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The concrete models so far proposed have different criteria corresponding to different stress
states. In this paper, a unified plastic model for concrete, in Which only one criterion is used to
describe the behavior of concrete under different stress states, is proposed. The proposed model
treats the major nonlinear phenomena exhibited by concrete, such as cracking, shear transfer
degradation, tension stiffening, and compressive strength reduction. By use of this model, the
cumbersome considerations required in an analysis of concrete structures by other models can
be eliminated. _
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1. INTRODUCTION

Finite element software has recently -found widespread use in analyzing reinforced concrete
structures. However, to obtain reliable analytical results for structures made of materials with
strongly softening behavior, careful attention is needed in certain respects: the need for a special
numerical algorithm to deal with the phenomena of bifurcation and strain localization, and the
need for a reasonable model of the material. So far, however, no constitutive model which can
be used to describe the bellaVior of a material under various kinds of stress path with the sa,Ine
criterion has been available, and it is clear that already existing moclels are good at clescribing
one aspect of the characteristics of a material but fail to describe the otllerS.

concrete, which is composite of aggregate and cement, differs from other materials ancl needs
a special failure criterion to describe its unique characteristics: its tendency to fail in a brittle
pattern or ductile pattern according to the stress state and tile fact that its ductility can be
increased and decreasecl by altering the compressive stress in the transverse direction. The
Mohr-Coulomb and Drucker-Prager criterion are often used. However, there are some discrep-
ancies between the analytical results achieved using these criteria and experimental measure-
ments of concrete tensile behavior and tensile strength. To improve match, a tension-cutoff
limit is used or a different kind of model is acloptec1,but it still seems that it is not possible to
use a continuous function for the failure criterion.

Moreover, in the analysis of reinforcecl concrete structures, it is recognizecl that the major
nonlinear factors are tension stiffening effect due to bond-slip behavior between the concrete
and the reinforcement and concrete nonlinearities including compressive streng.th reduction due
to transverse tensile strain, and shear transfer at a crack surface. A large number of experiments
have been carried out, and the experimental observations have been used to develop different
models for numerical allalysis use accorcling to diHerent nonlinear phenomenon. However, we
still lack a unified model that can cleal with all these nonlinear factors in the salne model.
Recently, using plastic failure theory, the authors have made some progress in simulating the
mechanism of stress transfer between cracks and some new results have been obtained. On the
basis of this new knowledge, we propose a unified plastic model in this paper. In this model,
the authors attempt to use a unifieclequation for the failure criterion of concrete. By adopting
the concept of accumulated clamage, this model is able to describe hardening behavior as well
as softening behavior. This model eliminates the culnbersome considerations requirecl in an
analysis of reinforced concrete structures using other models.2&

W

The present formulation essentially follows the ba.sic outline of classical hardening plasticity
theory[2] for the sake of simplicity. The subsequent failure surface is assumed to change size
continuously depending on the damage acculnulated in the concrete material, i.e., the failul'e
surface is a function of the damage LJ(WP)

f - I(o-lj,W(WP)) - 0 (I)

where w is the accumulated damage which is a function of WP, WP denotes the pla.stic w(,rk
accumulated after the initial failure, and JJi, denotes Cauchy's stress tensor.

Furthermore an independent function, i.e., the plastic potential function 9 is defined as

g - g(o-i.,.,W(WP)) - 0 (2)
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Generally, the application of the classical plasticity theory implies that the total strain rate
comprisesan elastic part and plastic part, as

ikl - iekl + i:Pkl

From the plastic potential g, tlle Plastic strain rate tensor is assumed to be

iPkl- i&

(3)

(4)

where A is nonllegative multiplier which ca,n be deterlninecl f1.01-ntile COnSistency c(,nclition
during loading.

one the other lland, the elastic strain rate tensor a;;I is assumed to be related to the stress rate
tensor via. the elasticity tensor D%F]klaS

6ij - Df]kli;I (5)

The consistency condition f - 0 can be expressed as

Lf- %6ij.&tVp-o

where Tkp can be written as

kp - a.i]iT]

substituting Eqs.(3),(zi),(5), and (7) int'' Eq.(6) and solving for A yields

A %
Di?,klikl

& DzlnPq&. h

wit,h the definition

af a9
h = -5iWi:/'5&

Furthermore, the tangential constitutive lnatrix can be obtained using Eq.(10)

D i,kl - Dfjkl -

D %5.iuA &D,?skl

& D,slnPq&. h
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A s in the classical theory of plasticity' the subsequent yield surface can be expressed with the
multiparameters E1,f2,... ,Ei,...

