"}y(n)dS (13)
(5) and (7) may now be here substituted for £N, eTK, and STM. This finally yields the incremental
form of the macroscopic stress-strain relation, which is the same as (2) in the previous model

-170-



daii ^ Cijrsden - dGij H (14a)
o fr 1

Q/r* =-J ^ninjnrnsCN + ^(kinj + kjni)(krns + kSnr}CTK

+-(minj + m^(mrns + msnr)CTM \f(n)dS (14b)

^i= -l^ninjdaN"+~(kinj + kjni)d(7TK<' +^ (14c)
in which Cijrs = incremental elastic stiffness tensor; and do^" = inelastic stress increment.

Relation (14) can be expressed in another form (15).
: ..=-!f

" 2nh

>s

1

+

n{njdaN +
da TK

(fyiy + kfr) +^M-(minj + m^] \f(n)dS^ J
da,

ISL

= I I n..n../"�(£,.,.rr,.,.«_.^-(hn,+k!n!}f^(£,,.(T,,.n ]
~i"jj yv/ v/cc à"r, à" 0\-r-j ~J"l)JIL\~Kl?'2nh

I /
-(m^. +m à"jni )fT2 (eu> 0u>nr )y (*)tlS

(15)

As can be seen from the fact that the incremental stress tensor da^ depends not only on strain tensor
eu but also on stress tensor okl , the interactions between microplanes are modeled in the Enhanced
Microplane Concrete Model through the additional static constraint that a microplane response depends
on the resolved components of the stress tensor obtained by spherical integration of the stresses of all
microplanes. This interaction effect means that the present model deviates from the basic concept that
individual microplane responses are mutually independent, which leads to the kinematic constraint.
This is necessary to take account of a situation within concrete where microcracks, damage, and
plasticity in each direction have mutual effects.

For the initial isotropic elastic response, we can substitute the initial moduli C^ and C° for CN and
CTK , CTM in (14b) and set /(n) = 1. Since these moduli are independent of the microplane direction,
we could integrate ( 14b) explicitly if the unit vectors k and m were also known explicitly. However,
they are not explicit, being calculated numerically as described before. For initial elasticity we can
substitute the initial moduli C^ and CÖ for CN and CTK, CTM in (10) and set d(3N"= d<JTK" = daTM"

=0. Then we have d<jTK = C^deTK and daTM = CÖd£TM for shears. From that, \daT = C°der|,

where d<3T = ^d<JTK2 + dcrTM2 and dzT = -\JdeTK2 + dsTM2. This is the same relation as that used in

the previous microplane model by Bazant and Kim [1] involving normal and shear components (in
which the shear vectors were characterized by three components in the Cartesian coordinates x-L ;
i = 1, 2, 3). Therefore the expressions derived in that study apply

r°-t--w -
E L

(l-2v°) (16a)

rÖ
LT=

(l-4v°)£c

(l-2v°)(l+v°) d6b)
in which E° and v° are Young's modulus and Poisson's ratio.

c) Rheologic Model for Rate Effect in Microconstitutive Law
The present model is a rate-dependent constitutive law as a consequence of adopting a series coupling
of a linear viscous element and an elastoplastic-fracturing element for the microconstitutive law on
each microplane according to Hypothesis V (Fig.ll(f)). For the sake of brevity of notation, let £ and
<7 nowrepresent any of the microplane strains eN, eTK,and £TM,and microplane stresses aN, OTK,
and <JTM, respectively. The generalized Maxwell rheologic model is described by the differential
equation
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^=C'*-^ (17)
dt dt p

where Cl is the current tangent stiffness of the elastoplastic-fracturing element, which takes the value
of either Cv or Cur depending on the loading-unloading-reloading criteria described later; Cl = Cv
for virgin loading and C1 - Curfor unloading and reloading; t = time; and p = relaxation time of the
viscous element. If ( 17) is solved by using a central difference approximation, numerical difficulties
or instabilities may be encountered in the case of strain softening, and even if the solution is numerically
stable, a large error is usually accumulated and the stress is not reduced exactly to zero at very large
strains.

To overcomethese difficulties in the Microplane Concrete Model [6], a numerical method of solving
this equation was conceived based on the exponential algorithm [14] initially developed for aging
creep of concrete. This method is used again here. Considering the initial condition for the numerical
time duration (from the previous time step tr to the present time step fr+1) in the general solution of
(17), and taking the values C"+1/2, C'+1/2, and <Jr+1/2 for the middle of the duration, denoted with
subscript r + 1/2 , the incremental solution of (17) is obtained in the form of the microconstitutive
relations ( 10)

A(j = CAe- Ao" (18a)

C= ^(l-e-*)C1/2 <18b)

4(T"= (l - e-*)c7r (18c)

Az =At/pr+l/2 (19)

(20)1 _1,(rur rt \_ &£
R - +lCr+l/2 ^+1/2^+1/2 ,
Pr+1/2 P At

in which ar =microplane stress at the previous time step tr.

3.4 Microconstitutive Lawfor Normal Components

Aside from the hydrostatic compression response, the lateral-deviatoric strain £LD, which is the
difference between normal £Nand lateral SL strains of a microplane, increases with loading until it
finally reaches infinity due to the macroscopic Poisson effect. In the Microplane Concrete Model the
lateral strain effect on the normal compression response of a microplane is modeled so that the normal
compression response becomes softening when the lateral-deviatoric strain £LDapproaches infinity.
However,since the normal compression response of microplane is softening due to a monotonic increase
in lateral-deviatoric strain even in the case of triaxial compression analysis under high confinement
pressure, perfect plastic behavior and transition from brittle to ductile fracture are not obtained on the
macroscopic level. In the present model this problem is circumvented by Hypothesis III. The purpose
of taking account the lateral strain and stress effects on normal compression response of a microplane
according to Hypothesis III is to achieve the following (Fig.ll(d)):
1) The normal compression response would not be the sameas the hydrostatic response except when
the lateral strains eL are the same as the normal strain eN, which is the case of hydrostatic loading.
2) The normal compression response would have a plastic plateau when the difference between the
normal strain £N and the lateral strain £L is large and the resolved lateral stress SL of the microplane
is a large, compressive value, i.e., it would exhibit ductile plasticity,
3) The normal compression response would be morebrittle when the difference between the normal
strain £N and the lateral strain £L is large and the resolved lateral stress SL of the microplane is a
small, compressive value or a tensile value, i.e., it would exhibit more strain softening.

a) Hardening-Softening Function for Microplane
emulate the lateral stress effect, we resolve the
>M,and SP in the directions of the in-plane unit

S K=kikjaij (21a)

To formulate the lateral stress effect, we resolve the stress tensor O'(Vinto the lateral normal stresses
SK, SM,and SP in the directions of the in-plane unit coordinate vectors k, m, and p (Fig.ll(b))
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Fig.12 Hardening-softening function for normal compression

SM=mimpij (21b)

Sp = PiPj°ij (21c)
Considering Mohr's circle for the lateral normal stresses of the microplane, wecan obtain the maximum
and minimumprincipal values Sá"ax, Sá"mof the lateral stress of each microplane

max _UA:Sr +S,
M

omax
^L ~

c -min _SK +SM
à"Jr -

+

fs K - s .M   S r + S ,>K  M

( s K - s M Y j s K + s M  v

(22a)

(22b)
" \1V 2 ; A 2 r)

We define a lateral confinement stress SLC that combines 5á"ax and Sá"" into one stress invariant for
the microplane
  SLC=Sfax+S?" =when Sr*<0 and S^<0

    =0    i when Sj^O
    = 0     : when SN > 0 on any other microplane
    = SP
LC   : when SLC < Sp
LC                    (23)in which 5fc < SLC < 0; and S[c = SLC value corresponding to the case of plastic response.

