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DEFORMATIONAL COMPATIBILITY FOR SOLID PHASE
OF DENSE LIQUID-SOLID FLOW IN BEND PIPES

By Anura NANAYAKKARA*, Kazumasa OZAWA** and Koichi MAEKA WA***

The objective of this research is to establish the deformational compatibility for
aggregate phase of concrete in bend pipes used for concrete pumping. The deformational
compatibility, which describes the relationship between the strain rate of aggregate
phase (particle assembly) developing over a reference section and sectional mean flow
speed of the particle assembly, is essential in one-dimensional computation of dense li-
quid-solid flow in pipe lines. Flow visualization and image processing on model concrete
were carried out for development of the mathematical description of the deformational
compatibility for aggregate phase in bend pipes, in which the second strain invariant of
aggregate phase was adopted as a main parameter associated with stress generation due
to particle-to-particle interactions, The authors have proposed a simplified compatibil-
luced to one-di ional condition and applicable to dense liquid-solid

ity formulation r
flow in bend pipe portions, by relating the sectional averaged invariant of strains to the
mean flow speed of solid phase and the curvature of bend pipes.
Keywords © solid-liguid flow. bend pipe. deformational compatibility, pumpability,
mulli-phase flow

1. INTRODUCTION

The bend pipe is an essential part not only in concrete pumping pipeline networks but also in truck
mounted concrete pumps with booms, It gives rise to higher pressure drop and sometimes blocking
specially with low slump concrete or stiffened concrete due to time-dependent loss of slump. The pressure
drop in bend and tapered pipes depends not only on the dimensions of the pipes such as radius of curvature
in bend pipes, tapered angle and diameter, but also on the mix proportion of fresh concrete. The response
of each part (i.e. bend and tapered pipes) may be different for different types of mix proportion of
concrete, For example, fresh concrete with low segregation resistance has a higher risk of blocking in
tapered pipes than in bend pipes. On the other hand, the risk of blocking may be higher for bend pipes than
for tapered ones in case of stiff concrete mixes. In spite of these differences with regard to tapered and
bend pipes, it is recommended in the “Recommended Practice for Pumping”? that the pressure drop for
bend pipe is twice that of tapered pipe for whatever the mix proportion and also without paying much
attention to dimension of each individual part. Therefore, it is necessary to study the deformation of fresh
concrete in bend and tapered pipes in order to evaluate pumpability of fresh concrete for a given pipe line.

For evaluation of pumpability, the authors have adopted the multi-phase (i. e. aggregate, sand and paste
phases) concept”~® which can treat transient segregation and flow resistance simultaneously, To apply
this model to bend pipes, it is necessary to find out the deformational compatibility of aggregate phase for
bend pipes which relates the'strain rate over a flow section and flow speed of aggregate including

dimensions of the pipe.

* Member of JSCE, Dr. Eng., Lecturer, Dept. of Civil Engineering, University of Moratuwa, Srilanka
** Member of JSCE, Ms. Eng., Assistant Lecturer, Dept. of Civil Engineering, University of Tokyo
*** Member of JSCE, Dr. Eng., Associate Professor, Dept. of Civil Enginecring, University of Tokyo
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In order to obtain the deformational characteristics of solid phase in the dense liquid-solid flow through
tapered and bifurcations”? flow visualization had been successfully applied and based on that, the authors
have established the simplified deformational compatibility for tapered pipes”. This paper reports the
evaluation of the deformational compatibility for bend pipes by using the same procedure;

2. DEFORMATIONAL COMPATIBILITY ALONG THE AXIS OF THE BEND PIPE

To obtain the movement of particle assembly, there exist analytical procedures to treat every particle
individually?=", The other approach which the authors have adopted, treats the particle assembly as a
continuous media with spatially averaged flow vectors. The latter approach makes it possible to use
multi-phase mechanics in analyzing the liquid-solid flow incorporating segregation between solid and
liquid, Here the spatially averaged flow vector V of aggregate phase at any location expressed by 7 is
given in the cylindrical coordinate system as,

f SF4T, De(F+ 7, Ddv
ﬁ oF+7, Do

where? is incremental position vector defined in the integral volume p, with the origin denoted by 7 where
7'=0, and T(F+7 ) is the velocity vector defined on the particles and p( -+ 7’) is equal to unity when
position vector (7-+7r ") is included in a solid particle, otherwise, p(’r-l-r ) is zero as shown in Fig. 1. In

V=(ur, te, u)=V(T, t)=

this paper, the integral volume y. is named control volume including several particles” and the center
location is denoted by 7 as shown in Fig. 1.