I(o-ij,E1,E2,...,Ei,...) -0 (l1)

Here? this series of parameters is assumed to consist of unique functions of the damage parameter
w and are dehed to characterize the shape and size of the yield surfaces. The initial loading
surface is assumed to coincide with the elastic limit surface. The subsequent yield surface
expands with the increase in inelastic strain during hardening. After the stress reaches the
ultimate condition named the initial failure surface, the subsequent yield surface begins fall
steadily in size until it reaches the final failure state, named the final failure surface.

The function af/aWP can be elaborated, then, as

A-(gg.%g.....gS5....)A (12)

For more details of the hardening and softening of the failure surface, see references [3]and [4].

In the past) diHerent theories were used in tlle COnCretemodel according to the stress situation.
Although a few[9]have attempted to adopt a uniRed criterion based on plastic theory, none can
be correctly applied with respect to an arbitrary stress path. Therefore) different equations are
generally used to describe the hardening and softening behavior separately, and application is
complicated because of the need to deal with many parameters to describe the nonlinearity. In
this research, a unified theory for different stress paths is acllieved by defining, for convenience,
a damage parameter which represents the accumulated damage due to progressive growth of
the micro cracks etc., in the form

P
LL)= -

0.ego / dWP
(l3)

where, c,e is the effective stress dehled later by Eq.(29), P is a material constant, and i-o is a
constant Bxed at c-o- 0.002.

i_B4QBm

In previous work [3][4] , we used a Drucker-Prager failure surface to express concrete behavi.r
under compressive loads. However, experience showed this still does not correctly express
the tensile behavior as well as compressive behavior witll the same values.f cllaraCteristic
parameters P ancl m. In particular, certain difEculties arose in calculating nonproportional
tensile and compression stress paths. Hence? in this study7 a modified Drucker-Prager Failure
Surface as the expressed by Eq.(14) is adopted.

f-J2-(kf-afI1)2+(kf-CW)2-o (14)

Further, a similar expression for the plastic potential function is assumed:

g-J2-(k9-CkgI1)2+(k9-CW)2-o
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Figure 1: Proposed Failure Surface

where I1 - qkk and J, - !5.i.,.Sidare the first invariant Oofstress tensor qij, and the second in-
variant of deviatoric stress tensor si.,,.,respectively, and cL,I,kf, CL,g,a.nd k9 are material constants
dehed by later equations.

The failure su1.faceof Eq.(l4) is shown in Fig.1. It is recognizable aJSha.ving the Drucker-Pl.ager
surface a.sits asymptotic su1.face.

This Drucke1.-Prager failure surface is modified such that, when I1 (i 0, it gradually a.pproa.ches
the I)rucke1.-Prager surface; on the other hand, when I1 > 0, the failul.e Surfa.ce on the meridian
plane is a g1.adually changing curve, as shown by Fig.i(a). When Il increases, the tension
meridian decreases faste1. than the compression meridian, so the failure surface gradua,lly tal(es
on the form of the Moh1.-Coulomb failure surface. Figure 1 shows thart the proposecl fa,ilure
surface has the general p1.OPe1.tiesrequi1.ed, convexity, and the property requil.ed for concrete,
that is, the failure surfa.ce on the deviatoric pla.ne changes fro111a Shape silnilar to a triangle (
in tensile st1.eSSStates) tO a Shape similal. tO a Circle (i1-On.lPreSSion stress states).

Similar is the situation fo1.the potential function.

