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Soil-spring has been used in seismic structural analysis, when soil-structure interaction is taken into con-
sideration. We seek to strengthen a methodology of determining the soil-spring properties, when a finite
element solution for a model of massive solid elements is available. Attention is paid to consistency be-
tween the finite element model and the mass spring model that uses the soil-spring, so that the mass spring
model is regarded as a mathematical approximation of the finite element model. Numerical experiments
which use a finite element model and a mass spring model with a soil-spring are carried out, and it is shown
that the mass spring model works as a fairly good approximated model of the finite element model.
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1. INTRODUCTION

Soil-Structure Interaction (SSI) is a fundamental
issue of seismic structural response analysis for im-
portant structures such as a nuclear power plant
building® 2" ®. A numerous amount of researches
have been made on the evaluation of SSI for more
accurate seismic response analysis® 9. Conven-
tionally, a soil-spring is employed for the evaluation
of SSI, with a structure being modelled as a multiple
mass spring system; a few or a few ten mass points,
which are connected by springs, are used for a struc-
ture, and sway and rocking soil-springs are used for
soil'9®,

The mechanism of soil-spring is simple. When a
structure is excited by input ground motion, it pro-
duces both displacement/rotation and force/bending
moment at the base. The relation between the dis-
placement/rotation and the force/moment is deter-
mined by the stiffness of the soil. Simple modelling

of this relation is spring.

Latest computers are able to fully account for SSI
when a soild element finite element model is ana-
lysed for a structure and soil (a soil-structure); a
model which consists of more than one million solid
elements can be constructed even for a soil-structure
of complicated configuration® 19, The effects of SSI
on the structural response are accurately computed
when suitable modelling is made.

A methodology of determining properties of a soil-
spring by analyzing a model of a soil-structure is es-
tablished. However, it is limited to a case when a soil-
structure is of simple configuration to obtain analytic
solutions. It is necessary to strengthen this methodol-
ogy in order to make use of numerical solutions of a
soil-structure model of high fidelity.

In this paper, we first clarify SSI in the viewpoint
of continuum mechanics. We then construct a soil-
spring model, applying mathematical approxima-



tions, so that the soil-spring model provides an ap-
proximate solution to the mechanical problem as the
solid element finite element. Numerical experiments
which use a solid element model and a soil-spring
model are carried out, in order to examine the useful-
ness of the soil-spring model that is constructed by
the present methodology.

2. SSI IN VIEWPOINT OF CONTINUUM
MECHANICS

For a soil-structure, continuum mechanics pro-
vides a well-posed mathematical problem which is
expressed in terms of partial differential equations.
The equations are point-wise, and do not consider
SSI explicity. The effects of SSI on the structural re-
ponse automatically appear in the solution, when
suitable modelling is applied to a structure and soil as
well as to the interface between them.

Solving point-wise differential equations for a soil-
structure of complicated configuration is impossible
without applying large scale numerical analysis.
Hence, conventionally, a soil-structure of simplest
configuration is used, so that analytic solutions (or
series solutions) of the partial differential equations
are obtained. A soil-spring is constructed by using
these analytical solutions, and its properties are de-
termined.

It should be emphasized that the methodology of
determining the properties of the soil-spring is estab-
lished for a soil-structure of simple configuration.
However, the methodology is rarely employed for a
soil-structure of complicated configuration. In our
viewpoint, this is probably mainly because a numeri-
cal solution is not available for a soil-structure of
complicated configuration. We also point out that an-
other reason is that the validity of the methodology in
being applied to a soil-structure of complicated con-
figuration is not confirmed. Moreover, being lost is
the understanding of the fundamental point of SSI,
the effects of SSI appear in the solution of the contin-
uum mechanics problem which does not have to take
into accout SSI explicitly.

Meta-modeling theory!?: 1213 js being proposed in
order to strengthen a link between structural mechan-
ics and continuum mechanics. The theory proves that
some structural mechanics problems are mathemati-
cal approximation of continnum mechanics problem;
for instance, beam problems which do use only
Young’s modulus are regarded as an approximation
of continuum mechanics problems of elasticity which
use both Young’s modulus and Poisson’s ratio. The
meta-modeling theory is simple in principle. It only

uses a Lagrangian of continuum mechanics, from
which a continuum mechanics problem or a structural
mechanics problem is derived by applying no/some
mathematical approximations.

Extending the meta-modeling theory from a strcu-
tre to a soil-structure, we are able to construct a mass
spring model which uses a soil-spring; the properties
of the soil-spring are fully determined even for a soil-
structure of most complicated configuration. Con-
ventionally, a solution of a continuum mechanics
problem of a simple soil-structure is approximated to
construct a soil-spring. We now approximate a con-
tinuum mechanics problem of a complicated soil-
structure to determine a soil-spring of a mass spring
model.

