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ANALYTICAL STUDY FOR SHEAR RESISTING MECHANISM
USING LATTICE MODEL
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The authors have developed a lattice model, which can be considered a simplified analytical model, to
clarify the changes in the shear resisting mechanism of reinforced concrete beams during, for
example, the initiation of diagonal cracking, yielding of the shear reinforcement, and crushing of the
web concrete. This is a practical and macroscopic analytical model to explain the shear resisting
mechanism. The applicability of this lattice model is examined by shear strength equations proposed
in the past and available experimental data. After verification of the lattice model, the validity of the
modified truss analogy, which forms the basis of current Japanese shear design specifications, is
examined thoroughly using the lattice model.
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1. INTRODUCTION

In the currerit JSCE (Japan Society (jf Civil Engineers) Standard Specifications for Design and
ConLqtl.uCtiollOfCoilCYeteStructtlreS,the LStiptliatedmeth()a ()ftcalculating Lqhearcarrying capacity of
reinforced c()ncretebeams sot)jected i(j ShearitsbaLSedon the nwdified truss allalogy, This meanLSthat
the LShearcafTyingcapacity, Vv,should t)a the stlm C)fthe colltrit]ution made by the cc,ncTete,V{.,and
the resistal7CeOfthe truss mechal*Sm resulting fr()m web yeinforcelment,YS,.

If only the reLSistallCeOfa truLSSmechanism with diagonal strLltSat 45 degreeLqis taken irltC)account,
experiments have shown that the acttial shear carrying capacity will be undereLStimated.Baseci on this
experimental evidence, the c(mtribution made by the concrete, V("was added to that of the ti^uSS
mechanism. In the Act Btlildirlg C(jde RequiremerltS for Reinforced Concrete (ACI 318-89), the
same fulldamental design procedure is stipulated. On the othel-hand, the CEB-FIP Model Code 9()
[11 gives a different method, ill Which the inciinati(m angle of the diag()llal struts is not fixed at 45
degrees. With this method, a desigil enginee1.CallCh()ose an aTbitrai.yinclination allgie foi. the
ding(Hlai stL-utSWithin the limitationLqand calculate the reLSistanceof each mechanical a()mp()Rent
formirlg the truLSSmeCi3ailism.By comparillg the resistance ()feach comp()nentwith die applied foi.Ce,
the safety of reinforced colWTetebe,hmssubjected to shear is examined. This method is clearly not a
direct way to caictllate the actual shear CarryirigCapacity.

DeLSignprocedLli-eSbased oil the modified tiluLSSanalogy have t)een wicielyaccepted in japan becatiSe
of abundailt eXistil7gPractice. However, it is also true that the m()dified truLSSanalogy still includes
several pr()blems. F()r example, although Yf is called the shear carrying capacity, it actually
represents a iqhear resistance corl.eLSPOndingto yielding of the web idllfc)TCement. It is known
expel.imentally that concrete t)eams may exhibit an increase in shear carrying capacity once the web
reirlf()rcement yields deperldirlg ("1 the web reinforcement ratio. In eLStimatingV)/.,this increase in
shear cariYingcapacity is completely neglected. Mol-eOVer,Sinceyielding of the web reinf()rcemerltis
assumed in this meth()a, Vvcannot be calculated fol.FRP rods, because they do not exhibit yielding
i)ehavior.

The contribution due to the concrete, V{,,is assumed to be equal to the shear callYing capacity of
concrete beams with()ut web reinforcemel* Aftei-the initiation ()fdiagonal cracking, it is quite natural
to aLSSumethat the coot,Fit)utiL)nmade by the concrete will fall as the diagorlal crack extends, the crack
width increases, arid tile COnCretebeam deforms. Ill desigr3, h()waver, Vc is assumed i() i-emain
constant from tile initiation of diagL)natc1.aCkiflgtOthe ultimate state.

Fixillg these varj()uLqPr()biemLSWiththe modified truss analogy and presentirig a tlnified analytical
method applicable i()concrete bearns i4ei11forcedwith any kind of reinforcement ilaVebee()mea matter
()f tlrgellCy ill LSheal.design.

Sate, Veda, and Kakuta have reported some numerical research woi.k in detail [2]. In theil.report, the
variations in the contribtltion to shear caITyingcapacity made by c()nci4eteand we/breinforcement and
the effect of the rei13forcementstiffness are inveLStjgatedbased oil nOniiilearfinite element arlalysis. It
is really an elaborate form of llumerical study; h()waver, objectivity might be loLStdtlring the discrete
rearrangement ()f il7ternaifijrCeSWithina collCretebeam modeled as a contilluum in FEM. Aside from
such a p()ssibleloss ()f objectivif,y,it itsVerydifficult to perfonn the disci.etarearrangement itself.
Schlaich haLqPr()P()iqeda iqtrutWndde modeH3]. This is a simple and ingenious way to design
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c(nlCreteSti.uCtureS,especially in the discoritinu()us region. SirlCereinf()i.cadc{mcrete stl.uCture,Sare
modeled int() strut and tie comp()nelltS in this m()del, the pathLSfor iIlterllai resisting forceLSare
restricted and the p()st pr(lCeSLmigOfcalculated results becomes easier.