¥ According to the cohesion c, the inte1.nal friction angle 4, cL,I,a.nd kf are dehed a.s

kJ-

CL'j =

6ccos4
Ji(3 +ysinb1)

2 sin 4,

Ji(3 + ysin4,1)

wllere Ql is constant, 41 - 14o, a.nd the function y is defined as
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y = a(cos30+i.00)+0.01-i.10

wherea- !r2+2.1r+2.2, and

r = (
2.93c.s(fw).6..7 f,1=: f1='_<fi,3.14

9.0 (I1 > fi)

(18)

(19)

where cos30 - 3JJ3/2J,i, and J3 - !5.ijSjkL%.lis the third invariant.f the stress tens.r Jit,.

Equation (l8) is so determined that numerical simulations of two-dimension stress states are
in good agreement with the experimental results by Kupfer. When 0 - Oo,Goo,y equals i + r
and -A, respectively. Also, to clescribe the special characteristics of the concrete, a small value
is used for the tensile meridian and big value for the compressive meridian; when Il decreases,
the failure surface on the meridian plane changes gradually from a triangle to a circle. Figure
1(b) shows the deviatoric plane determined by Eqs (l4) to (19), and this deviatoric plane is in
agreement with experimental results.

The symbols 4 and c are two strength parameters in the Mohr-Coulomb criterion, namely
the so-called mobilized friction angle and mobilized cohesion. They are not constant, but
depend on the plastic strain history through the damage parameter w. In spite of the paucity
of experimental data to support a definition of the damage parameter w, we are able to say
something about the dependence of i and c on LJ.In general, as the external force increases, a
crack occurs and develops gradually in the concrete, and the concrete changes from its initial
continuum state, to a granular state to whicll the resistance imlnSed by friction increa.ses and
that provided by cohesion decreases. Thus the value of 4, should generally be an ascending
function of LJ,Whilec may be expected to be a descending function of LU.Possible relations for
the hardening and softening model are suggested as follows (Fig.2).

c - coexp [1mw)2] (20)

i - ( 4o+(4f-4o) 2LJ-LJ2 w < 1

4f LJ>l (21)

where m is a material const,ant.

The symbols co, 4o, anc1 4J denote initial cohesion, initial internal friction angle, and hal
internal friction angle of the concrete, respectively.

In a similar manner, we dehe

k 6ccos lb
9

- vq3+ysin41)

2 sin.4,
a9=

v5(3 + ysinqh)

These relations are shown in Fig.2.
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Co

c - co. exp[-(mLJ)2]

(a)

d)- (
Figure 2: Material Paran.1eterS C, 4, and ,V,AHectect by Da111a.geW

4,o + (?/)I - 4o) 2LJ -LL)2 LJ < 1

1h LU> 1
(24)

with a particula.r mobilizecl dilatancy a.ngle Jl/). Note that fol. 4 - ,I/), We haJVe i - 9 and the
classical associated now i.ule is recovered.

The symbol T7in Eq.(1.4) and Eq.(15) is a. tension behavior fa,cto1.. As the accu111ulated dalnage
inc1.eases, tensile debonding occu1.S, This can be exp1.eSSed a.s

77= r7oeXP (-;) (25)

in which b is a constant varying with the reinforcement i.atio, for plain concrete, b - 0.06, and
77ois the tensile strength on the hydrostatic axis, which is a.lso close to the uniaxial tensile
st1.ength.

By using aJhype1.bolic function fo1.the failu1.e Surface, s1.1100thbra.cing of the st1.eSS-Strain rela,ti(m
from tension to comp1.eSSion during nonp1.OPOrtional loading is possible.

4. THE ASSOCIATED FLOW RULE

4l Hardening and the Deviation of A

The associated flow rule is commonly a.pplied foil)ra.Ctica,ireasons. In the associa.ted now rule,
it is inte1.eStingto note that the plastic work ra.te is

n,p - gi,.iTj - Ag,iL7.A
(26)

The scal.ar function Acan be obtained by squaring each of the terms in Eq.(4) and adding, as

iZ,/..iZ7- P%%

The effective plastic strain i.ate is dehed simply as
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ep= i?i. i?i

Then, the effective stress is deaned using the plastic work increment as

Tkp a-ijC;?,
Je= T= -I

Cp Cp

(28)

(29)