The lateral-deviatoric strain £LD, which is the difference between the normal SN and lateral eL strains
of a microplane, is defined using the maximum and minimum principal values £á"ax , £á"m of the lateral
strain on the microplane
   F -F _pmax4-p -pá""!                           (1A\
   £LD-t-N bL +bN LL I                         U4)
In the present model, the following hardening-softening function (j)(£LD ) based on the lateral-deviatoric
strain £LD and the lateral confinement stress SLC is introduced (Fig.12):

I

when Srr <0<!>(£LD} =

=0'

=0

LC

when Sm=£-PpLD ~LLD

:when Srr^0 (25)

in which el
LD = ew value when (j)(£LD} = 0.5; e£D = £LD value corresponding to the case of normalplastic response; m = a constant that specifies the shape of the curve 0(eLD) ; and <f)p = 0(£LZ)) value

corresponding to the case of normal plastic response.

b) Lateral Strain and Stress Effects
Weight functions are defined in terms of 0(eLD) and SLC, and utilized to obtain a gradual transition
from hydrostatic response to plastic response and softening response for the virgin loading curve of
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the normal component of the microplane (Fig.ll(d)).
When 1>Q(ew)>$> and any SLC:

a(e e S }-(^^f-}f (e wfi^^Hf (F }
°N(£N>£LD>!>LC)-\ ^-p-ym^Nj+l l_.p IfNp^N)

when $p >0(eLD)>0 and SLC <S[c:

ON(£N,£LD,SLC) = fNp(£N)

when (j)p >(/)(SLD)>0 and 5fc <SLC <0:
(e A fc/> _o ^\

aN(£N>£LD'SLC) - -JT l/Np(£N)+
}LC ULC

OP \/NS(£N)
V°Lcy

when (j)p ><j)(eLD)>0 and 0<SLC:

ffN(£N>eLD>SLc) ~ /NS(£N)

s?,LC

(26(1)

in which fm(eN) - hydrostatic loading curve (when 0(eLD) = 1); fNp(£N) = plastic loading curve
(when </>(eLD) = 0P); and fNs(eN) = compression softening loading curve (when </>p > (f)(£LD) > 0 and
0<5LC).

To obtain the loading tangent stiffness for normal compression response, weneed to differentiate (26).
Thus,

when 1 > 0(eLD) > (f)p and any SLC:
da N(eN,£LD,SLC) (<l)(eLD)-tp}dfm(eN) (\-<t>(eLD)^dfNp(eN)

I I

d£r 1 -1 def

when (f)p > (f)(eLD) > 0 and SLC < S[c:

deN(eN,eLD,SLC) _dfNp(eN)

de,

de, de,

(27a)

(27b)

when (f)p >(f)(£LD)>0 and SP
LC < SLC <0:
 faN(eN,eLD,SLC) JsLC } #Np(eN) ^Sp
LC - SLC ] dfNs(eN}
   ^N  (sic) deN ( SP
LC } deN
when (/)p ><j)(eLD)>0 and 0<SLC:

 daN(eN,£LD,SLC) = dfNs(eN)

     deN    d£N
(27d)

Similarly, the transition for the linear unload-reload stiffnesses C^0(ff u
N, £uN,£u
LrD, Su^c) may be writtenas follows.                                       'When 1 > <t>(eLD) > <j)p and any SLC:

f ,urQ( u u ur cur\_
^N \UN^N^LD^LC)-

0(es>H;
c

,urO
Nh K,4) +

1-4&)'

l -(j)p

.M/-0

C w»-
iiy

l -Qp
when $p >0(eLD)>0 and SLC <S[c:

f,urQ( u u ur cur\_rurOf u u\
^N ^N^Ni^LD^LCj- ^Np ^N^N)

when 0P >0(£LD)>0 and S[c <SLC<0:
(cur^

(-atrOf u u ur «ur\_ ^LC \rurQ(fru eu\j.
^N \VN>£N>£LD^LC}-\ -^~ \^NP (O:N>£N)+

\*LCj

when $p >(j)(eLD)>0 and 0<SLC:
f-iurOf_w p« ur o«r\__rurO( u u\
^N \yN>bN>t'LD>':>LC) - ^Ns {<JN>£N)

rrjP our "\
O/r-~Oj-r1JLC >LC

sp
°LC

à" r"7"0/^" p""l
UMS {^N'^N)

K >4) (28a)

(28b)

(28c)

(28d)
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and comparison with experiments

in which CU^(CJUN,£U
NJ = the linear unload-reload stiffness for the hydrostatic loading curve (when
0(eLDJ = 1); C*
Np \GU
NieN} = tne linear unload-reload stiffness for the plastic loading curve (when0(£LZ>) = 00; C'
N? \ GU
NI £U
N ) = me linear unload-reload stiffness for the compression softening loadingcurve (when §p > 0(eJJ>) > 0 and 0 < 5Jc); cr^ and e^ = the normal stress and strain at the start of

unloading; e^rD = the lateral-deviatoric strain for unloading and reloading ( £LD value corresponding to

the start of unloading); and S^c = the lateral confinement stress for unloading and reloading ( SLC

value corresponding to the start of unloading).

This model incorporates interactions between microplanes by taking into account the lateral strain and
stress effects in the normal compression response of a microplane using (26), (27), and (28).

c) Loading Curves for Normal Component
In the previous microplane models of Prat [3], Gambarova [2], and Oh [15], virgin loading curves for
strain softening on each microplane are formulated using a single exponential function. With this kind
of equation, however, one cannot adjust the peak stress, peak strain, and the post-peak ductility
individually. To do so in this study we use two separate virgin loading curves for pre-peak and post-
peak regions, as in the Microplane Concrete Model.

The virgin loading curves for the pre-peak and post-peak tensile regions of the normal component are
(Fig.13)
for 0 < £N < £Q
m (pre-peak): \ uwt/n-/ c) WT

o ,,=a NT 1-1-
à"NT

for £Q
NT < £N (post-peak):

GN = G"NTexp\

ty £>
-NT

'NT

0 V*

(29a)

(29b)

,0 _ &NT nc.5 _�À ,,0 _YNT^NTU- U Pu - M , CJ _., CW _ /Nl~Nl T ,__. 0 - i i ^- i

in which t-NT-7 7^"; and fcw- INTENT-~p 7^~. In (29), cr^ is thepeak stress of the curve,
's NT^N b NT^N

175



Zffr is a parameter that controls the peak strain £Q
NT, and jm is a parameter that controls £S
NT. At thestrain £N = £°
NT + £S
NT, the stress aN decreases to <jJ7/e in the softening region. PNT is a parameterthat changes the shape of the softening loading curve. Thus we can control the shape of the stress-
strain curve with these four parameters quite easily, which is important for the proper adjustment of
the macroscopic response with the microplane model.

For the compression range of the normal component, we must specify the equations for the hydrostatic,
plastic, and compression softening loading curves, as mentioned before. For the hydrostatic loading
curve of the normal component, we use (30) (Fig.14).

f m^NJ-^N ~
  r f^ N

'-N ^ No n ¥P a �"+ �"+ 1 P C f^ N ^ N2 0 h ¥- 1 H + 1

(30)

in which oa = C^£a ; ob = C{,eb/2; Cf
N = the asymptotic final modulus for normal compression; aa
and ab = the normal stresses corresponding to ea and eb; £a and eb = normal strain values that
characterize the shape of the curve; and pH and qH - exponents which also change the shape (pH < 1,
<te>-!).-

For the plastic loading curve of the normal component, (3 1) is adopted.
For 0 > £N > s°
Np (pre-peak): ro o /_o

\^N eNpl (JNp

/ ^(%)=^=cr

for eNp > eN (post-peak):

fNP(£N)=°N =0. Np

à"Np

(3la)

(3 1b)

cr
in which e°
Np =--^-. In (31) GQ
Np and e°
Np are the peak stress and the peak strain, and ^Np is a
     b/VpQ/ 0
parameter that controls eNp.

The same types of equation as for tension are assumed as for compression softening of the normal
component (Fig.13)
for 0 > % > eQ
NC (pre-peak):

rd_o /...o
\^NtNC/C'NC

  JNS(£N) ~ ffN ~ ÖNC

for £Q
NC > eN (post-peak):

1 -ll-

/ A&(ew) = <7jV = <7!vC exP

n

'JVC

^0 \P"c
t -N &NC

~-NC

(32a)

(32b)

^0
u h,rinwhichp° - °'NC .nnrlr* _r po _TNC^NC

mwmcn tNC- 0 ,ana LNC-JNC£NC-~p 7^-
ts NC^N ^ NC^N

Fig.15 gives the calculated results of normal compression response with this model, showing the
lateral strain and stress effects. As the figure shows, there is a transition from brittle to ductile fracture,
in which the residual strength after the peak stress increases with confinement between the compression
softening and plastic loading curves. In Fig.14 calculated hydrostatic compression behavior using
(30) is compared with the experimental data of Green and Swanson [16] as well as ofYamaguchi et al.
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  Fig.15 Lateral strain and stress effects on normal compression response of a microplane

[17]. The material parameters identified are C^ = C#, oa = -965 kgf/cm2 , <Jb = -63060 kgf/cm2 ,
and pH =qH=1.0 for Green and Swanson, and Cf
N=Cj, aa =-700 kgf/cm2, ab =-19000kgf/cm2 , and pH = qH = 1.0 for Yamaguchi et al. From the comparison, we can conclude that (30)

can predict the hydrostatic compression behavior of concrete with accuracy.

d) Linear Unload-Reload Stiffness
The hysteresis rule for unloading and reloading of a microplane is based on the linear unload-reload
stiffness CurQ as described later.