coru3idering ()bjectivity in the poLStProcessing i)f caicuiated results alld the simple iqreSentati(Mu)i
the tshearresisting mechallism, this research w()rk takes up the issue of the lattice model [4j, in which
concrete beams are modeled illtO an aSLSemblyof truss components. Aithmlgh (uattice m()dei
illCOrPOratitlgthe compatibility c(mditi(n7,the eLluilit"-iumcondition, and the constitutive model for
c(nlCrete beam materiaiLSis a more simplified meth()a thall FEW, it is able to represent the sheaf.
behavi()I.Ofc(mcrete beams reaLWnat)lythroughotlt the changes ill the shear resisting meclunism.

In this research, ariaiytical restlits ()t)tainedfrolri the lattice model al.aused to clarify the variati(nlS in
c()rltribttti()iHoshear strength made by colWi-etaand web reiru-brcement aLSdeformatiorl Ofa c(nlCTete
beam irlCreaSeSafter the initiati(jn ()fding(Hlalcrackillg. The validity of the m()dified trtlSLSanalogy is
also examined.

2, LArriCE MODEL

2LiLW

Figtlre i showLSthe schematic diagram of a concrete beam after diagonal cracking initiates. If the
shear StreLSSalorlg the crack stirface is neglected, biaxial compression-tension LStreSSeLqexist in an
infinitely tqmailelement parallel to the diagollal crack directiol3 (Fig. 2),

CoilSidering the existence of this biaxiai stresL-tats in the web concrete (Fig. 2), we assume the
lattice model shown in Pig. 3. Ill this lattice 17H)dei,a reinforced concrete beam that is essentially a
contintlum is aLSLSumedto Gelall aSLqemblyof trtlSLSCOmPOnentS.

The concrete iLuTmdeledinto a i-lexuTalc(H71PTeSSionmember, a flexurai teidon member, a diagonal
compretqsi(nl l7Wmber, a diagoilai tensi("1 mel73ber, and an arch member. The reinforcement is
modeled int() horizt)l7talaild vet-ticalmemt3erLq.The modeling of the diagollal tension member of the
web concrete is olle ()i the maj()r peculialities of tile lattice model, OilCethe diagonal tension member
of the web concrete is suitably chosen, the shear behavior of concl.ere t)eamS before and after the
initiatioi10f diagonal cracking can be capttlred pl.OPeriy,

V i

diagonal
crack

eYy

vi
f=ig.i CoriCrete Beam with Djag()ilai Crack
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Fig.4 Cross Section of Concrete Beam
in the Lattice Model

The thick solid line in Pig. 3 TePreSentLSthe alth membel. Of the web c()ilCrete. Alth()ugh the
inclination angie of this ciiagonal strut is fixed at 45 degl.eeS in the lattice m()del, the stress
redistribution ill the concrete beam after yielding of the web reiflforcement can be adequately
represented using this arch member. The arch member is aLqSumedto be flat and sleilder and be
connected with the nodes at each end.

2L2&
Figure 4 shows a LSChematicdiagram ofa cross section through a c(mcTetebeam as represerlted in the
lattice model. The web concrete is divided into a tIllSSmember and an arch member (the hatched area
in Fig. 4). The ratio of the width of the arch member to the beam width is assumed to be "t ". The
value ()i i is determined as follows,

Assumil7g that a ullit LqhearfloTCeis acting on a
concrete beam with a specified i value (O<t<l),
the potential energy carl be caicuiated based ()n
elastic analysis; it is obtained fl40mthe strain
energy in each element and the external work
due i()a unit shear force. A value off is found

which minimizes the total potential ellergy f(w
the whole of the structul.e. Although the
calculated potential ellergy Changes with
increasillg llOnlilWaiityof the concrete i)Cam,this
method of determillillg the i valtleis ad()piedas a
first apprc,ximation. f7igure5 shows an example
(jf the change irl this p()tential erlergy With i
value. In this case, the chosen i vaitle is ()f7.

Potential energy for
urlit shear f()rce (Nlnm)
32()

SID

3()()

29O

28()

27()

0 (u OAfO.6 0.8 1
Fig.5 Change in Potential Energy

with i valtie

The (1isplacements of the arch member are c()incident with those of the truLSLqmember at each end.
Howevel., except at the erlds, tlw c(HnPatibility of the diLSPlacementsiLu10t COnSidered,and the
diLqPiacementsof the arch member are cLnnPlete]yirldependent of those of the truss member. This
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means that in the lattice model the plane stress condition is not assumed because of the concentration
of stirrup arrangement in the direction of beam thickness. This is an assumption; however, with
widerbeams, we can expectthat application of the plane stress conditionwouldbe impossible.