The spatially averaged strain field in three dimensional flowing condition is represented by the gradient
of flow vector V in cylindrical coordinate system as,

our ou ! our
grad V— (e. i e)+ —a(e,;ez)+ (en e:)+1 ( 30 ue)(ez; e)

ou auz U,
+— ( a;+ur>(ez. e)+t— ( 28 —uo)(ez; e3)+-é;(e=;el)

ou U,
.|._a_22(e3; ‘32).1..5;@J § @) err e e (2)

where, e,, e, and e, are unit base vectors in 7, 8 and z directions and (e,; e,) is dyadic multiplication
in tensor symbolic notation, The sectional averaged stress g, of aggregate phase as shown in Fig, 2 must be
a function of grad V as,

oa=%£a(grad7)dA .............................................................................................. (3)

where ¢ is the constitutive law for axial stress evaluation due to particle to particle interaction and 4 is

Fig.1 Definition sketch of position vectors and
control volume p.”. Fig.2 Sectional averaged circumferential velocity

(Uy and averaged contact stress o,.
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the sectional area of the pipe. This kind of approach is possible only when we have the continuous strain
field. As the one dimensional flow analysis along the pipe axis (the main stream line) is concerned, we have
only the sectional averaged flow speed <U) in the circumferential direction as defined in Eq. (4) and
illustrated in Fig. 2.

o o0y 8 A e
<U>—A[V(r) $da (4)

where S is the unit vector oriented in the circumferential direction of pipe. Since we have only the
sectional averaged flow rate, the approach similar to the reduced compatibility in classical beam theory
based on Euler-Kirchoff hypothesis has been adopted to obtain the deformational compatibility which can
be used to evaluate the sectional stress in one dimensional flow analysis of dense liquid-solid materials®.

There exists three modes of deformation'” expressed by the general gradient of flow field in Eq. (2),
that is, shear mode denoted by ‘J’, volumetric mode denoted by ‘I’ and spin mode expressed by w. In case of
two dimensional space denoted by (r, §), where the flow visualization test is conducted, we have

[0 (5)

w=(%_ir 881;' +%> ............................................................................................ (7)
where ’

€rr= 881:" (€1; €1) COMPONENE-sseeerennresesssnnraraniinieees (8)

€oe=’_l17 aa"“;_l.% . (€75 @;) COMPONERL::-sererssesrmmemssnnraniiaeann, (9)

6”9:% (lr_%l aali"__“;‘i) (eri e and (eg;e) cOmpOMEnt: s srsmsmmimssimmssssssissess (10)

Special attention has been paid to the invariant J since stress generation due to particle to particle
collision and friction is related to shear mode of deformation® '

3. DEFORMATION OF SOLID PHASE IN DENSE LIQUID-SOLID FLLOW IN BEND
PIPES ‘

(1) Visual test ,

The authors used model mortar which was invented by Hashimoto et al. " in the same way it has been used
in tapered pipes”. The apparatus as shown in Fig, 3 was used to reproduce the two dimensional motion of
particles in bend pipes as the first step to approach the general three dimensional motion of particles.
Model concrete' consists of transparent polymer media (model mortar) and plastic spheres (25 mm in
diameter) has been used to reproduce flow pattern of particles in a dense liquid-solid media in bend pipes.
As experimental parameters, the radius of curvature of the bend, flow speed, viscosity of model mortar
and particle contact condition have been selected. The test series conducted are given in Table 1.