As the linear unload-reload stiffnesses Cu^\GUN,eu
Nj , Cu^\(JUN,£U
Nj of the normal component for the
hydrostatic loading curve and for the plastic loading curve, the initial modulus CQ
N for the normal
component is used without taking into consideration stiffness degradation due to damage.
 cá" (<,4)=4                   (33)

 <K,4) = Cj                   (34)

In the pre-peak region of the tensile or compressive softening response for the normal component, CQ
Nis used as the linear unload-reload stiffnesses C^\ a^,£^J , C^^N^N} - On the other hand, after

the peak stress of the tensile or compressive softening response, the following damage evolution is
assumed for linear unload-reload stiffnesses C^°(<J^, e^) , Cj^crj^ ej) :

For 0 < SU
NT < BQ
m (pre-peak tension):   rurQ( u P«\_ro                             (35a)
   t-NT^N't-Nj-^N                              ^ '
for e^ > £Q
m (post-peak tension):

^p«

(35b)  rurO( u~u\_ f-,0,(-i_fy \ aNT   ^NT\aN't-N}-°*NT^N^{L aNT) u e
                  à"NT £NT
for 0 > eu
NC > eQ
NC (pre-peak compression):   ,~<urO( u pu\_f,0
   ^Ns (VN't-NJ- ^N

(35c)
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for e"
NC < e^c (post-peak compression):
 cs°(<,4) - <*NC<% +(i -<*NC) f*c          (35d)

                    £NC $NC
         C7°      (7°
in which £m =e0
NT--^-; %NC =£Q
NC #£; au
NT and cr^c = the normal stresses at the start of
          CN      CN
unloading for tension and compression softenings; £U
NT and e"
NC = the normal strains at the start ofunloading for tension and compression softenings; aNT and aNC = weight constants which describe
the proportions of progressive damage in tension and compression softenings; and E,NT and %NC =
plastic residual strains after complete unloading with Cj} from the peak stress to zero stress. Thus,
using the linear unload-reload stiffnesses C^°(c7^,£^) , CjJ°((rJ,ej) , which are formulated with

a^ and aNC representing damage of microplane and with ^NT and ^NC taking account of microplane
plasticity, we can control the elastoplastic-fracturing behavior for the case of softening in the normal
microplane component.

3.5 Microconstitutive Law for Shear Components

Since the difference between A"-shear and M-shear is only its direction on the microplane, the
microconstitutive laws for those shears must be identical. Therefore, we do not differentiate J^f-shear
from M-shear, but consider a unique microconstitutive law for shear with subscript T which refers to
£-shear (TK) and M-shear (7M).

a) Transition from Brittle to Ductile Fracture with Confinement
In the present model, shear loading curves are defined individually for softening (subscript TT) under
resolved normal tension stress, softening (subscript TC) under resolved normal compression stress,
and plasticity (subscript Tp) under resolved normal compression stress. A shear friction law is applied
to evaluate shear peak stress for pre-peak and post-peak curves under resolved normal tension stress
and for pre-peak curves under resolved normal compression stress. On the other hand, post-peak
shear response under resolved normal compression stress is calculated by weighting the softening and
plasticity loading curves with resolved normal stress. This results in a transition model from brittle to
ductile fracture for shear response on the microplane (Fig.ll(e) ).

The resolved normal component SN of the stress tensor CFy on a microplane whose direction cosines
aren(is
  SN = njffj = njnkOjk                         (36)
The loading curve crT(eT, SN) under resolved normal stress SN is calculated by weighting each loading
curvefTp(£T) , fTc(£rh an(* /TT(£T) with resolved normal stress SN as follows.

When ^SSjf :

  °T(£T>SN) = fTp(eT)                     (37a)

when S^ < SN < 0 and in pre-peak:

  vT(eT,SN) = fTC(eT) = fTp(eT)                 (37b)

when Sfr < SN < 0 and in post-peak:
         (? ^    (?P ? "\
   xy(P ?\-\ N\f(e\±\^N~^N\f (c\                  /a-7\  °Y(£T>*N) - -^7 \JTp(£T)+ -^- UTC(£T)              (37c)
         \*Nj    v ^N )
when 0<SN:
  vT(£T>SN) = fTr(eT)                     (37d>

in which fTp(eT) = plastic loading curve (when 5^ < 5J); /TC(£T) ^d /7r(£r) = softening loading

curves under resolved normal compression and tension stresses; and Sfr - SN value when the shear
response corresponds to the plastic loading curve.
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The loading tangent stiffness for shear response is obtained by differentiating (37).
When SN<S% :

daT(eT,SN) _ dfTp(eT)
<9e7 de7^T1 tiO-T*

when S%[ < SN < 0 and in pre-peak:
 dffT(eT,SN) = dfTC(£T) = dfTp(eT)

    deT   deT   deT

when SH < SN < 0 and in post-peak:
 doT(eT,SN) _(SN}dfTp(eT) (SP
N -SN}dfTC(eT)
               1 L_L __ | ,  J__ jL-'^       -f- | '  J   ^  I  -""-à"-à"|---1----1--"1--1-- ^ £^ SpN) de, SR de^
when 0<5A

dcrT(eT,SN) = dfrr^r)
deT dsT

Similarly, the linear unload-reload stiffness C£r°( (7£, e£, S'#r] is calculated

(38a)

(38b)

(38c)

(38d)

when SN <S%
CUrOI_M cu cur\ /^«rO/_M cu\T \vT,t,T,dNJ-^TP \UT^T)

when SN < SN< 0 and in pre-peak:
c

i«rO

(_.« 
° cur\ /-iurQ(_.M _M\ /"-!«/"0/...« _M\GT,£T,SN j - Crc (CT7,£r) - Cr;? (0>,£rj

when SM< SN< Q and in post-peak:
CP C«
vM~*J\f <urQl u u cur\_ ^N (~<urQt u u\

Cr \OT,bT,dNj- U7p \<JT,tT)
1+

."N
5£

-twrO
"TC (<r?,e?)

(39a)

(39b)

(39c)

when 0<SN:

CwrO/_« 
° cur\ /"'wO/.-H _M\ /"jnj\r \aT,£T,SN j= CTT (ov,er) (39d)

in which C^°((7£, e£J = the linear unload-reload stiffness for the plastic loading curve (when Sá"< S^)',
C^C ^T ^T ] = tne linear unload-reload stiffness for the softening loading curve under resolved normal
compression stress; C^0 [(r£, e£J = the linear unload-reload stiffness for the softening loading curve
under resolved normal tension stress; <r£ and e\ - the shear stress and strain at the start of unloading;
and S^r = the resolved normal stress for unloading and reloading ( SN value corresponding to the start
of unloading).

b) Loading Curves for Shear Components
The softening loading curve /^ (BT) under resolved normal tension stress is
for 0<|e, < à"TT (pre-peak) :

JTT\^T)~^T ~ t 1-1-
à"7T

roo/o
Uj-tjj/ T

for
à"7T < }£-, (post-peak) :

/ 7r(er) = 0> = T°exp
0 VTT

fcr fc?r
~7*tTT )

(40 a)

(40b)

in which £^
,0 ,0

-Q-;e^p=YTT£TT= J1 0 ; and T° = shearpeakstress, whichdepends onthe
Cj^Cy ^^(^
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resolved normal stress S*

The softening loading curve /^(ST } under resolved normal compression stress is
for 0<|eT|< TC (pre-peak) :

f TC(£T)=aT =T0 1-1-
£TC

r°p° /T°*~TbTC/ T

for
à"TC

< (post-peak) :

/ rc(er) = 0> = T°exp
£ T~£

£TC

0 \Prc
TC

)

(41a)

(41b)

i n wbirh p2.
bVcQ

>«rl 0s ,0 _7rcT
-re ~~/ TC'-TC r rÖ'

hTC^T

The plastic loading curve fTp(£T ) under resolved normal compression stress is
for 0< à"TC (pre-peak) :

f Tp(£T)=^T = ^ 1-1-
TC

r°p° /r°'^TETC/T

for TC < \£i (post-peak) :
f Tp(eT)=aT = Tc

(42a)

(42b)

Unlike the normal component, (40), (41), and (42) are applied to both tension and compression. The
only difference between tension and compression is the sign of the peak stress T°, i.e., T° > 0 in
tension (eT > 0) and T° < 0 in compression (eT < 0). The concept of shear frictional coefficient ,1%-,
\LTC is utilized to model the dependence of shear peak stress T° on resolved normal stress SN.
For tension of shear (eT > 0):

when SN <0: T° =+(T°C -{JLTCSN (43a)

when SN >0: T° =+(7^ -fiTrSN >+r^nff^ (43b)

for compression of shear (eT < 0) :
when SN<0: i =-GTC+Mrc^/\

when^ >0: T° =-a^+^LTrSN <-r^ma. 7T

(43c)

(43d)
in which cr^r(> 0) and <7°c(> 0) = shear peak stresses at SN = Qunder resolved normal tension and
compression stresses; A%-(> 0) and /Jrc(> 0) = shear frictional coefficients under resolved normal
tension and compression stresses; and r^in = a constant specifying a lower limit on shear peak stress
under resolved normal tension stress (o < r^n < iV

Fig.16 shows calculated shear responses under resolved normal tension and compression stresses with
this model, where there is a transition from brittle to ductile fracture.

c) Linear Unload-Reload Stiffness
<urQ (,

As the linear unload-reload stiffness C£á" (cr£, e£J of the shear component for the plastic loading curve,
the initial modulus C° for the shear component is used without considering stiffness degradation due
to damage.