The depth of the nexural c()mpressionmember is made equal to the depth of the nextlral compl-eSLmin

zone at the nexural ultimatestate; that is,x = (As.fy)/ (0.68j;I.b). The depth of the flexu1.altensi()n
member is assumed to be the twice the diLqtanCebetween the centroid of the t)aysas flexural tensile
reinforcementand the bottomof the beam. A tiiai calculationconfirms that assumptionsregardingthe
depth of these horizontal members haveless effect c,nthe estimationof shear carryingcapacity.

The height of the lattice m()del is assumed to be coincident with the effective depth of the beam.
Thus, diagonal members and the arch membel-are Placed so as to connect the top surfaceof the t)Cam
and the centroid of the bars as flexuTaltensile reinforcement. The hori7JOntaldistance ()fvellicai
members is asLSumedto be half the effective depth. Therefore, the thickness of the truss member and

the arch member as seen fr()mthe side of the t)Camare equal to (d/2) sin45o and d sine , respectively,
where 0 is the inclinati()nangie of the arch member.

2i3NJSite5BW

a) Diagonaltensionmemberof concrete
The concretefLqdiagonal tension member resists
the principal tensile stress resulting from shear
forces. It is elastic befc)re cracking. However,
()nee a crack occurLS, the concrete can t)e
assumed to exhibit tensiorl LSOfteningbehavior.
Therefore, after cracking, the tensi()n softening
curve for concrete is applied. The curve
employed is the one-fourth model sh()wn in Fig.
6. The crack width, w, in Fig. 6 is divided by
the length of the diagonal tension member and
c()nverted into a strain. The fracture energy of
concrete, GF is aLSSumedto t)a loo N/m. Thus,
f()r the concrete of tensile strength 3.0 MPa, wl
and w2 are equal to 0.025 m,mand 0.167 mm,
respectively.

Tensile stl.ass
a
ft

A
4

()

GF X Crack width

WI W2

Fig.6 One-Fourth Modelof
Tension SofteningCurve

W

b) Diagonal compressic)llmember ()fco17Creteand arch member
The concrete!s diagonal compression member and arch member resist the diagonal compression
caused by shear. The model of c(jmPreSSions()ftening behavior proposed by Collins et al.r:5] is
ad()pied_ Equation (i) shows the compresLqivestress-strain relationship of the concrete used in this
research work.

g

c- -c.[2 (a, - (g,2]

where, T7
().8 - 0.34 (Ei/Eo)

s;i.0, Eo=-0.0()2
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c) Vertical arid hodzontai membel4S

The stress-Lqtrainrelati()nship for the reinibrcing bars is aLSSumedto be elasto-plaLqtic. As for the
horizofltal membei. in the flexui-al tenLSionzone, OkalmlTa'S tellLminStiffenirlg mC'del is adde/a to take
into account the b(md behavi(".. Por the hoi-izontai member in flexural compTeSSiol7,the effects of tile
c()riCreteare C()llLSiderec1;however, c()mpreLSLSionsoftening is not takeri into ace()unt.

For the vet-tical member, the effect ()f the concrete is llOtCOnSideTedbecause the reLSistal7CeOfc()ncre,te

to telVji(Hlis already incoTP()rated int() the diagoilai te/llSiL)rHTlember_Usiilg the lattice model,
noniinear incremental analysiLSis pail("-meg by diLSPiacemei7tControl. The convergence technique
employed is tile Newt()n-Raph.s()llMethod,

3=BXAAliW

3JihfQLBeW

As the shear strel7gth eqtlation fbi. COnCretebeams witiwtlt Wetueinforcement, Eq.(2) has beerl
proposed [6l.

vc (MPa ) - ').2Of.!i/3 pvt,i/3 d-i/4[('.75. b3] (2)

where, I;:f is the compresLSivestrength of the c()ncrete(MPG),pw is the reinf()rcement ratio (I 100 JAs/
(bwa) ), d itsthe effective depth of the c()ncrete beam (m), and a/{1is the sheai-SParWffectivede,pttl
ratio. The validity of Eq.(2) has all.eddybeen confimled by numerous expefimeiltal data and Eq.(2) is
accepted aLSthe t3aSiLH)fthe desigll eqtlation in the 5SCE Standard Specificati(nlS. To examine the
applicabiiity of the lattice model to concrete beams without web reinfotument, the analytical reLqults
given by the lattice model are compared with Eqr(2).