(2) Lagrangian evaluation of aggregate phase

Fig. 4 shows the traces of two adjacent rows of particles at constant time intervals for different particle
contact conditions, In the case of loosely arranged condition with less particle interaction (test BHH of
Table 1), the inner and outer layers of particles seem to have the same velocity which results in the
re-arrangement of particle assembly in the cylindrical coordinate system. This is further clarified by
Fig.5 which shows nearly constant angular velocity distribution across the pipe section. In the case of
closely pack arrangement (test CHH of Table 1), the particles’ re-arrangement is small in appearance as a
Lagrangian expression and rows of particles are trying to maintain the radial line, but as shown in Fig. 6,
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Fig.3 Pumping apparatus for visual test.

Fig. 4 - Lagrangian traces of particles.
Table 1 Test series,

<
E
Test Particle® | Viscosity™ | Radius of | Averaged flow ©
arrangement | of liquid | bend(cm.) | speed{cm/s)
Circumferentially - -
BHH L H 50 4.62 averaged velocity P
BLH L L 50 4.28
CHH C H 50 4.19 Radius - 500 mm
CLH C L 50 4.44 .
GHM L H 50 278 Viscosity - High
FHM C H 50 312
ptt L L 50 2.22 Particle arrangement - loose
ELL [+ L 50 1.89 .
DHL L H 50 2.26
EHL C H 50 2.16
1HH L H 25 4.53
2HH C H 25 4.38
3HL L H 25 2.09
4HL C H 25 2.03
5HH L H 25 3.26
G6HH C H 25 3.19

* L - Loose - corresponding volume fraction is 37.4%
C - Compact - corresponding volume fraction is 40.1%

s 8 U cm/s
** | - low viscosity - " P funnel time is 4 mts 15 sec.

0
H - High viscosity - " P " funnel time is 12 mts, Fig.5 Sectional velocity distribution for loosely

arranged particles,

cmfs

Circumferentially
averaged velocity

0 4 8

Radius - 500 mm
Viscosity - High

Particle arrangement - compact
[ 54
HH

oA 8 Us cmfs

Fig.6 Sectional velocity distribution for closely packed
arranged particles,
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the velocity distribution which is so-called Eulerian expression is similar to the one shown in Fig, 5. Even
though particles are interlocked against adjacent layers to restrain the relative movement in the
circumferential direction to a considerable extent, there still exists deformation in the circumferential
direction with respect to the radial line.

(3) Image data processing and flow pattern

Based on the visual image data of model concrete, the spatial averaging method for motion of particle
assembly was used based on Eulerian expression*. In this case the visual image is divided into radial
elements as shown in Fig. 7 and the rest of the process of image analysis is carried out similar to the
tapered pipe”?-  The integration of velocity in Eq. (4) was numerically carried out to create Eulerian
continuous velocity field as shown in Fig. 8. Even in both loose and compact arrangements of test 3 HH and
4 HH in Table 1, smooth flow of particles can be seen in Fig. 9 and Fig. 10, which is due to nonexistence of
radial deformation. But in the case of tapered pipe, re-arrangement of particles takes place and the flow
line of particles will mix in the tapered section”, According to the sectional distribution of velocity (Fig.5
and Fig.6), the nearly uniformly distributed circumferential velocity is observed despite of particle
arrangement, In the case of bend with small radius (25 cm) the sectional distribution of velocity is fairly
uniform for both compact (test 4 HL in Table 1 and shown in Fig. 11) and loose (test 3 HL. in Table 1 and
shown in Fig. 12) arrangement of particles, In the case of loose arrangement the maximum velocity of each
section is somewhere close to the inner side of the pipe while in the case of compact arrangement it is
always at the outer most layer as indicated in Fig. 11 and Fig. 12. In this type of flow pattern, the only
possible deformation mode is pure shear deformation which will be further clarified by using the strain
distributions.

(4) Two dimensional strain field and invariants

To eliminate image scanning errors, according to data processing technique, the time averaged strains
€7 €00 and E;, were obtained from the time averaged velocity field 77; as given below™,

e e ettt s e oo r e r e ees s
S"_W ....... . (11)