C?;°((J« ,^) = C° (44)
In the pre-peak region of the softening response for the shear component, C° is used as the linear

unload-reload stiffnesses C$ \G?, £?], C^\ <J^, ej\ under resolved normal tension and compression
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Fig.16 Transition from brittle to ductile fracture for shear response of a microplane

stresses. On the other hand, after the peak stress of the softening response, the following damage

evolution is assumed for linear unload-reload stiffnesses C^°(crj, e£j , à¬%à"£(<&%> £T) under resolved
normal tension and compression stresses:
For 0< '7T and SH > O (pre-peak):

TT I T*' TI~"~

for 7T and Sjf > 0 (post-peak):

f -iurQt upu\_fY /-0,/i_� \ ;
*^7TV-'T^T)~^TT^T ' \l U7T/ «

STT

for 0< TC and SH < 0 (pre-peak):
s

-iurQ( u e«\ ^
TC i T* Ti"~~

for TC and SH < 0 (post-peak):

  ruro(u u\_ c0+(^-fY } (JT
  crc(VT't-T)~UTC^T+v1 arc) u t
                    £T ~Src

inwhich %��Ú5â�ÒÒC²��æB�UD2�Ú5�
TC--Q-.

(45 a)

(45b)

(45c)

(45 d)

c

d

3 .6 Loading. Unloading and Reloading in Microconstitutive Relations

With the most of phenomenologic constitutive models, loading, unloading, or reloading has to be
judged in general stress and strain tensor conditions. In the case of theories of plasticity and damage
mechanics, loading functions, plastic potential functions, or damage potential functions are formulated
using invariants calculated with stress and strain tensors. Loading, unloading, or reloading is judged
using these functions. However,it is not easy to establish appropriate loading criteria for cases when
the principal directions rotate or neutral loading occurs, for which the invariants are not adequate. On
the other hand, the Enhanced Microplane Concrete Model does not require loading criteria for stress
and strain tensors, but needs loading criteria in the microconstitutive relations between microplane
stress and microplane strain. These are scalar variables since cross effects among microplane
components are not taken into account. Therefore, the criteria for loading, unloading, and reloading
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are very simple in the present model, which gives an advantage over phenomenologic constitutive
models.

Let each microplane strain £N, eTK, £TM and microplane stress <7N, crTK, <7TM be defined as £ and cr
for the sake of simplicity. The following loading-unloading-reloading criteria are used for all the
components:
Loading:
  when <7r >0 (tension),   Aer+l >0, £r+1 > £max             (46a)
  when ar <0 (compression), Aer+l <0, £r+1 <£min             (46b)
Unloading:
  when <rr > 0 (tension),   Aer+l <0, er+l < emax             (46c)
  when ar <0 (compression), Aer+l >0, £r+i >£min             (46d)
Reloading:
  when ar >0 (tension),   Aer+l > 0, £r+l <£max             (46e)
  when crr <0 (compression), Aer+l <0, er+l >£min             (46f)
in which ar = microplane stress of each component at the end of the previous load step; er+l =
microplane strain of each component at the present load step; Aer+l = microplane strain increment of
each component (Aer+l = er+1 - er ); er = microplane strain of each component at the end of the previous
load step; and £max and £min = the maximum and minimum values of microplane strain in the history.
In (46) £max and £min are considered as scalar potentials for loading.

3.7 Hysteresis Rule for Microconstitutive Relations

The linear unload-reload stiffnesses Cu
Nr°(cfu
N,£u
N,£uLrD,Su^c) in (28) and C$f(<JU
N,eu
N] in (35a), (35b)

for the normal component as well as the linear unload-reload stiffness C?r0(or, ey, 5jr) in (39) for the

shear component can be used with the loading-unloading-reloading criteria in (46), to describe the
cyclic behavior of each component. However, numerical simulations with C^°(GU
N,£U
N,£I£D,S'£C},C^ \ au
N, £u
Nj , and C£r0(cr£, e£, S^' J reveal that the hysteresis loops are too narrow in the macroscopicresponses. Wider hysteresis loops on the microplane are necessary to obtain proper hysteresis on the
macroscopic level. The reason for this is that hysteresis loops govern the energy dissipation, and the
basic hypothesis of the microplane model is energy equivalence between the macroscopic and
microscopic levels.

To obtain macroscopic hysteresis in the Microplane Concrete Model [6], a hysteresis rule with
microplane back-stress and objective-stress was developed. The microplane back-stress and objective-
stress were conceived on the basis of a concept analogous to the kinematic hardening rule in plasticity
theory to describe inelastic behavior in unloading and reloading. Although in the kinematic hardening
rule the back-stress is defined as the center of the loading surface, the microplane back-stress and
objective-stress in this hysteresis rule are the microplane stresses at the start and end of inelastic
behavior in unloading and reloading. A single value of the microplane back-stress is used for both
unloading and reloading; it is updated to the microplane stress at the end of the previous load step
whenever the sign of the microplane strain increment is reversed during calculations. When a monotonic
unloading or reloading occurs on a microplane, the hysteresis rule works well. However, when unloading
and reloading occur in turn on a microplane, the microplane back-stress is always set equal to the
microplane stress at the end of the previous load step, and the tangent stiffness becomes its maximum
value. Then the hysteresis loop becomes narrow or does not occur.

In this study the microplane back-stress is redefined separately for unloading and reloading to prevent
the hysteresis loops from becoming narrow as described above. Furthermore, lateral strain and stress
effects are taken into account in the microplane hysteresis response during unloading and reloading in
normal compression, and a resolved normal stress dependence of the microplane hysteresis response
for the shear component is formulated. In the following, the microplane strains £N, £TK, £TM and
microplane stresses GN, <JTK, <JTM are defined as £ and cr for the sake of simplicity.
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a) Back-Stress. Objective-Stress and Unloading-Reloading Function
are defined as follows.

(47 a)

(47b)

(47c)

(47d)

(47e)

(47f)

(47g)

(47h)

in which <7^r+1 , cr^r = microplane back-stresses for unloading at the present and previous load steps;
d£r+1, a£r = microplane back-stresses for reloading at the present and previous load steps; e£r =
microplane strain corresponding to the microplane back-stress for unloading at the previous load step;
e^r = microplane strain corresponding to the microplane back-stress for reloading at the previous

load step; ar = microplane stress at the previous load step; GU= microplane stress at the start of
unloading; er+l = microplane strain at the present load step; and Aer+l and Aer =microplane strain
increments at the present and previous load steps.

T h e m ic ro p la n e b a c k - str e ss e s O % r+ i , 0 * r+ l f o r u n lo a d in g a n d re lo a d in g

W h e n A ｣ - A J r+ l < 0 ,
-b ,r �"r+ 1 '  v b r+ ¥O h rj_i = <7 ,

w h e n A e r �"A e r+ ] < 0 ,
"b ,r

r+ 1  c rb ,r+ l = 0 "

w h e n A e r �"A e r+ , > 0 ,
�"b ,r r+ 1   'b ,r+ l = 0 ,b ,r

w h e n A J r -^ ｣ r+ ¥ ^ 0 , P R｣ b ,r T + l   'b ,r+ ¥ = 0

w h e n A e r �"A e r+ , < 0 , & > e r+ ¥¥  G b ,r+ ¥ = CT p

w h e n A e r �"A e r+ ] < 0 ,
'b ,r

'r+ 1 <7 Rb ,r+ l

w h e n A e r �"A e r+ ] > 0 ,
-b ,r
> e r+ l  - b ,r+ l = G

w h e n A e -A ｣ + l > 0 , 牀 , �"r+ 1  (7 b ,r+ l = 0

The microplane objective-stress Gob is defined as
whenunloading: Gob =0
whenreloading: oob =<JU

(48a)
(48b)

The microplane back-stresses o^r+1 , cr*r+1 and the microplane objective-stress aob are set according
to (47) and (48) when the unloading or reloading criteria are satisfied. The unloading-reloading function
Fur(o] , which is nondimensional, is defined for the microplane stress <7 during unloading or reloading.