Figure 7 sh()wlS a COmPal.isoll Of the silear
carryingcapacitypredictedby the latticemodel
and Eq.(2). f7()r this ccu71PariLSOn,a total of 8l
c()ncrete beamLSWere Caicuiated. Three levels ()f

concrete strength (i/=2(), 28, alld 35 MPG),

reinf()rcelTlent ratio U)wI 136, 2.(), al7d 3.() a/,,),

effective depth (d=().3, ().4, and ()"5 m), aild
shear LqPalldrective depth ratio ({l/d= 2.(), 33,
and 5.()) were selecte,a and combined, The widtt1

()fthe beamLSWas fixedt() bw = ().3 m. Fol4the
8 i caLqeS,the average and c()efficierlt Of variati()ll
of the ratio of LShearcalTyillg CaPaCitieiSPl-edicted
by the lattice model arid a(1.(2) are (),953 and
9.3C/,},reLSPeCtiveiy.Alth()ugh the shear carIYitlg
capacity predicted by the lattice m()delitsSlightly
smaller than Eq.(2), the varjatioi7is admissible.
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Figure 8 shows tfie Change in the i.atio c,fpredicted sheaf.Carrying capacity by the lattice model and
Eq.(2) aLqeach parameter itsVahed. Predicti("1LSby the lattice m()dei are iWt exactly same as Eq.(2).
H()waver, the ratio of the two is m()stiy from ().9 i(7L i. As for the size effect, the pl-edictions of tile
lattice model are simuaTtOEq.(2). The shear failttl4em()de predicted by the lattice model itsfaiitti.aOf
the diagollai tenLqionmember. This c(".TeSP("1dsto the diagonal tensioll i'ailure observed in experi-
ments. These results mean tlut predjcti()nhsOfshear carrying capacity by the lattice model ai-ejuLSt
about adequate.

3.2 Pop Beams with Web Rei!1i-1()rcemellt

In the case of beams with web reinf()i.Cement,the validity (i the httice model i3aSbeeil examined
based (m exiLStingexperimental datay An ()titiine,of the data used ill Validatethe iatticLlmodel is givell
ill Tat3le i. The lattice model can eaLSilypredict changetsin tile StressStateOfeach member in additioil
to predicting the applied shear ibrce-displacement ldationshipr

Lattice M()Gel/Eq.(2)
l3
1.2

i.1

1.O

0.9

().8
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1T3
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5

a(cm) a /d
Fist 8 Change in ShearCatTyingCapacity with Variation oi'Each Parameter

Table i Outline ofExperimentai Data

*) a: Rectangular secti(H1,T: TdlaPed section. No.4: fiailLqeWldth=30cm, flange depth=7.5cm. web width=15cm

**) Vc;lil: Calculated value by the iattjce m()del, Vcal2: Calculated valtie by ule m()dirle(i truss t311ai(jgy,
( ) meallS tr3erati(j Ofcaicuiatcd value/ experimelltal va111C.
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ThtlS, the changes in the shear reLSistingmechanism within a concrete beam, i.a., the changes in
colltTibtition t)y each memt)er, can i)a estimated without adding any subjective operation. This is a
strL)ngincentive to develop the lattice model.

a) Sheaf-f()rceAjsplacementrelationship
To examiilethe applicat)ilityof the latticemodel
to the shear i-eLqistingmechailism ()f coilCrete
beams with web reinforcement, several

experimental data for the applied shear force-
displacement relati()nship are selected. The
predicted applied shear f()rceAisplacemerit
relati()llShip by the lattice m()del is L'OmPared
with these experimental reLSults.

Figure 9 compares the restlits calculated by the
lattice model with Clark's experiment [87(N().2
in Table i). This comparison goes only up to
the peak reLSistance,because post-peak behavior
was not reported by Clark. Figure 9 c()nfillnLS
that the lattice m()del repl-Oducesthe displace-
ment behavior adeqtlateiy. As for shear cartyillg
capacity, the predicted value is very clt)iqetOthe
expelimentai data.

Figures i() and i i give the comparis()ns with
Leotlhardt'LSdata [9] (No, 4 irl Tat)le i) and
Ohuchi's data [l()] (No. 5 in Table i), respec-
tively, Compared with theLSeexperimental data,
the lattice model has a teildency to slightly
()vet.estimate the stiffness. However, the

predicted displacement at the peak is almost
identical to the experimental values. No. 4 in
Fig. 1()js the case of the THShapedi)e/am. Here,
the sum ()f the width of the ai4Chand concrete

ding()nat memt)ers itsassumed to be equal to the
wet) width of the beam.

The gl.adient in the predicted displacement curve
changes at around V= 60 kN. rFhiscan be treated
as the poirlt Where ding()nat cracki13gOccurred.
C)nthe other hand, rl(j COrl.esp()ndingchange in
the experimerltal data is visible. AiSi()r the peak
reiqistallCe and dispiacemerlt at the peak, the
predicted values al-aSimilar to the expelimental
OneS.

Appliedshear force(kN)
250

200

150

1()0

50

0 0.2 0.4 0.6 0.8

Displacement(cm)
Pig.9 Comparison with Experiment (No.2)

Oo o.4 0.8 1.2 1.6 2.0

Displacement (cm)
Fig- 10 C(7mPariLSOnWith Expel.iment (N()A)

Appliedshear f()rce(kN)
600

5()0

400

300
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100

'@

@
*.

Latticemodel

@ Experimeni
(Ohuchi et a1.)