According to the preceding discussion, af/aWP in Eq.(12) for the modified Drucker-Prager
criterion can be rewritten as

af
6W;

where,

acyf
75J

akf
&

and

ar7
5=

Moreover ,

- (%%.%%.Sfg)
aLL)

aWp
-

.2 [(I1-Mf-af(I1.7"a.

a,I (I1-7,a -a,I(kf -af"&]

2 cos 4 a4,
Ji(3+ysin41) aW

-6csinQ aq) 12com.2w

aLJ
aWp

Ji(3+ysin41)aW J5(3+ysin41)

r7o
-TexP

¥g-(

(-;)

(1 -w)(4f -qio)
2LL) - LJ2

0

aLU P
aWp Jeeo

LL)< i

LL)> i
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4 .2 Loading Criterion

In the softening region, plastic loading and elastic unloading a1.econsidered to occur at the
same level. Tlms, the commonly used loading criterion for work hardening is invalid in this
model. Certain modifications
deAned a.s

Elastic unloading

%Ag%7,i 2 0

Plastic loacling

%Agl:7. < 0

here

Ao-1?,/ - D%?]klAekl

arre needed and the modified loading crite1.ion shown in Fig.3 is

(36)

(37)

(3S)

/f=0
/f+Af

af
ac7ij

Ol

Ao?i (Loading)

ADZ)'un5oading'

Figure 3: Loading Critel'ion

Lm
5.i Effects on the Model

First, we investigate the eHecton concrete behavior of changing the initial parameters and the
materia,1 constants. From Eqs.(16),(17),(22), and (23), we can see that b1, 4o, ancl Eo ha.veLxed
values. Fil.St, We let 4,1 - 14o, 4o - 5o, and i-o - 0.002, which has no signi-Scant eirect on the
behavior of the model, a.nd study the effects on concrete beha.vior of changing the following six
initial pal.ameterS Or lnaterial constants.

1. The Effect of Changing co (Initial Cohesion)

In the Drucker-Prager failure criterion, the initial cohesion pa.rameter co is an importa.nt
inauence on the beha.viol. Ofthe concrete. In this unified model, as shown by FigA, when
the co becomes bigger, the compressive stl.ength increases but the col.i.eSPOndingchange
in compl.eSSive strain is insignifica.nt. On the other ha.nd, changing co ha.s little effect on
the tensile stl.ength and the corresponding tensile strain. The Tea.sonfor this is that the
rate of damage accumulation under tension is InuCh bigger tha.n under colnPreSSion, since
under tension when the damage procedu1.e begins, the cohesion c bec(mleS Very Small
SOOn.

2. The Effect of Changing •` (Maximum Inte1.nal F1.ActionAngle)

The inte1.nal fl.iction angle is another important factor in the Drucker- Prager faJilure
criterion. In this uniAed model, as shown in Fig.5, when q)I increases, the compressive
strength and the corl.eSPOnding compressive strain become bigger. A comparison with
experimental results shows tha.t a value of 4J between 30o to 40o is suitable. Now, we
have two parameters, 4,I and co, affecting the compressive behavior of the concrete, so
for simplicity, we should fix one and change the other alone. Since changing 4,i aHects
concrete beha.vior less than co, in this i.eSearCh,4f is fixecl a.t 35o. On the other ha.nd,
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changing 4j has little eHect on the tensile strength and also the corresponding tensile
st1.aim. This is because, under tension, even when the tensile stress reaches a ma.ximum
value, the maximum internal friction angle is almost unchanged near q5o.

3. The EHect of Cha.nging m (Material Consta.nt)

m is the material consta.nt in Eq.(20) ancl ha.s e-Hecton the softening behaviolldescending
branch) of cohesion c. As shown in Fig.6, m has a significallt effect On the compression
behavior of concrete; the bigger m is, the lower the compressive st1.ength and the corre-
sponding compressive strain are. On the other ha.nd, m has little eHect on tensile strength
or the corresponding tensile strain. From simulation results, a.nd in particular a compar-
ison with the shape of curve in the uniaxial compressive experiment, it seelnS Suitable to
makem= i.0.