(49a)

(49b)

W h e n u n lo ad in g :  F "r(cr) =  'i,r+ l'ob  - aTb,r+ l

e n relo ad in g :  F ur(cr) =

in w h ich  O <  F "r(cr) <  l .

b )  H y ste re sis  R u le  fo r  N o rm a l  C o m o o n e n t
To take into account lateral strain and stress effects on the microplane hysteresis response during
unloading and reloading in normal compression,nondimensional coefficients t/max, Umln, Rm ,̂ and
jR^ are defined separately for unloading from, and for reloading to, the hydrostatic, plastic, and
compressionsoftening loading curves. Weighting these coefficients, the coefficients corresponding to
the hardening-softening function §ur and the lateral confinement stress S^c for unloading and reloading
are calculated using a method similar to the virgin loading curve described in 3.4 b).
When1> <fr >(f)p andany 8%:
JJ (fhtr C"w ^^ m ax ^r ^ L C t r - O jl - 0 *

u ^ (r ^ c ) = <t>ur - $ pi - O p

   i /A**p //A"r c "r ¥ - ¥ T/s nax v^ "^ c j ~ - 70 " - ^- d)p

u m+°max ^

u á"n+

>Nh*z+

1-0"

1-0'

l-<t>ur
l - (j)p

1-(T

l - (t)p

jj Np^max

UN?^nun

WV/7

(50a)

(50b)

(50c)
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 M«) = (^)< + (^)*±      (50d>

when (/)p >0"r >0 and S% <SP
LC:
 Uma^ur, Su
Lrc) = U^                  (50e)
 M^rc) = ^                  (50f)

 Mr,SrC) = <L                  . (50g)

 ^n(0"r.«:) = ^±                  (50h>

when (/)p >(f)ur >0 and 5fc <5fc <0:
   [cur\ (n/?_o«r"\
          °LC rr^Vp , JLC °LC rrMr                  /^A:N          -^T Pmax +  CP  Pmax                P"U
           à"^Lcy   V Oic y

7«rfrur \ fc<P

n ((hur <?"r}-
umn(9 ^LC)~

°LC

?P-
UN?+'à"'mm~

JLC~JLC
.^?_

^̂ mm (50j)

                v^Lc y     v  "LC  j
   [r-«r"\ (c<p o«rA    ^f fe +P^ Kx        (50k)

            ^LCj   \ ^LC )
   [r-Hr"\ (n/7_o«r\
          LC 7?Np I LC LC\RNs                 f<50A
          cn ^min +  cp  KHnin                  ^D^L)
           *LC)   \ ^LC )
when (j)p > (j)ur >0 and 0<Su
Lrc:
 Uma^ur , Su
Lrc) = U»li                  (50m)
 ^n(r^rc) = t/l                  (50n)

 ^nax(r^rc) = <L                  (500)

 ^(0".%) = ^                  (50p)

in which U^ , U^ , U^IK = nondimensional coefficients determining the maximum unloading tangent

stiffness C^ax = f/max (</>"r,^c) - ^(^'^^LD^LC) for me hydrostatic, plastic, and compression

softening loading curves; U^n , U^[n , U^n = nondimensional coefficients determining the minimum

unloading tangent stiffness C^in = UnAo (<l>ur , 5%) à" Cu
Nr° (au
N, euN, £u
LrD, Su
Lc) for the hydrostatic, plastic,
and compression softening loading curves; R££X , ^CL ' ^max = nondimensional coefficients determining

the maximum reloading tangent stiffness C^ = /^(f^SjJ,) - C^r°((Ju
N,£u
N,£uLrD,S^c) for thehydrostatic, plastic, and compression softening loading curves; R^n , R^ , R^n = nondimensional

coefficients determining the minimum reloading tangent stiffness C^in = Rttan((l)U''^LC)'

^Nr° (ffN^ £N^ £LD^Lc] f°r t^6 hydrostatic, plastic, and compression softening loading curves; 0"r =

the hardening-softening function for unloading and reloading ( (/)(£LD ) value corresponding to the start

of unloading in normal compression); §ur = 0(e£jr>); and S^c = the lateral confinement stress for

unloading and reloading ( SLC value corresponding to the start of unloading in normal compression).

The unloading tangent stiffness C^(<JN] and the reloading tangent stiffness Cj^cr^) for normal
compression are (Fig.17)
 CK) = { [u^(r,sa) - u^(<f.sS;)}r(oM)

   + Uá"(^,^) }(%°(<>"N.e"
»,i%>,!%:)        (51a)
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( a) Unloading and reloading (b) Unloading tangent stiffness (c) Reloading tangent stiffness
for softening loading curve

Fig.17 Hysteresis rule for a microplane

CK) ={ Kin(<T,%) - ^ax(r^fc)KK)
J? (st\ur cur\\s-iurO(-u u eur o«r\
Kraa«\f >*Lc)]LN \°N>£N>£LD^LC)

(51b)

On the other hand, in the case of the unloading tangent stiffness Cu
N(aN] and the reloading tangentstiffness Cr
N(aN) for normal tension, the lateral strain and stress effects are not taken into account:

CJK) ={[uZL -uOL]F>�’·D0 }csP(o;,ei)
CK)={[si -«£]f-K)+<* }cj?K,4)

(52a)

(52b)
LL j j \ ,

in which t/max = nondimensional coefficient determining the maximumunloading tangent stiffness

Cmax.=^max' ^NT̂N^N} f°r the softening loading curve for normal tension; U^n =nondimensional
coefficient determining the minimum unloading tangent stiffness C^in = U^[n à"C^°((T^,£^) for the
softening loading curve for normal tension; R^ = nondimensional coefficient determining the

maximumreloading tangent stiffness C^ = R^ à"Cj^fcr^e^) for the softening loading curve for
yNT

normal tension; and R^n = nondimensional coefficient determining the minimum reloading tangent
stiffness C^n = R^ à" C^(<y^,£u
Nj for the softening loading curve for normal tension.

It has been confirmed experimentally (for example [18]) that hysteresis loops of concrete during
unloading and reloading are very narrow when the concrete is perfectly plastic or under hydrostatic
compression. To simulate the macroscopic hysteresis characteristics, linear behavior is assumed during
unloading and reloading for the hydrostatic and plastic loading curves of the normal component ignoring
hysteresis. On the other hand, hysteresis is assumed during unloading and reloading for the compression
softening loading curve after the peak stress, i.e., eu
NC < e°
NC. Also for post-peak tensile region of thenormal component, i.e., £um > £Q
m , hysteresis is considered.
Fig.18 shows unloading and reloading responses for normal compression, as calculated with the model
described above. These represent the lateral strain and stress effects on the hysteresis response for
normal compression. There is no hysteresis in unloading and reloading for the hydrostatic and plastic
loading curves. On the other hand, between the plastic loading curve and the compression softening
loading curve, hysteresis loops become wider when the virgin loading response, from which unloading
starts, approaches the compression softening loading curve, i.e., when S%"
C/S[C decreases.

c) Hysteresis Rule for Shear Components
The transition model from brittle to ductile fracture (resolved normal stress dependence) is adopted to
calculate hysteresis for microplane shear components. To this end, as with the microplane normal
component, nondimensional coefficients U^, U^n , R^^, and Rmin are defined separately for
unloading from, and for reloading to, the plastic and softening loading curves of the microplane shear
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      Fig.18 Unloading and reloading responses for normal compression

component. Weighting those coefficients, the coefficients corresponding to the resolved normal stress
S% for unloading and reloading are calculated using a method similar to the virgin loading curve
described in 3.5 a).

When SjJT S Sj:
 Um^Su
Nr) = U^x                   (53a)
 M^) = C/Sn                   (53b)

 #max(^) = /ex                   (53C)

 Rn»n (SU
Nr ) = R%n                   (53d)

when S&<S%<Q: (?"r^ (c/7 c«rAI Our l__w, I .I;,-,>,, I i<f

(53e)

(53f)

(53g)

(53h)

(53i)

(53j)

(53k)

(53/)

=nondimensional coefficients determining the maximumunloading tangent
stiffness C^ = Uma}i (su
Nr) à" CTrQ(au
T, eu
T, S%} for the plastic loading curve and softening loading

                                                                         curves
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        Fig.19 Unloading and reloading responses for tension of shear

under resolved normal compression and tension stresses; f/^n, Uá"n, Uf?a = nondimensional

coefficients determining the minimum unloading tangent stiffness C^in - Umin \^S^j à" Cjr° (<J^,£j, S^J

for the plastic loading curve and softening loading curves under resolved normal compression and

tension stresses; R^ , R^ , R^, = nondimensional coefficients determining the maximum reloading

tangent stiffness CJ^ = RnaK (sy) à" C£r°(<7£, e£, S^r ) for the plastic loading curve and softening loading

curves under resolved normal compression and tension stresses; and R^n , R^n , R^in = nondimensional

coefficients determining the minimum reloading tangent stiffness C^in = Rr^n (s^ ) - C£r° ((7j, e£, Sj(f)

for the plastic loading curve and softening loading curves under resolved normal compression and

tension stresses.