() 0.5 1.0 i.5 2.0 2.5

Displacement(cm)
FigJ i Comparison with Expeijment (No.5)

In Ohuchi's experiment (i;ig. i i), high strength concrete was tLjed. In this case, the gradient change
in the experimeiltal displacemellt Curveat around V= 3()()kN iLqCapturedby the lattice model, As fol.
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the peak reiSistance,the lattice model gives a Lqlightlyhigh pl4edicti()n.Although this newly developed
lattice model is a fairly simple analytical method as compared with n()nlillear finite element analysis,
these results coflfirmthat it can predict theshear behaviol.Ofconcrete beamLSaim()stexactly.

b) Chaflge in stresLSState iri each member
Clark's experiment (No. 2) was choserl aS the
subject of an investigation ()fLqtreSLqStateChanges
in each member. The charige in average LqtreSS
on diag()nat members ()f the concrete and
stirrups and the stl-eLSS()rl the aidl member is
examined. Figure 12 showLSthe lattice m()delfor
the N(). 2 beam. The average LqtreSSOn membel-S
located in the center of the shear span, as
represented by LSOlidiilleS in Fig. i2, is
calculatedwith increasingin displacementof the
loadillg point. The i.eSult is showrl in Fig. 13.

Lattice model f()rN().2 beam (Clark) 4Y

st1-st6 : stimlP, t1-t4 : diagonal tensioll member
s]-s4 : ding()nat compressi()n member, a : arch

Pig. 12 Membei4Sin the Shear Span Centei-
tlSedto Calculate the Average Stress

ALSShown in Fig. l3(a), the average tensile stress on diagt)nat tension members Of the concrete
decreaseLSrapidly after the illitiation of diagonal cracking. On the other hand, the average compressive
stress oil ding()nat compressi(3n membel.LSOf the c()ncrete alld the average tellSile stress on LStiri.ups
increaseLqSignificantly (Fig. 13(t)),(c)).

Stress c)rH3iag()rlaltension member (MP{I)

2,5

2D

13
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() 0,2 0.4 ().6 ().8

Displacement,()f loading pc,int (cm)

(a) Average StressoilDiagonal TensionMember

Stress ()nstirrup (MPG)
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(c) Average lStressoil Stirrup

Stress ()lldlag()hal compressioll member (MPH)
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Displacement ()floadingp()inL(cm)
(b) Average Stress oI7DiagollalCompressi()nMember
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The average stress on diag(ma3 co173PTeLSSionmembei.Ahas a tendency to LStayalmost constant aftel- a
certaill am(_)tint()I incl-ease in average stress. The average StTeLqSOilStirrups ii3CreaSeSSlightly with
increasing dispiacemellt after the initiation ()fyielding. The compreLSSivestl.eSS(nl the arch member
showLSa Sigl7ificant increase aftey tile initiad(m oilstil.14tlPyielding; however, due tL)the LqOfterli13girl
compyesLqion, the aL-Chmember i.eaCheLqthe ultimate LState(FigB i3(a)). ThuLq,the predicted sheaE4
failure m()de i-lopthe No. 2 be/am is compressioll faiiui4e Oitthe arch membei4 after the initiation of
LStirrupyielding. This is c()inci(lent witluhe expeijmentai i-elSultLq.

4 . CONTRIBUTION OF EACH MEMBER TCi SHEAR FORCflJ

The shear design equatio17 for a()ilCTetei)a;mS
with web i4einfoi.CemeiltPrescribed in the JSCE
Stalldard Specificatjc)nLq(Eq.(3)) is baLqedoil the
m(3dified truss anal()gy. In Eq.(3), the
contribution ()f the c()ncTete, V," is aLSStunedto

remain coIIStallt, after the irlitiation of diagc)l7al
crackil7g.

Vv= V,,+ Yy (3)

If the conci.ete COntributi()n, Vc, i-eLSLhsfrom

i)nly the tensile l^eSistance oil the cc)ncrete, it is
ciuite reasonable, as mentiolled before, to
c(n3Sider that after ding()nat crackillg begins the
colWrete COntribution failtqaLSthe ding(jnal cl-aCk
extends, the crack widtll increaLSeS,alld the
conci.ete beam deforms, The ilittice m()del can

pl-OVidethe alLjWertOthis question, t)ecauLqethe
c()ntrit)uti(jn Of each member foTmjllg the sheai'
i.eSiLqtingmechalliLSmCaFibe evaluated quantitt1-
tiveiy by the lattice model. BaLqed ()n tile
calculated result, the conti.ibutioll ilol-Shear of

each member is inveLqtigated.