AVERAGING|  acTyaL VELOCITY
VELOCITY FIELD VECTORS

g
MEAN VELOCITY VECTOR

INTERPOLATION IN EACH ELEMENT
\
N
1) \r
Ny €,r €gp €,
. )’x Y\', rr €08 €18 INVARIANTS
LN
. ,\/’_\ 5 5, = I Juw
27N ()
X _\,— .
3 STRAIN TENSORS Fig.10 Stream lines of particles
RID POINTS . N . .
COMPUTED AT GRID PO Fig.9 Stream lines of particles for for closely packed particle
Fig.7 Spatial averaging procedure, loosely arranged particles. arrangement,
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Fig.11 Sectional distribution of circumferential velocity Fig.12 Sectional distribution of circumferential velocity

for compact arrangement of particles. for loosely arranged particles.
__ 1 QUs , Ur ‘
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—==1 (L 9, SE_E)Y ....................................................................................... (13)
eo=2\r 36 " or r '

The distribution of T;;, €45 2nd €5 for selected sections (test 3 HL in Table 1) are shown in Fig. 13. As
expected, it can be seen in Fig. 13 that &, and €5, are relatively small and shear strain € is distinct
compared with g;; and €55. In this kind of deformation mode, that is pure shear deformation with zero
circumferential and radial deformation, the principal directions of the aggregates’ strains are at 45° to the
axis of the pipe. When we compare the strain distribution of tapered pipe (Fig. 14) with the one in bend
pipe, shear strain (g;;) along the axis of tapered pipes is on the contrary negligible. Furthermore, the
radial stain is approximately equal and opposite to the axial strain, and under this type of deformational
mode, the principal strain direction coincides with the pipe axis. As far as the deformational mode is
concerned, both bend and tapered pipes have pure shear deformation but their principal directions differ
each other by 45°. o

Sectional distribution of time averaged invariants Tand J (test 3 HL of Table 1) are shown in Fig. 15.
The invariant T is almost zero which implies that there is no segregation of particles as expected in bend

pipes. In other tests with different bend radius, flow speed and viscosity of liquid we had the same
conclusion.

Circumferentially
averaged €gp

Circumferentially
averaged €.,

Circumferentially
averaged &g

-0.02 0 0.02
-0.02 0 0.02

- ~
2 Eyr 8 ec
002 0d am 0

R =250 mm Viscosity - High Particle arrangement - loose

Fig.13 Sectional distribution of strains €7, €. €oo.
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T Gy and T 7.

As for tapered pipes”, it is intended to obtain one dimensional reduced compatibility relationship which
can be combined with appropriate constitutive model to calculate axial force of aggregate phase in bend
pipes. Fig. 16 shows the experimentally obtained sectional averaged values of invariants <I> and <J> by
using the same procedure in reference”, As described earlier, we can see that {J) is fairly constant along
the pipe axis with respect to § and <I> is nearly zero which indicates pure shear deformation, According to
Fig. 17, it can be noted that there is no noticeable influence on (J) due to change in viscosity of liquid. The
circumferentially averaged value of (J) can be used to represent the shear deformation regardless to §
since the (J) is nearly constant along the bend portion, Then, the main point of discussion, the prediction
of the value (J) in any kind of flow boundary condition and material mix proportion, is discussed in the next
chapter,

4. A PROPOSAL OF REDUCED COMPATIBILITY FOR BEND PIPE IN TWO DIMEN-
SION '

The final aim of this section is to formulate the relationship between the sectional averaged ¢J> and the
mean flow rate <U) including the dimension of the pipe. Exact two-dimensional compatibility gives us the
following expression by substituting appropriate strains from Eq. (2) into Eq. (6) as,

(—J_>=%[J(r, 8,z)drdz (dA=drdz)

v (S5 + et )dda

¢ Low viscosity

<T>=11,7(r,8,2)drdz O High Viscosity

sec <T>= % [, T(r,8,2)drdz sec-
Fig.16 Definition and distribution of sectional Fig. 17 Distribution of (J) for two different
averaged <[> and (). viscosities,
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where
e on € L s 5
$= 2¢ro  Ero (15)
We have a Taylor expansion with respect to parameter ¢ as
trat [ _,¢_ 4 U O ST EU VPO
D=z [ fieml(u & )dtdA (16)
higher order terms
(J) (Jm>+Jn(¢) ..................................................................................................... (17)
- prat e I am T A oot
Tw=r7 | _[(ereldtdA—AﬁlefolydA - (18)
L[ BB B ) GEdA s
)= AAt_[ £|em| 3 3 +16 didA B, (19)

higher order terms

where (J,c> and J, (¢) are first order and higher order components of strain invariant (J> respectively.