3. META-MODELING THEORY

In meta-modeling theory, the variational problem
using a Lagrangian is called as physical problem, and
obtaining an approximated solution of this physical
problem is called modeling. Many kinds of modeling
can be made for the same physical problem. Hence, a
theory of making such modeling is called meta-mod-
eling in the sense that modeling is modeled. In the
meta-modeling theory, solving the same physical
problems is called as consistency of modeling.

An exact solution of the Lagrangian variation
problem is computed by computing a solid element
model of high fidelity. A solution of modeling is, by
definition, an approximate solution of this exact so-
lution. It is thus obvious that the solution of less ap-
proximated modeling has higher accuracy. We
should mention that in solving a physical problem,
we have to compare the accuracy of the solution by
comparing the experimental or observed data. In
meta-modeling, the exact solution of the Lagrangian
problem must be compared with the experimental or
observed data. For the approximated solution that is
obtained from modeling, it is sufficient to compare
with the exact solution, since modeling is mathemat-
ical approximation.

In seismic response analysis considering SSI, an
analysis domain of a soil-structure is a domain con-
taining a structure and soil. More precisely, denoting
the domain of a structure and soil by S and G, respec-
tively, we denote the domain of the soil-structure by
V the union of S and G; see Fig. 1. G is a finite region
with an appropriate boundary condition with which
there does not occur unnecessary reflection of seis-
mic waves. Initial boundary value problem for a dis-
placement function of time and space, u(x,t) in V, is
a mathematical problem of continuum mechanics,



which is analysed numerically by FEM. Here, bold
indicates a vector (or tensor quantity), and x and t are
spatial coordinate and time, respectively. To target a
displacement function of the three-dimensional vec-
tor, the use of solid elements is assumed.

Structure S
V=SUG

Interface |

Virtual boundary
Ground G

Input earthquake motion % Bed rock

Fig. 1: Analysis area for the seismic response analysis con-
sidering SSI

Assuming small deformation and linear elasticity,
the mathematical problem of u in V can be set as a
variational problem of the following Lagrangian:

L[v, €] :fV%pv-v—%e:c:edv, €))

where v and e are velocity and strain, respectively, p
and c are density and elasticity tensor, respectively,
and - and : are inner product and the second order
contraction, respectively. For simplicity, the variable
x amd t are excluded. The value of p and ¢ changes
in soil and structure so these are p(x) and c(x). Var-
iational problem of the analysis domain in question is
the following equation.
8 [ L[i, sym{Vu}]dt = 0. )

Here u and Vu are the temporal derivative and gradi-
ent of u, sym is the symmetric part of the second or-
der tensor and T is an appropriate time domain.

Based on the meta-modeling theory, it shall be suf-
ficient to mathematically approximate u, in order to
construct a mass spring model which is consistent
with the continuum mechanics problem. Approxi-
mating a function mathematically means that the
form of a function is specified. And a mathematical
problem of a mass spring model is derived from the
variational problem of £ for the specified function of
u. It should be emphasized that the mass spring
model is derived from £ without making any physi-
cal assumptions. Adding a physical assumption
means changing £, and a different physical problem
is constructed, which is not consistent with the con-
tinuum model.

We must be aware of the three points in making
mathematical approximations for a mass spring

model. The first point is that displacement of struc-
ture and soil can be considered separately. However,
continuity at the interface, denoted by I, between the
two regions, S and G, must be guaranteed. The sec-
ond point is that ground motion amplified at the free
surface is input into the base of the structure. The
third point is that matchnig the natural frequency and
the corresponding mode between the mass spring
model and the continuum mechanics problem is
needed to make higher accuracy of the mass spring
model.

4. MASS SPRING MODEL BASED ON
META-MODELING THEORY

(1) Condition at interface

In general, the natural frequency of the structure
changes in the presence of soil, because of SSI. How-
ever, introduction of rigid foundation at the interface
of the structure and the soil removes this change. We
regard the interfrace, I, as rigid body, and express the
form of w at I in terms of rigid body translation and
rotation, denoted by u* and 8*, respectively, i.e.

ux,t) =uw®)+06*(t)xx onl, (3)

where x is the cross (outer) product. We assume that
rotation is small and the coordinate origin is at the
center of |.

Equation (3) can be regarded as boundary condi-
tion for displacement function of structure S because
I is a part of the boundary of S. As a nature of bound-
ary value problem, we have to consider a homogene-
ous solution, which satisfies

pit+V.(c:Vu) =0 inS§,
and u = 0 on I. As seen, a set of the above differential
equation and the boundary condition poses a homoge-
neous problem, and a non-trivial solution of this prob-
lem is the mode for a certain natural frequency, i.e. a
solution of
pw?P(x) + V.(c:Vep(x)) = 0,

where w and ¢ are the natural frequency and the cor-
responding mode. The structure vibrates with dis-
placement at the base fixed, and the natural frequency
and natural modes can be determined without consid-
ering SSI. Note that conditions of Eq. (3) must be im-
posed on a particular solution of the displacement
functions of S and G, so that continuity of displace-
ment is guaranteed.