4. The Effect of Changing P (Material Consta.nt)

P is an important materia,1 constant in defining the da.1na.geParanlete1. (Eq.(13)). In
terms of compl.eSSivebehaviol., Changing P has little eHect on comln.eSSivestrength but
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does affect the corresponding compressive strain. Under tension, it ha.s an eHect on the
softening branch but not on the tensile strength or the corresponding tensile strain. A
comparison with Kupfer's experimental results indicates that P - 0.40 is a suitable choice.

5. Tlle Effect of Changing 77o(Material Constant)

¥7is the tensile strengtll 0n the hydrostatic axis and 77ois the initial value of77(Fig.1(a)). As
the concrete damage increases, r7decrea.ses from Ilogradually. The eHect o1"OmPreSSive
strength and the corresponding strain of changing T7ois so small that it can be ignorec1.
But, as shown by Fig.7, 77ois an important factor affecting the tensile behavior of concrete.

6. The Effect of Changing b (Material Constant)

The effect of cllanging the lnaterial constant b on the compressive behavior of concrete is
so small that it can be ignored. However, it ha.s a, significant efFecton the softening path,
though little e-Lfecton the tensile strength, as shown in Fig.8. For plain concrete, after
comparing with sufBcient experiment data, b - 0.006 is considered an appropriate choice.
In the case of reinforced concrete (such as reinforced concrete panels), there is a type
of phenomenon called "Tension Stiffening", due mainly to the bonc1-slipping behavior
between concrete and reinforcement. Although a large amount of research has been done,
1" Satisfactory conclusion has been reached. According to past experiments and research
results, reinforcement ratio has a large e-Hecton the "Tension StiHening" phenolnenOn, it
is possible that with this concrete model, a.value of b should be identified to renect this
phenomenon.

From this examination of each parameter a,n(1material constant, it can be concludecl t,hat this
uniLed conc1.ete model is able to treat the colnPreSSivebehavior (cletermined by the value of
co) and the tensile bellaVior (determined by the va.1uesof 77oanClb) of concrete witl"ne set of
parameters ancl material constants using only one failure criterion.

5.2 The Relationship Between I: - co and fi -.q.

From the numerical si1.nulation discussed in the Section 5.i, it can be concluded that the most
suitable values for 4,I, m, anCI P are 4f - 35o, m - i.0, and P - 0.4, respectively. The factor
afFecting the behavior of compressive strength is the initial parameter co, while the factor
affecting the tensile strength is the marterial constant T7o.

Figure 9 shows the relationship between co and colnPreSSivestrength, while Fig.10 shows 77o
ancl the tensile strength relation. For commonly usecl concrete, tensile strength selclom exceecls
4.0 MPa, so the value of 17oShould be lower than 10.0 MPa. In practical use, we can determine
co and 17ofroln the compressive strength and the tensile strength using Figs. 9 a.nc110.

6m
6.i Comparison with Kupfer's Experiment

K upfer has carried out experimental studies on the concrete specimens under va.rious kinds of
proportional loading in two dimensions [5]. Here, we compare the numerical simulation results
obtained using this uniAed model with the Kupfer's experimental results, as shown in Fig.ll.
co and 7o are determined by the method stated in Section 5.2. From.iFig.l1, it can be seen tha.t
this model gives good results ill not Only uniaxial but also biaxial nulnerica,1silnulations.

6.2 Comparison with Petersson's Experilnent

A numerical simulation of uniaxial tension is also carried out for comparison with Petersson's
experimental results [6], as shown in Fig.l2. As discussed above, r7. and b are the two most
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imlnrtant Parameters aHecting the tensile beha.vior of concl.ete. T7ois determined by the method
described in Section 6.2, while b - 0.06 is assumecl for plain concrete. Fie,a.ul.el2 shows that
this model gives good results.

6.3 Strength Envelope under Biaxial Stress StaJte

It is difBcult to obtain a strength envelope which closelyAts experiment results using existing
concrete models. Here, strength envelopes under biaxial stress, obta.ined by our uniBed concrete
model and from Kupfer's experiments [5], are shown on Fig.13. In the com1".eSSion-c()lnPreSSion,
tension-tension regions the a.nalysis curve is il".greement With the experiment results, but in
the tension-compression region there is some diHerence. This requires ful.ther investigation.