The object of this paper is to empirically find the relation of ¢J> and the mean flow (U as Eq. (4). Here,
Jet us focus our attention on the first order term in Eq. (16), because the higher order terms with respect
to ¢ can be expected to be small compared with the first linear term, This assumption of linearity will be
verified in this section. In the steady state flow, there exists the exact solution of the first order
compatibility (J,s> in Eq. (18). Substituting the expression for €, from Eq. (13) into Eq. (18), we
have,

a’Ur auo ue
Jw= Af lr 26 * r

8u
- aer and —}3, are neglected since the radial velocity % is almost zero and

the circumferential velocity 7 is nearly constant across the pipe section as discussed in chapter 3. Then

The first two terms, i. e,

we have, i :

o R U _ Rz ou
Tt L[| %] an=ghy [ 5 var=gg ((Tomri— [ ntr) 52
where R, and R, are inner and outer radius of bend, b is the depth of bend and d=R,— R, as shown in

Fig. 17.
According to the visual test, the variation of circumferential velocity u, in the radial direction is

U

negligible, Then we can assume that,
0Ty _ 7 L N S e
0o, and (y=y [aA = oo 22)
By substituting the assumptions in Eq. (22) into Eq. (21), we have,

(‘_j‘s‘)=_1_ (U) ?li_ In & ................................................................................................ (23)

When the mean radxus R defined as Rt R is larger, lnR— is nearly equal to 71{- In the case of
experimental boundary condition of R=>500 mm and =180 mm the ‘error due to the above simplification is
about 1% and in the case of R=250 mm it is about 4.7%. Then we can assume,

<J|st>—l<U> ........................................................................................................... (24)

If the higher order terms in Eq. (16) is negligible, the expression of (J.s in Eq. (24) becomes the
reduced compatibility for bend pipes in two dimensional deformation, —

" The Fig. 18 shows the experimentally obtained shear intensity (J> with respect to & for two different
radius of curvatures (i.e. R=500 mm and 250 mm), different flowing speeds (see Table 1) and also for
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high and low viscosity of model mortar, It can be seen that the calculated values of (J 5> from Eq. (24) are
close to the experimental results. It can be also seen that the effect of viscosity is hardly observed in both
compact and loose arrangement of particles (see Fig. 19 and Fig. 20). According to Fig. 18, it seems that in
case of bend pipes with greater curvature (R==25 cm) there is noticeable difference in (J> with respect to
particle arrangement, This is due to the existence of velocity gradient across the pipe section in case of
compact particle arrangement which does not exist in the case of loose particle arrangement (Fig. 11 and
Fig.12). In other words, the higher order terms in Eq. (16) can not be neglected in the case of greater
curvature but this kind of small bend pipes are not used in practice, Accordingly, it can be concluded that
(s calculated by Eq. (24) has a reasonable accuracy in the case of two dimensional deformation field
corresponding to the actual boundary of pipe lines used in concrete pumping practice,

5. EXTENSION TO THREE DIMENSIONAL PIPE FLOW

The deformational compatibility given by Eq. (24) is applicable to two dimensional flow in rectangular
ducts. However, piping used in concrete pumping is in circular shape in which flow of concrete is three
dimensional. Even though three dimensional flowing condition in bend pipes is not axisymmetric, some of
the assumptions used in two dimensional case can be extended to three dimensional case.

The intensity of shear deformation in three dimensional flow can be represented by the three dimensional

second invariant J,," as,

_Iz _Iz = 2
Jm=\/(€~"2 )+(€'2 )‘+(€ ZI) b 2o €hy €1, rrrrrrrrereneeeietet ettt 25)
+ertes
]=€_"_g_e .......................................................................................................... (26)
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where ¢,, €,, €, are strains in the direction of 4, r and z.