The unloading tangent stiffness Cj-(0T) and the reloading tangent stiffness Cr
T(aT] for the shear
component are
 C?K) = { [Vjtf] - U^SS)]P"'(ffT) + Um(SS) }c?«(c'
T,e"T,Si;}   (54a)
 cfK) = {[^(^) - Msy)]F"(ffr)+ 'iU(sy) }f?0(<|51'^^)   (54b)

Hysteresis is assumed during unloading and reloading for the softening loading curves under resolved
normal compression and tension stresses after the peak stress, i.e., eJU < £? and je^ < e£. On the

other hand, linear behavior is assumed during unloading and reloading for the plastic loading curve of
the shear component ignoring hysteresis.
Fig.19 shows unloading and reloading responses for tension of shear, as calculated using this model,
representing the transition model from brittle to ductile fracture (resolved normal stress dependence)
for microplane shear hysteresis. There is no hysteresis in unloading and reloading for the plastic
loading curve. Onthe other hand, between the plastic loading curve and the softening loading curve,
hysteresis loops become wider when the virgin loading response, from which unloading starts,J JL à" /I

approaches the softening loading curve, i.e., when £# / à"$$ increases.

3.8 Alternating Cyclic Loading Rule for Microconstitutive Relations

The foregoing rules apply separately to the tension and compression regions of each microplane
component. The borderline between the tension and compression regions is defined by zero microplane
stress. To establish a complete cyclic loading model for the microplane, the foregoing rale must be
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Fig.20 Cyclic response for normal component Fig.21 Cyclic response for shear component

extended to cover the entire range of tensile and compressive microplane stresses. To identify the
alternating cyclic loading rule for each microplane component, manypossible cases of the cyclic rule
weretried numerically and compared to uniaxial compressive and tensile tests in the literature.

The alternating cyclic loading rule for the normal component is characterized as follows.
1) The virgin stress-strain curves for both normal tension and compression are unique regardless of

the numberof cycles or the strain history.
2) The origin of the virgin stress-strain curve for normal compression is fixed. However, the one for
normal tension can shift along the strain axis when unloading in the compression region goes into the
tension region.
3) When unloading in the compression region goes further into the tension region, loading or reloading
in the tension region starts from the plastic residual strain for the compression region.
4) When unloading in the tension region goes further into the compression region, there is a horizontal
plateau with zero normal stress before loading or reloading in the compression region starts at the
plastic residual strain for the previous compression unloading.

Fig.20 is an example of a calculated cyclic response using the alternating cyclic loading rule for the
normal component with the compression softening loading curve. In this figure, the normal strain
history is marked with sequential numbers. In this example, the first cycle enters tensile softening,
and then reverts to compression. Before going into compressive stress, there is a plateau which
corresponds to closing of microcracks. The compression region begins always at the origin (zero
normal strain), but the origin of tension is shifted every time unloading from the compression regioncrosses the strain axis.

The alternating cyclic loading rule for the shear component is characterized as follows.
1) The virgin stress-strain curves for both tension and compression of shear are unique regardless of
the number of cycles or the strain history.
2) The origins of virgin stress-strain curves for tension and compression of shear are fixed.
3) When unloading in one region goes further into another region, there is a horizontal plateau with
zero shear stress before loading or reloading in the latter region starts at the plastic residual strain for
the previous unloading.

Fig.21 is an example of a calculated cyclic response using the alternating cyclic loading rule for the
shear component, in which the shear strain history is marked with sequential numbers. The origins of
the stress-strain curves for both tension and compression regions are fixed. In the example shown, the
strain cycles are similar to those used in the previous example for the normal component, but the stress
responses are very different. After the unloading curves reach the strain axis, there are always plateaus
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of zero shear stress. This assumption is needed to model experimental observations showing that for
large deformations almost no stress change occurs in crack shear (aggregate interlock) tests with stress
reversals. Such behavior is due to free play between asperities or between the faces of opened cracks
which need to comeinto contact before the stress can reverse its sign.

4. VERIFICATION OF ENHANCEDMICROPLANE CONCRETE MODEL

In this third part of the present study, the Enhanced Microplane Concrete Model is verified by comparing
calculated results using the model with experimentally obtained constitutive relations for concrete as
reported in the literature for various stress conditions. Examination of the microplane responses in
each analysis provides an explanation of the load-carrying mechanisms in concrete in terms of responses
on the microplanes.

4. 1 Verification Analysis

To verify the general applicability of the Enhanced Microplane Concrete Model, constitutive relations
covering a wide range of stress conditions are simulated with a single set of input material parameters
for the model. Several series of analyses were carried out [7], from which the following two series, B 1
and B2, are reported here:
1) Analysis series B1
The triaxial compressive tests along the compressive meridian carried out by Smith et al. [8] are first
simulated, and then triaxial compressive analysis along the tensile meridian, biaxial compression
analysis, biaxial compression-tension analysis, and biaxial tension analysis are done with the identical
input material parameters to simulate the tests.
2) Analysis series B2
Cyclic responses under uniaxial, biaxial, and triaxial compression are calculated and compared with
the experiments by van Mier [19]. Extracting invariants of stress and strain tensors from the obtained
analytical responses, the relations between the invariants are compared with the corresponding
experiments.

The constitutive equations (14) are solved with boundary conditions for each analysis. As with the
previous calculations, integrations in the equations are evaluated using the numerical integration formula
derived by Bazant and Oh [9].

4.2 Material Parameters

In the Enhanced Microplane Concrete Model, there are three groups of material parameters except for
Young's modulus E° and Poisson's ratio v° :
1) material parameters concerning virgin loading for the microplane,
2) material parameters concerning unloading and reloading for the microplane,
3) material parameters concerning rate effects for the microplane.
Table 3 shows the material parameters in groups 1) and 3) as used in analysis series B l and B2.

For the hydrostatic loading curve of the normal component, the material parameters previously identified
for the experiment by Green and Swanson are utilized. Since the present analysis is intended for a
single static strain rate, we eliminate the strain rate effect by specifying infinite values of relaxation
time p°°. The relaxation times shown in Table 3 are the assumed infinite values.

For the material parameters concerning unloading and reloading for the microplane, the following
values are assumed:

VNT =aNC =«TT =«rc =°-2 (55)

Um =UNs =U7T =UTC =2.0 (56a)' max ^ max ~max ^jnax
TJ^l _TTWS _TTll -H1*" -A<\
^min -Urmn ~^min ~ ^min ~U'-)

>JVT yNs TT à">TCD'Vy _ n^S _ nil _ rM>- _Of\
^max ~^max~^ax ~^max~^-U
tNT yNs TT yTCnM_nM_nil _p^<- _AC

^min -^iin ~^n ~^n ~U-5

(56b)

(56c)

(56d)
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Table 3 Material parameters for
Enhanced Microplane Concrete Model

m a te ria l p a ra m e ter
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B 2

u n iax i a b ia x ia l tn a x ia

n o rm a l

ten sio n

cr^ k g f/ c m 2 ) 4 0 .0 4 5 .0 4 5 .0 5 0 .0 (1 .2 - 1.3 )/ ,

fr r

J m

P N T

P A T- (s e c)

n o rm a l
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along compressive meridian using
Enhanced Microplane Concrete Model
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(56e)

(56f)

(56g)

As shown in Table 3 twenty-one parameters are fixed constant in the analysis. Some of the other
parameters have strong correlations with the uniaxial compressive strength fc' or uniaxial tensile
strength ft. Recommendedvalues for the material parameters taking this into account are given in
Table S. 5

4.3 Triaxial Compression Analysis (Analysis Series BD

Fig.22 shows the result of triaxial compression analysis along the compressive meridian in comparison
with the experiments by Smith et al., in which oc = confinement pressure; and fc' = uniaxial
compressive strength. The model predicts increases in strength and ductility with confinement pressure
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Fig.24 Compressive and tensile meridians for Enhanced Microplane Concrete Model

under triaxial compression with practical accuracy, i.e., the transition from brittle to ductile fracture.
This is due to rational modeling of responses on the microplane. In Fig.23, calculated triaxial
compression responses along the tensile meridian are shown, in which ah is the hydrostatic pressure.
The compressive and tensile meridians of the failure envelope are evaluated from maximumstresses
obtained in the analyses, and shown in Fig.24 with experimental results from the literature (Balmer
[10], Richart et al. Fill. Kupferet al. [12], Smith et al. [8], and Chen [13]), where ooct = /ly/3 = 0u/3
and ioct =-x/2J2/3 are octahedral normal and shear stresses ( J2 = the 2nd invariant of'deviatoric
stress tensor). The model predicts the compressive meridian very well, but it slightly overestimates
the tensile meridian.