(2) Approximated displacement function
In the meta-modeling theory, the displacement
function u used for £ is approximated, and a mathe-



matical problem for the approximated function is de-
rived from the variation of the resulting £. For a con-
sinstent mass spring model, u in the structure and soil
domains is approximated as follows

_ {b*(t) +U@®)+001) xx+u(x,t) inS, @)

B b(x,t) + u®(x,t) inG,
where b is the amplified ground motion in G without
the presence of S; u® is the additional displacement
to b by the presence of S; b* is the rigid body trans-
lation at the interface / induced by b; U and @ are,
respectively, the rigid body translation and rotation
of I induced by SSI; and u* is the displacement in-
duced in the structure by (b* + U + @ X x). Among
these displacements, b and b* are computed sepa-
rately, and unknown functions are uS(x, t), u®(x, t),
U(t) and O(t).

As mentioned in the preceding subsection, the use
of a mode of the structure in discretizing u is a rea-
sonable choice, in order to match the natural fre-
quency and mode of the mass spring model with
those of the continuum mechanics problem; they are
the dynamic characteristics of the structure. Denoting
by ¢* the a" mode of the structure, we now approx-
imate u’ as

us(x,t) = o a®()P* () . ©)
Here a® is the amplitude of the o™ mode. In the
mass spring model, u¢, the displacement of soil, is
induced when | is given forced displacement. Denot-
ing by nY% and n°% soil displacements that are in-
duced by forced vibration of U and @, respectively,
uC is set as
ul(x,t) = L, U*(On"“(x) + 0“(0O)n°*(x).  (6)
Here U% and ©% are amplitudes of Y% and n°%, re-
spectively.

With substitution of Egs. (4), (5) and (6) into Eq.
(1), a Lagrangian for the SSI system is obtained. We
consider the simplest case of one mode (a = 1) for
the mass spring model, together with the rigid body
and soil-spring. The final expression for the Lagran-
gian is given as follows:

L[a,U,0] = 2MSa? —~KSa® + MPh*a +
IMUVT? + M990 + MUOTG — ZKVUY? —
~K90? — KU9U0 + MVall + M + "
SMU? + %M’@Z + MSUO6,
where MS, M?, MUY, M®9and MY% in above Lagran-
gian are computed as follows:

M = pX-Ydv
S/G
by replacing X with ¢, b, nV or n® and Y with Y or

n®, and using the corresponding structure or soil do-
main; similarly kS, KVY, K99 and KV are computed
as follows:

K=j VX:c:VYdv
S/G

M is the total mass of the structure and the remaining
terms are as follows

MU=f p¢dv

S

M9=f p ¢ xxdv
S

Mlzf px®xdv
s

M5U9=f pxdv
s

(3) Governing equation for the 1D mass spring
model

For simplicity, consider a ground structure system
installed in a uniform soil. Considering the orthogo-
nal coordinates with x-axis and y-axis in the horizon-
tal direction and z-axis in the vertical direction. Since
the soil is uniform, b of the ground G is a function
only of z having a component in the x-direction only.
We consider only the x-direction response of the
structure by considering rigid body translation U of
boundary I is in the x direction only and rigid body
rotation @ only about the y-axis. The right side of the
function of Eq. (4) is as follows.

us = ap(x)e, + (U(t) + O(t)2)e,, ®)

u’ = (UMY (x) + 0()n°(x))ey,
were, ¢ is the x-direction component of ¢*, the mode
of the minimum natural frequency of the structure;
nY and n® are the x-direction components of U!
and n®1, the soil displacement induced by rigid body
translation and rigid rotation of I; and e, is the unit
vector in the x-direction. Note that the natural fre-
quency of the rigid body translation and rigid rotation
are the same as that of the structure.

Substituting Eq. (8) into Eq. (4) and substituting
the resulting u into Eq. (1), £L[a, U, 0] of Eq. (7), a
functional of three functions, is obtained. The follow-
ing governing equation is derived from the varia-
tional problem of § [ £dt = 0:

[M][{i} + [K]{u} = —{f}. ©)
Here the vectors {u} and {f} are
u’ MSUb*
{u} = {U} {r} ={ M b }
0] MSU@ b*



And the matrices [M] and [K] are

M5 MY M°
[M] = [ M+MUU MsUe |,
sym M! + M9
KS 0 0
[K] = KW o |
sym K°°

The explicit expressions for the components of the
matrices are given in the preceding subsection. Equa-
tion (9) takes on the same form as the governing
equations of a conventional mass spring with a soil-
spring*® 1 unknown functdions are displacement
and rotation in the one direction, as shown in Fig. 2.
It is seen that KUY and K°, which are derived from
the purely mathematical procedures, correspond to the
soil-spring.