The experimental data t)yLJeOllhardtalld WaitheT
(No. 3, No. 4) wel4e Ch()LSen aLSthe LSubject for

thiLSCalctliati()l1. CL)llSidel^ing the streLqLqStates

i.ePreSented in Pig. l3, the predominate
memberLqfor171irigthe she,arreiqistingmechanism
are the diagonahensi(m member oi:the ct)iuTete,
the arch membei^, and the tstirrup. Theref(m,
assuming a free body bkeri from the lattice
model at the ceE*eT ()fhthe LSheartqpan (Fig. l4),

the c(311tributionof each member is qtlantitatively
estimated_

Yv

TITe
%

Imaginary
cut surface i V

Tfl{,,: TciiSi(HI Of diagonal teilSi;)n member ()fconcrete

C,1,{J2: Compressi()n ofaTCh, Vrl : Tension ()fstiTruP

FigJ4 f=ree Body Takeil from Lattice M()del
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Pig.15 Estimati(7n()f tile Contribution to
Shear by the Lattice Model
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PiguTe i5(a),(i)) show the chai7ge ji3a()iltribLlti()lltOShear Ofeach member ()bmined from the iattice
m()del. The t)rokel7line repi.eSentS the pyedjctiL"iby the lnOdified trtujSatlalogyv

h7 the modified trtiSSarlaiogy, the a("ltributi("1 ()f the concl4ete, V("call tie ()bmined fr(Hn Eq.(2) and
iLheresiLStallCeOf the stirrup, V" is calculated by assLtrnillg the 45Aegl.ee truLSSmeChallism aLqfoiiowLq:

Vv=Aw gtyz/s (4)

Ace(M-dingto i;ig, l5, the contrit)tltior-f the a("7Ci.etePredicted by the lattice model complises the/
resistalWe ()f the concretefLSdiagL7naltel"ji(m aruhhe compressi(n1 0f the arch. flHhe vicillity of the
point where the average, stirrtw streLSSis zero, the i-ati() of the diagorlai teriSi(nl Of tin concrete its

i-elativeiy high. As thelaverage Stress (mthe iStirTuPillCYeaSeS- that is, a:i the concTeteri)Camdefol-mS
-, the resistailCe Ofthe collCrete'LSdjagollal tensi(ul dec1.e,agesmOl10tOllicaily, However, becatuje the
increase in arch c(n71PreSSi()ilC("nPenSateLqfor the decrease ill the c(mcretefLSding()nal teilSion, tin
c(mtributjoII Of c(nlCrete, Which aim()st c("-i-eSPL"1diStO Vc, is maifitained dtu.iilg loading, ff it is
assumed that Vcill the modified tf-USEalla1()gy does lWt i-eLqultfrom only the tensile resistance of the
c(mcrete, but luhel4 js c()mp(jSed of the tenLSiiereLSitstanceand arch c(nnpreLSLqion,the reds(nl for V{:
being maintained after the initiati()nof diagonal cracking is well explained.

Accordirlg tOi;ig. l5, the c(mti-ibutioll Ofthe LStimlPincl.eaLSeSmOnOtOnicaiiybased on the 45-degree
truss mechallisrri until the, yielding. After thLlillitiatioiHjf stirrtlP yielding, the reLqistallCe()I the arch

member increases rapidly (@ in Pig. l5 c(m.esp(Mldsto the initiation ofstii-rug yielding). The poillt at
which the arch compreLSSi()ni.avidly incTeaSeL"Or1.eSPOrldsto the initiatioil Of LNirrup yieidillg.
Because the tellSile reLSistance(*' the LStiri.uPis maintaille,a as long aLHileStiiTuP does not fail, it is
predicted that the final LSlwaiQCarryillg Capacity is dominated by failul.a Ofthe arch member. In Fig.
i 5(a), tin softelling behavi("4 ()f the aT,=hlTlember itsClearly visiblel Since the softelling of the arch
member OCCLITLu-eiativelyearly afteL4yieldillg Of the Lqtir1.uPin this caLqe(No. 3), the shear carrying
capacity predicted by the/lattice model (132 kN) is vel7 Similar to the valtle Caictllated by the llmdified
truss anEilogy (L3i kN) (Table i).

Regarding Not 4 in Figk i5(b), becaLiSeOf the cieiay in the initiation of stil4rupyielding, the p()int ()I
rapid increase ill al.Chcompression is ails(jdelayed, SiilCe the horizontal axis ofFig. L5is the avel.age
stirrup LStreSS,the softening ()f tile arch membe,r carilWt be cieariy ()bserved in Pig, i5(b). Ill this
case, the reLSistanceof the arch membel. C("ltinues to illCl-easeaftei. the illitiatioi"f stirl-uP yielding.
The shear carryirlg Capacity predicted by the lattice m()dei (I l7 kN) is considel-ably lal-ger than the
valtle Calctliated by the modified tnlSSanalogy (98 kN) (Table i).

In Fig- 15(b) (No, 4), the avel.age LStillWStf-e,SSitsalways teilSioi1. Orl the other hand, the average
stirl4uPLStreLqSin Fig. i5(a) (N()-3) itsC("nPreSSion durillg the eat.iy stages of loading. No, 4 is a T-
LShapedi)Cam aild No. 3 is a rectLingulai4beaiT1,Since the width ()f the diagorlal terlSi()nmembeL-Ofthe
concrete is redtlCed ill the No. 4 beam compai.ed with the N(). 3 beam, the average LqtiTruPStress is
coiltSidered i() be iri tenLSionfroln the beginning,
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5. RELATIONSiiIP BETWEEN SHEAR REINFORCEMENT RATIO AND SHEAR
CARRYING CAPACITY

According to the lattice model, the shear caITying
capacity (jf concrete beamLqWith wet) reinfol-Ce-
ment is controlled by softening of the arch
membel.. When stlChsoftening ()ccurs reiativeiy
early after the initiati()l10f LStil.TOPyielding, the
shear cat.Tying capacity is close i() the value
calculated by the modified truss allaiogy. On the
i)thel4hand, if softening of the al4Chmember is
delayed, the sheal.Carrying capacity predicted by
the lattice model is significantly gi4eaterthaiHhat
given by the modifie,atruss analogy.