Figs.25 and 26 show the normal, j&T-shear, and M-shear responses of microplanes (integration points)
2, 3, and 14 as well as the average volumetric responses eav for the uniaxial (<TC//C' = 0) and triaxial
(adfc = -0-60) compression analyses. Wecan see from Fig.25(b) that normal tension damage of
microplane 3, representing splitting cracks under lower macroscopic compressive stress, causes
macroscopic strength reduction in the uniaxial compression analysis. On the other hand, normal
compression stress occurring on microplane 3 when macroscopic confinement pressure is applied
delays normal tension damage as if it were a prestress, resulting in a macroscopic strength increase for
the triaxial compression analysis (Fig.26(b)). In uniaxial compression experiments [20] , [2 1 ], [22]
microcracks occur at the interface region (corresponding to microplane 3) between the coarse aggregate
particles and the mortar matrix parallel to the loading direction at the earlier loading stage, and at the
final loading stage the failure is completed by fracture of the interface region (corresponding to
microplane 2) normal to the loading direction. This is consistent with the analytical results on microplane
response. In the triaxial compression experiments by Krishnaswamy [23] and Niwa et al. [24], an
increase in confinement pressure delays interfacial microcracking between the coarse aggregate particles
and the mortar matrix, and suppresses prominent mortar cracks. This is consistent with the mechanism
of the confinement effect in the analysis.

Since the lateral strain and stress effects for the normal component as well as the transition model from
brittle to ductile fracture with confinement for the shear component are taken into account in the
Enhanced Microplane Concrete Model, the normal compression and shear responses at microplanes 2
and 14 shown in Figs.26(a) and (c) exhibit plastic flows in the triaxial compression analysis. These
microplane responses result in the macroscopic confinement effect with practical accuracy. On the
other hand, it has been shown that with the previous Microplane Concrete Model all microplanes
ultimately exhibit strain-softening responses, which resulted in insufficient confinement effect.
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Fig.26 Responses in triaxial compression analysis ((Tc//c ' = -0.60)
using Enhanced Microplane Concrete Model

In Figs.25(a) - (c) and Figs.26(a) - (c) histories of resolved normal stress SN and lateral confinement
stress SLC are shown with normal strain on each microplane. The SN and SLCvalues in the uniaxial
compression analysis are muchsmaller than those in the triaxial compression analysis. Therefore, the
normal and shear responses in the uniaxial compression analysis exhibit softening with lower peak
stresses, which results in brittle uniaxial compression behavior and lower macroscopic peak stress as
compared with the triaxial compression.

As shown in Fig.25(c) unloading in the normal compression response at microplane 14 starts
approximately when the macroscopic peak stress is reached, since the normal strain increment at
microplane 14 changes from a compressive value to a tensile one due to the macroscopic volumetric
dilatancy at the peak stress (Fig.25(d)). The unloading response is considered an important microscopic
mechanism with which the present model can offer path dependence. In uniaxial compression
experiments [20], [21], [22] similar unloading responses were microscopically observed at an inclined
orientation to the loading axis, which is consistent with this analysis.

4.4 Biaxial Analysis (Analysis Series BD

In Figs.27 and 28 the results of biaxial compression and compression-tension analyses are compared
with experiments reported by Kupfer et al. [12]. Negative values of £c0 in these figures represent
axial strains corresponding to the uniaxial compressive strength /c'. The stress-strain responses under
biaxial tension as well as uniaxial tension are shown in Fig.29. Relatively good agreement between
calculation and experiment is achieved for all stress conditions. Especially constitutive relations under
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Fig.29 Biaxial tension analysis using Enhanced Microplane Concrete Model

biaxial compression are well predicted by the model not only for the hardening regime but also for the
strain-softening regime. The stress-strain relations as well as peak stresses under biaxial tension are
little different from those under uniaxial tension in the analysis, which represents a characteristic of
concrete materials.

The analytical responses under biaxial tension exhibit considerable nonlinearity in the pre-peak regime,
while typical average stress-strain relations in the experiments show almost perfect elasticity under
biaxial tension. This model is thought to be capable of evaluating nonlinear behavior in a highly
localized damage region such as a fracture process zone. In the uniaxial tension analysis, the apparent
Poisson's ratio, defined as the ratio of total lateral strain to total tensile axial strain, is always positive,
thus verifying the rationality of the present model as a tensile constitutive law. On the other hand, as
described before, the volumetric-deviatoric-shear component formulation predicts lateral expansion
with a negative Poisson's ratio in the uniaxial tension analysis, which is unacceptable for concrete.

Fig.30 shows the analytical result for the biaxial strength envelope compared with experiments by
Kupfer et al. [12]. It confirms that the biaxial strength of concrete can be estimated with accuracy
using the present model. The obtained ratio of uniaxial tensile strength to uniaxial compressive strength
in the analysis agrees well with typical experimental values.

Fig.31 shows the normal, #-shear, and M-shearresponses of microplanes (integration points) 2, 3, and
14 as well as the average volumetric response eav for the uniaxial tension analysis. Since the concept
of shear frictional coefficient is applied not only to negative values of resolved normal stress SN but
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( a) Microplane 2 (b) Microplane 3 (c) Microplane 14 (d) Average volumetricresponse

Fig.31 Responses in uniaxial tension analysis using Enhanced Microplane Concrete Model

also to positive ones as in (43), the shear peak stresses
on microplane 14, where the resolved normal stress
has a large, tensile value, are small, and the shear
components lose their load-carrying capacity at an
earlier stage of the uniaxial tension analysis
(Fig.31(c)); the peak stresses of AT-shear and M-shear
are -1.9 and +2.3 kgf/cm2 , respectively. On the
other hand, normal tensile damage on the microplanes
is prominent compared with the shear damage. These
analytical results suggest that tensile (Mode I)
microcracks dominate the macroscopic fracture of
concrete under tension, although shear (Mode II)
microcracks occur simultaneously. This is consistent
with experimental observations of the microscopic
fracture mechanism using acoustic emission
techniques [25].

4.5 Cyclic Loading Analysis (Analysis Series B2)

a) Cyclic Uniaxial Compressive Behavior
In Fig.32 calculated cyclic response under uniaxial
compression is compared with the experiment by van
Mier [19], in which the lower limit value <Tlim of
variable stress amplitude was -50kgf/cm2. A
similar analysis with crlim =0 kgf/cm2 is carried out,
and the result is shown in the same figure. Fig.33
shows the normal,.ST-shear, and M-shear responses
of microplanes (integration points) 2, 3, and 14 as
well as the average volumetric response eav for the
uniaxial compression analysis with <rlim =
0kgf/cm2.
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Fig.30 Biaxial strength envelopes
Although the degradation of unloading and reloading
stiffnesses in the experiment are well predicted by
the model, as shown in Fig.32, the analysis
underestimates strain-softening stiffness and lateral
strain in softening regime as compared with the experiment. The present analysis assumes a uniform
stress and strain state for the specimen, and neglects localization of strain softening and fracture, and
this is one of the causes for the underestimated lateral strain.

The change in shape and width of hysteresis loops during uniaxial compressive loading of concrete is
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using Enhanced Microplane Concrete Model

well captured by the model. Since normal compression unloading proceeds into normal tension softening
on microplane 2 in the analysis for crlim =Okgf/cm2 (Fig.33(a)), curvature of the macroscopic
hysteresis loop at lower stress levels becomes prominent.

b) Cyclic Biaxial Compressive Behavior
In Fig.34 calculated cyclic and monotonic responses under biaxial compression are compared with
the experiment by van Mier [19], in which the biaxial stress ratio was a^ja =-0.05/-1 , and the
lower limit value <rlim of variable stress amplitude was Okgf/cm2. Fig.35 shows the normal, K-
shear, and M-shear responses of microplanes (integration points) 2, 3, and 14 as well as the average
volumetric response eav for the biaxial compression analysis.

The model well describes strain-softening stiffness and the degradation of unloading and reloading
stiffnesses during strain softening under biaxial compression; however, lateral strain e^ is overestimated
in the calculation as compared with the experiment.