6A Strength Reduction by Transverse Tensile Strain

M any expel.iments have heel"arried out with regard to this problem (Petel.SSOn, P.E.[6], Cer-
venka, V.[7], and Vecchio, F.I. and Collins, M.P.[8]). The phenomenon is interpl.eteCl as a. the
strength reduction under compressive loading in a. stress state where transverse tensile stress
o1.Strain is maintained.

To exa.mine how this phenomenon is ha.ndled by the model., some numerical examples are
calculated. Concrete which ha.s a uniaxial compressive strength of 26.5MPa a.nd a. unia.xia.1
tensile strength of 2.5MPa is examined.

Fi1.St, the concrete is subjected to uniaxial force to aJextent Of da.mage accumulated which
is indicated by a tensile strain given, a.nd then, f1.Omthis state at a certain level of da.mage,
compressive force is applied in the vertical direction until failure. Figure l4(b) shows the
comp1.eSSivestress in the vertical di1.eCtionand the cor1.eSPOndingcomp1.eSSivestrain relations
with respect to various values of tensile strain in the horizontal direction. Figu1.e 14(c) shows
the behavio1. Of uniaxial tension when the parameters shown are used. As discussecl before,
constant b is an impo1.tant inauence on the tension stiHening behavior of reinforced concl.ete,
and in this exa.InPle it is assumed tha.t the conc1.etCha.s some a.mount of reinforcement in the
horizontal clirection, so b - 0.i. For details of how this InOdel deals with the t.ension stiffening
phenomenon, see reference [4]. The strength reduction in this case is plotted aga,inst the curves
proposed by Vecchio and Collins [8] a.nd by Cervenka [7] in Fig.l4(cl). From Fig.(b) anc1(c1),
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Figure 14: Comparison of Stl.ength Reduction Ratios

it ca.n be seen that a.s the tensile strain inc1.eases in the horizontaJl dil.eCtion, the compressive
stl.ength and the colTeSPOnding con.1P1.eSSivestrain decrea.se_

As the numel.ical simula.tions show, this model makes it possible to clescribe strength reduction
due to the transverse tensile strain phenomenon. Thus it is possible using this model to analysis
reinfol.Cedconcrete structures with preexisting cl.aC1"lXlerthe cyclic loading such as earthquake
forces.

Although, cliscussion in this papel. is limited to the.two-dilnenSional case, applica.ti''n of this
1110delto three dimensions is also valid.

7. CONCLUSION

To clescribe the special characteristics of conc1.ete, the a.uthors have p1.OPOSeda failure crite1.ion
which is defined by sevel.al Pal.ametel.S related to the friction angle, cohesion, a.nd accumula,ted
dama.ge. In this model, using the thl.ee 1-.a.meters C,q5,and 77,tensile and conlPreSSive behavior
a.swell as the hal.dening ancl softening beha,vior ca.n be descl.ibed using only one equation (the
unifiecl failure critel.ion). Mo1.Cover,the authors have developecl a.theo1.y tO describe the lmCeSS
of damage as stress is transferl.L3-abetween discontinuous surfa.ces inside concrete by using t.he
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method described in this paper [l]. This model can treat the ma.jor nonlinear phenolnena
occurring in concrete, such as cracking, shear transfer degradation, tension stiHcming, ancl
compressive strength reduction. By using this model, tile Cumbersolne COnSiderations needed
in the analysis of concrete structures by other models can be eliminated.

The application of this model to more complicated stress paths will be reported in near futul-e
publications. Regarding other problems such as strain localization a.ncl the size effect, more
research is needed. They can probably be solved by introclucing such conceptL-,S fraJCture
energy and virtual viscosity into the model. ProblelnS Such a.s the slight reduct.i(,n in ela.stic
properties when the material unclergoes unloading after s(,me clamagc is acculllulatec1, an(1 the
clescriptio1"f clynamic properties when the material underg(,es cia.mage will be a,doptecl a.s
research topics in the future.
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