ShearcarryingCapacity(kN)
7()0

()00

50()

40()

30()

o 1 2 3Ati, (Cm 2)4

Pig.16 Challge OfShear CarIYing Capacity
with Shear Reinf()rcement Ratio

In the m()difiedtrLiSSallalogy, the increaLSeilH<hearcaiTyingcapacity after stirrup yielding is not takell
into account. In this sense, it can be considered a conservative pi.ediction. H()waver, the mc,difiecl
truss analogy, which is based on yielding of the web reinforcement, cannot be directly applied to the
problem of shear in concrete beams reinforced with FRY rods, since FRY r()ds do not exhibit
yielding.

When c()nventiorial reinfLn4Cingbars are used as the web reinfoi.Cement, if the shear i.einforcement
ratio iLqSmall, expel.imerltal reLSultsand qualitative evidence sh()w that the shear carrying capacity is
considerably larger than the value calculated by the modified trtu3Sanalogy. To quantitatively cialify
the increase iri Shear cat.lying capacity after LStirrupyielding, a simulatic,llis pellormed using Ohuchi's
data (N(). 5). In this LSimuiation,all factors except the area of the web i.einforcement (Aw) are
coincident with the original No. 5 data, The result is shown in Fig. l6. As this figure shows, the
predicted shear Carrying capacity increaseL"ignificalltly more than given by the modified truss
analogy as the sheaf- i-einfolument ratio increases from () to 3.5 cm2 (corresponding to the sheaf.
reinf()rcement ratio, rw I u)()JAvt,./(bw s) = O to 0,31 %).

In the specific case, the shear carrying capacity predicted by the lattice m()dei iLuT1()rethan i()%
greater than that caictdated t3ythe m()dified truss anal()gy. Iil the JSCE Standard Specifications, ().l5
% i.s i.eqtlired as the minimum LqhearI.einforcemellt ratio. Ace()rding to Fig. l6, ail almost 10C7,,
increase ovel. the modified tl.USSal7alogy can be expected for rw = ().L5 %t This increase in shear
carrying capacity over that pl4edicted by the modified truss arlalogy is ilOt CC,rlStantand varies
depending on the amourlt Ofsheal7einforcement.

6. INSTABILITY OF LAmICE MODEL IN POST-PEAK REGION

To investigate the instability behavior ()i the lattice model ar()und the peak point, an eigenvalue
anaiysiLSis carl.ied out. Ohuchi'LSdata (No. 6) was chosen as the subject, Figure l7 shows the shear
f()rce-displacement relationship predicted by the lattice model. At point,A in Fig, 17, just before the
peak, ail eigenvalueLSOftlw tangential stiffrletSSmatrix of the lattice model ai4ePOSitive. Howevei., at
point B, which col.responds to the peak, the minimum eigenvalue of the tangel7tial stiffnesLqmatdx
turns negative for the first time. At p()int C, jLrStafter a sudden dl-OPill LSheai4resistance, several
negative eigellValueLSare Obtained.
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Applied shear f()rce(kN)
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DisplacelT)ClltOfloading poillt ((:m)

Fig. 17 Analitycal Result of Shear Force-
Displacement Relationship (No. 6)

(a) Displacementincrementat pointA

(b) Displacemelltincremerltat pointB

(c) DisplacementincrementatpointC
Fig. l8 Predictions LjfDisplacement IncrementLS

(a) First cigellmOdeat pointJA
(Eigenvaltle = l2525.8)

(b) FirsteigenmodeatpointB
(Eigenvaluc = j851.4)

(c) Firsteigenmodeat point C
(Eigenvalue I -2207551.6)

(a) Secondeigenmodeat pointC
(Eige,nvalue = j29350. i)

Fig. 19 PredictionLS()f EigenmodeLS

Figui.e l8 shows the displacement increment at points JA,B, and C. The thick lines represent the
displacement inci4ementObtainedby the analysis. The thin lineLSare the original LShapeof the lattice
rnodei. The shapes ()fdispiacemellt increments at points JAand B are allTl(jStidentical. Because the
predicted shear failure is controlled by softening ()f the arch membel.,the arch is compressed during
i()adingprocess toward the peak. Thus, a downward movement of the loading point due i(uoftening
of the arch member can be/ ()bLSerVed.At point C, where several negative eigenvalues exist, a
displacement illCrementappears Overthe whole of the beam and signjficailt deformatiol"i the beam
can be observed.
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Figure i9 shows the eigeilm()de at points JA, a, alld a. The thick lirle rePreSe1*Sthe eigenm()de
()btained by eigenvalue allalysis. The first eigenmodes ()f points A aild B are fail-1ydifferent,
especially in tile Vicillityof the loading poiilt, ill iSPiteof the fact that the displacement iriCE4ementSare
similar. This can be corlSidel.eddue to the drastic change of the eigelWalue. At point C, wtlere
several negative eigeilValueLSexist, the change ill eigenmode for the whole of the beam call be
observed ill the lSeCOndeigenlTl()de. The change in eigenmode of the whole be,am is quite similar to
i,hechange in displacemellt incl.ement at this p(lint.