As with the cyclic uniaxial compression analysis, the curvature of the macroscopic hysteresis loop at
lower stress levels under biaxial compression depends on the alternating cyclic loading response when
normal compression unloading proceeds into normal tension loading. As shown in Fig.33(a), (b) and
Figs.35(a), (b), macroscopic tensile strain and cyclic loading cause tensile microplane stress to be
induced on microplanes where there is no resolved tensile component of the macroscopic stress tensor.
This tensile microplane stress causes microscopic damage, which then results in macroscopic damage
and stiffness degradation. In a heterogeneous concrete material with no macroscopic tensile stress,
microscopic tensile strain and stress are induced on a microscopic level or meso-level, becoming the
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origin of macroscopic damage [20]-[24], [26], [27]. The model accounts for the microscopic damage
mechanism in macroscopic constitutive modeling in a simple and reasonable way without a complicated
micromechanics model.

c) Cyclic Triaxial Compressive Behavior
In Fig.36 calculated cyclic and monotonic responses under triaxial compression are compared with
the experiment by van Mier [19], in which a confinement pressure of cr^ =cr^ =oc=-10.2 kgf/cm2
was applied first and held constant, and then compressive axial strain e was applied cyclically with
C7lim=-12.8 kgf/cm2. Fig.37 shows the normal, £-shear, and M-shear responses of microplanes

(integration points) 2, 3, and 14 as well as the average volumetric response eav for the triaxial
compression analysis.

The strain-softening stiffness and degradation of unloading and reloading stiffnesses during strain
softening under triaxial compression are well captured by the model. However, the width of the
hysteresis loops is small and the curvature of the hysteresis loop at lower stress levels is too large in
the analysis.

d) Extraction of Invariants
Based on the cyclic uniaxial, biaxial, and triaxial compression analyses, the total strain tensor etj is
resolved into elastic eeij and plastic epij strain tensors assuming that the residual strain after complete
unloading is the plastic strain at the start of unloading <Jtj. The following deviatoric tensors are
calculated from the stress and strain tensors:

sv =°v ~2ai*Sv (57)
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- L X
eij = £ij ~ -£kkdij

= -- fi
eeij ~£eij ~ £ekk°ij

--X
6pij £pij ,3£pkk°ij

in which s{j = deviatoric stress tensor; e^ = deviatoric strain tensor; eeij = elastic deviatoric strain
tensor; and epij = plastic deviatoric strain tensor.

Maekawaet al. [28], [29] extracted several invariants from their experiment and used them to derive
an elastoplastic and fracture constitutive model. In this study, the following invariants from their
research are chosen and calculated for the cyclic compression analysis described above:

(61)

(62)

(63)

(64)
rmod

J2e =
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rmod__P
l\p ,-j fcp/i

(65)

J?°d = ^eniienii (66)
2p ~-y2ww

rmod

* = :jj3h=J- (67)Z(jrJ2e

in which 71mod=modified 1st invariant of stress tensor; /á"od = modified 2nd invariant of deviatoric
stress tensor; 7á"od= modified 1st invariant of elastic strain tensor; 7á"d =modified 2nd invariant of
elastic deviatoric strain tensor; 7já"od= modified 1st invariant of plastic strain tensor; 7á"d =modified
2nd invariant of plastic deviatoric strain tensor; K =fracture parameter; and G° =initial shear modulus,
G° =EQJ2{\ + v°). The superscript 'mod' refers to a modified value because its definition differs

slightly from the usual one.

Fig.38(a) shows the 7á"od'/ec0' - /jmod'/fc' relation calculated from the results of the present cyclic
compression analysis as compared with that calculated for the experiment by van Mier [19]; here, the
prime stands for inversion of the sign. It was found in the study of Maekawa et al. [28], [29] that the
7á"od/£CQ - 71mod/ft relation up to the critical point is almost linear. On the other hand, we can see
from the present results that the relation is nonlinear after the critical point, which implies a dilatancy
phenomena in which elastic strains increase after the peak stress.

In Fig.38(b), the Já"d /eCQ - Já"od/fc' relation calculated for the present cyclic compression analysis
is compared with that calculated for the experiment by van Mier. The analytical result reflects the
experimental result that the peak deviatoric stress value increases and deviatoric damage decreases
whenthe confinement pressure increases.

Fig.38(c) compares the Já"*I£CQ ~ % relation calculated for the present analysis with the experiment
by van Mier. According to Maekawa et al. [28], the fracture parameter K, representing deviatoric
damageunder an arbitrary stress condition, depends not only on Já"Abut also on 7á"odand the modified
/y+«A **-.*TJ~.+*^«-*-.4- s^-F x-*1<-m4-4^ y-lrt^rlrt4-rt*,Irt..-il-*.!-**** 4-rt«^,rt*, /mOdJiu uivcuiiuu LH clastic UCVJLCUUIK; suain icusui J''3e

JS* =^W&*eH (68)
The analytical Já"d /ec0' - K relation well agrees with the experimental one as well as the one obtained
by Maekawa et al., which means that this model predicts degradation of unloading and reloading
stiffnesses in the strain-softening regime with accuracy.

In Fig.38(d), the Já"d/ec0' - Já"°d/ecQ' relation calculated for the present cyclic compression analysis
is compared with that calculated for the experiment by van Mier. The analytical result follows the
trend of the experimental relation, but Já"d values in the cyclic uniaxial and biaxial compression
analyses are underestimated.

Fig.38(e) compares the Já"d/£cQ' " flj°d/eco' relation calculated from the results of the present cyclic
compression analysis with that calculated for the experiment by van Mier. The present analysis and
van Mier's experiment show that /1IJ°d /ec0' varies from negative values at the initial stage to positive
values at the latter stage as Já"d /ec0' increases. This means that a compressive (negative) volumetric
plastic strain is induced up to peak stress due to compaction, while a tensile (positive) volumetric
plastic strain is induced after the peak stress due to dilatancy resulting from microcracks and damage
under lower confinement pressure.

In the elastoplastic and fracture constitutive model ofMaekawa et al. [29] , the derivative of the Já"d /ec0'
-/iá"od/£c0' relation is defined as the dilatancy derivative D, which is utilized in formulating the
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volumetric plasticity associated with shear plasticity.
acd

D=--£-r nrmod
aj2p

(69)

In their study, it was shown that the dilatancy derivative D depends on confinement and damage, and
could be formulated as a function of 7á"odand K. In the present calculations, a similar tendency is
confirmed: the -/á"d/ec0' - Iá"d/£CQ relation and D depend on confinement pressure and damage.

Although this model is derived without tensorial invariant relations, it has been shown that it can
reproduce these relations and predict the cyclic responses of concrete with accuracy.
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5 . CONCLUSIONS

In this study the difference between the normal-shear and volumetric-deviatoric-shear component
formulations, on which the microplane models by Hasegawa and Prat are respectively based, is examined
by numerical analysis for a wide range of stress conditions. Then the Hasegawa model (Microplane
Concrete Model) is improved to expand its applicability and reformulated as the Enhanced Microplane
Concrete Model. This serves as a more general constitutive law. In the last part of the study, the
accuracy of the Enhanced Microplane Concrete Model is verified by comparing calculated constitutive
relations with experiments reported in the literature. The following conclusions are obtained:

( 1 ) The normal-shear component formulation (Microplane Concrete Model) cannot accurately predict
confinement effect and the transition from brittle to ductile fracture, although it has practical accuracy
in the case of biaxial and low confinement stress conditions. Since all microplanes ultimately exhibit
strain-softening responses in triaxial compression analysis, increases in macroscopic strength and
ductility with confinement pressure cannot be predicted well by the normal-shear component
formulation.

(2) The prediction accuracy of the volumetric-deviatoric-shear component formulation (Prat model)
is poor not only in biaxial and confinement stress conditions, but also in uniaxial tension softening.
The calculated total normal responses of microplanes are unacceptable in this model. This means that
the microplane, as the basic load-carrying element at a microscopic level, loses its original physical
meaning as a result of resolving the normal component into volumetric and deviatoric components.

(3) The previous Microplane Concrete Model is improved to expand its applicability and reformulated
as the Enhanced Microplane Concrete Model. One of the major improvements is to take account of
the resolved lateral stress in normal compression response on a microplane as well as the resolved
lateral strain. Another major improvement is to adopt a model for the transition from brittle to ductile
fracture in calculating the shear response on a microplane at increasing resolved normal compression
stress. These improvements endowthe model with the capability to describe complicated interactions
between microplanes through the macroscopic stress tensor. Similar effects are taken into account in
the microplane hysteresis rule using the concepts of back-stress and objective-stress.

(4) It is verified that the Enhanced Microplane Concrete Model can accurately predict experimentally
obtained constitutive relations for concrete as reported in the literature, covering various stress conditions
including uniaxial, biaxial, and triaxial stresses. The model properly predicts confinement effect and
the transition from brittle to ductile fracture as well as biaxial failure.

(5) Cyclic behavior under uniaxial, biaxial, and triaxial compression are well described by the Enhanced
Microplane Concrete Model. Extracting the invariants of the stress and strain tensors from the analytical
responses obtained by this model, the experimental relations of the invariants can be reproduced.

(6) Examination of the microplane responses in each analysis provides an explanation of the load-
carrying mechanisms in concrete in terms of responses on the microplanes.
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