The radial, normal and axial strain ¢,, ¢, and ¢, are expected to be small since the secondary or radial
flow is considered to be negligible as in the two dimensional case due to high concentration of particles and
non-existence of lateral deformation, because the pipe has uniform cross section unlike in tapered pipes,
The circular bend pipe can be considered as the combination of rectangular ducts with mean radius R as
shown in Fig. 21 according to the assumption of neglected secondary flow denoted by u. and u,. The only
existing component of velocity is the circumferential speed 1, with uniform distribution throughout the
pipe section, :

Similar to Eq. (16), an expression for (Jy> can be obtained from Eq. (25) as,

Ty L [T LA LA coreoreesenense s
To=ag [ [Vewl | 145 5+{5— | dtda (@7)
higher order terms
— 2 r’_IZ Z_Iz
(eazl)_l_(e - )+(e - )+€;r+€§a
o= e (28)

According to two dimensional visual test, we can expect the value of ¢ is negligible since strains
€r €4 €, €zr and e, are expected to be small compared with ¢,,. Then, we have the representative of

> as,

= ol [y, 1 [1| 18 Bu T
<J1st,3n>—m£!€re| dtdA—A[2 Y] + or r dA

2%1_‘/_‘?;/;,“% B O O P (29)

Since the variation of circumferential velocity across the pipe section is negligible, %, can be replaced

Ue
T

with sectional averaged circumferential velocity (U> and the above expression can be rewrite as,

Fose L (7L raam L@ [ () g

<J's""’>_2A <U>[%[' - drdz_ZA <U>j:% ln(r.)dz .................... (30)
If the pipe radius with respect to z is large enough to assume,

1 1

T n7:=§ ............................................................................................................ (31)
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Fig.22 Comparison of ¢J) values for bend and
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Fig.21 Idealization of circular pipe into series of rectangular pipes,
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nt+7r.

where d,=7,— r, and R= 5 we have the same compatibility as in two dimensional case as follows.
- 1 — r{d. . 1<
<J|sl.30>_'27<u> [4} 7 dz__z R (32)

The compatibility relationship obtained for tapered pipes” is given as,

— 3
(J)_—.‘_{r__ - 0 D IR PN (';’;)

where 7 is the radius of the pipe section concerned and @ is the tapered angle.

Comparing the compatibility obtained for tapered pipe” as given by Eq. (33) with that for bend pipe (Eq.
(32)), it is clear that the shear deformational intensity is higher for bend pipes than for tapered pipe as
indicated in Fig, 22.

The dimensions of bend and tapered pipes considered in calculating (J) are the ones given in
“Recommended Practice for Pumping Concrete”?.

For the pipes considered in the recommended practice for concrete pumping, if the stiffness of the fresh
concrete is same, the pressure drop across bend pipe is higher than that of tapered pipes and the ratio of
the pressure drop between bend and tapered pipes varies according to the dimension of each part as
indicated in Fig. 22. In case of tapered pipes, the pressure drop depends not only on the shear deformation
of fresh concrete but also on the resistance due to the pipe wall reaction which is considered to be small in

bend pipes.
6. CONCLUSIONS

By using flow visualization and image processing technique, a one-dimensional compatibility for
deformation of particle assembly in bend pipe, which relates the mean speed of particles to the shear rate
intensity of the particle assembly denoted by the second invariant of strain rate, was proposed, By
combining the compatibility proposed in this research with the constitutive law for particle assembly, it is
possible to complete the multi-phase dynamic model for fresh concrete which can be applied in bend pipes,
The followings were experimentally and analytically clarified by results of the flow visualization test using
model concrete. .

(1) The deformation of particle assembly of liquid-solid flow in bend pipes is under pure shear
deformation in which radial and circumferential strains are nearly equal to zero.

(2) In a two-dimensional bend pipe flow of dense liquid-solid, the sectional averaged intensity of
shear rate is dependent on the mean particle speed and curvature of the bend, but hardly dependent on the
liquid viscosity. For small curvatures, averaged shear intensity does not depend on the volume fraction of
particles.

(3) The sectional averaged intensity of particles’ shear rate was represented by the second invariant
of strain rate, which was analytically integrated over a pipe section, The first order linear term of shear
rate intensity was experimentally found to be prominent in comparison with the higher order term.

(4) The first linear term of deformational compatibility for particle assembly is theoretically derived
from the mean flow speed and radius of curvature of the bend pipe.
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