7. CONCLUSIONS

hl the newly developed lattice m()dei,a concrete i)Camsubjected to LShearforce is converted into all
assembly of truLSSalld arch memt)erg.usillg tills lattice model, a nolllinear iilCrementai analysis is
performed. ALqWellas the convei7tiorlaitruss members, a collCretearch membel ând diagonal tensi()n
membei.LSare illC()i-P(n.abedinto the lattice modelLAlthough this lattice model is a simplified analytical
method irl Which the total degree ()I freed()m is fairly small c()mpared with normal finite element
analysiLq,and despite assumptions in the caicuiation sttch as for the ratio of tlw width of the arch
membei. alld the a(nlCl.ete diagoilal membel-, a COmParisoil With experimental data LShL7WSthat
predictions ()fthe shear resistillg meChal*Sm OfcoilCrete beams al.aqtiite adequate. For example, the
accui.aCyOfthe predicti(m of sheaf.Cat-lyingcapacity of a concrete beam with()ut web reinforcement is
equivalent i(7the macr()sc()pie sheaf- LS[re11gthequati(m. The Lqhearforce-displacemellt relatiollShip of
concrete t)eams with web reillf()i.CementCanbe pl4edictedallTlOStexactly by tile lattice,m()dei.

ln particulal-, tSinceeach member forming the shear reLSitstillgme,Chanismis made discrete from the
t)cginllil3g,the lattice model can iilLILStratethe c(nltribtltionof each melriber to shear without adding any
intentional operation. It call also predict the change in shear carl.yirlg Capacity with incl-easing sllear
reinforcement rati(),

The c()nclusions reached in thiLqreLSearChwork al-eaS follows:

(i) In the modified trttsLSanalogy, it is assumed that the contributi("i Of c()i7Crete, V," will be
maintained after the initiation ()f ding(nlal cracking. This can be explained by considel.ing the
compresLqionof the arch in addition to the diagonal tensi()n ()fthe corlCl.eta. As the concrete beam
coiltinues to def()rm after the initiation of diagonal cracking, the resistarlCe Of tile diagonal te1"ji(Ml
decreases rapidiyv However, the c(HnPreSLqi(mof the arch compression compensates follhe decrease
in the diagonal tel7Sionof the collCL-ete.Theref(m, the colltributioi1 0f c(jllCrete i() Shear is aimoLSt
eqtlivaiellt tO Vcevelutfte!1he diagollal cracking.

(2) The shear resisting acti()lH)f the LStil1.UPLSbee(HneS Significant after the initiation of diagonal
crackjngk Their i-eLqistancemay i)e estimated based ()n the 45Aegree tl.USL"n(jdel.Aftel. the initiation
of stilnlP yielding, the resistallCe Of arch compressi()n increases steadily. Finally, becaLiSe Of
s()ftenirlgOf the arch memt)ei<,the shear resistir3gmechanism l4eaChesits peak,

(3) Depending (L)ilthe shear reinforcement i-atio, the shear cat.ryi13gCapacitymay LSh()wa significantly
higher vaitlC than predicted hy the m()dified truss anal()gy. The disci.ePallCy may reach mL)rethall
u-)cc7,/1.Although the neglect of this discrepalWy is essentially conservative ill Practical design, it
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should be noted fLhatthe safety margitl ChangeLqWiththe amount of shear reinforcement.

(4) According to all eigenvalue analysis, the peak poirit Of the LSheal.force-displacement curve
corresp()ndLqi() the appearaIICeOfa negative eigenvaiue ill the,tangential Lqtiffl3eSSmatrix of the lattice
model. After the appearance ()f Bevel.ainegative eigenvalueLS,it itsPossible that tile Shape of the
displacement increment may foiiow another eigenmode othel.than the first eigenmode.

The lattice model can be applied to concl.ete beams regardless of the kind of reinforcement. For
c(nlCrete beams reir3forced with FRY rods that do not exhibit yield i)ehavior, the sheaf-Carrying
capacity c()rTeiqP()ildingto LqtirrtlPyielding does riot eXiLSt,Thus, application of the modified trusLq
anal()gy itLSelfis a problem. It is hoped that a parametric sttldy of the lattice model and experimental
verification over a wide railge Willpl.OVideuseftll informati()l7for tile Shear de/sigllOfconcrete beams
reinforced with FRP rods.
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