XX

AAA

Fig. 2: Conventional mass-spring soil spring model

5. NUMERICAL EXPERIMENT

The target system consists of two storey building
and uniform soil as shown in Fig. 3 and Fig. 4. The
target of the numerical experiement is to confirm that
the response obtained from the developed mass-
spring model is an appropriate approximation of the
3D FEM solution. Each floor of the structure com-
prises of concrete columns supporting rigid slab. Soil
domain considered is in the shape of a cube. The
structure rests directly on a rigid foundation laying on
the surface without any embedment.

150 m

Fig. 3: Soil domain considered (200m X 200m X 150m)

Fig. 4: Two storey structure considered

The physical properties of the materials used are
listed in Table 1. Damping is not considered for this
experiment.

Table 1 Physical properties of materials used in this study

Column | Slabs | Soil | Plate
p (kg/m®) 2400 | 25000 | 2500 | 0.01
E (GPa) 30 6000 | 0.96 | 1x10°
\ 0.2 0.1 0.2 0.1

Two input ground motions are considered named
GM1 and GM2 which along with their fourier spec-
trums are shown in Fig. 5 and Fig. 6. The seismic
waves are input at the bottom of the soil domain. If
there is no structure, but the side surface of the y di-
rection is free boundary, the sides of the x-direction
coincides with the vertical direction of one-dimen-
sional wave on the semi-infinite homogeneous soil.
Considering sufficiently large soil domain and con-
sidering the influence of structure to be small, the one
dimensional wave solution is imposed as boundary
condition on the x face of the soil to avoid the reflec-
tion of the seismic waves.

To calculate mass and stiffness values for the
mass-spring model, eigen mode ¢ of the structure
and the amplified ground motion b are determined
using the 3D FEM analysis. Time step used is
0.01sec. Minimum natural frequency and the corre-
sponding mode of the structure and the soil domain
is shown is Fig. 7 and Fig. 8 respectively. The dis-
placement functions of the ground Y and n® are cal-
culated from the dynamic analysis of the ground,
which is vibrated by the rigid body translation and
rigid rotation of I that oscillates at a frequency. In this
experiment, this frequency is set equal to the mini-
mum natural frequency of the structure. Setting a dif-
ferent natural frequency can also be studied.
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Fig. 7: Minimum natural frequency = 2.03 Hz
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Fig. 8: Minimum natural frequency = 0.54 Hz

The mass and the spring constant is calculated us-
ing the expressions given in Section 2.2 and the val-
ues are shown in Table 2. Note that normalized eigen
mode function is applied. Table 3 shows the primary
natural frequency of the finite element method mod-
els and the mass-spring model. It can be seen that
these approximately coincide which is expected since
the first natural mode of the structure has been used.

The comparison of time history of displacement
response in the x-axis direction at the top of the struc-
ture for GM1 and GM2 is shown in Fig. 9 and Fig.
10 respectively. It can be seen that the solution of the
mass-spring model is fairly consistent with the solu-
tion of the finite element method model.

Table 2 Mass and stiffness matrix parameters

Parameter Value
MS (kg) 2.90 X 108
MY (kg) 2.45x<10°
MP? (kg) 1.66 <107

M (kg) 3.02x10°%




MYY (kg) 8.96 X 10°
MSU (kg) 1.90 X 107
M! (kg m?) 1.32 <108
M9 (kg m?) 1.29 X 107
KS (N/m) 4,78 X108
KYY (N/m) 1.57 X100
K% (N/m) 1.33x10%

Table 3 Comparison of natural frequency

FEM model Mass-Spring model
1.90 1.89
3 MSM
P — FEM Model 4

Displacement (m)
<
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Time (sec)

Fig. 9: Comparison of FEM and MSM for GM1
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Fig. 10: Comparison of FEM and MSM for GM2
4. CONCLUSIONS

In this paper we clarify the basic concepts of
mass-spring model and develop a mass-spring model
which is consistent with FEM. The process to de-
velop the consistent model starting from the Lagran-
gian of continuum mechanics is shown and the ex-
pressions to calculate the mass and spring constants
for the mass-spring model are derived objectively.

The simple numerical experiement performed shows
that the response obtained from the developed mass-
spring model is an appropriate approximation of the
3D FEM solution. In future the study aims at extend-
ing the mass-spring model to reproduce more than
one modes and to consider the non-linear material be-
haviour.
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