
 
 

第 12回 構造物の衝撃問題に関するシンポジウム論文集( 2019年 12月)                        土木学会 
 

SPH法を用いたコンクリート版の貫通限界に関する基礎的検討 

 
A fundamental approach on the penetration limit of concrete slab using SPH method 

 
路馳*,  園田佳巨** 

Chi Lu*, Yoshimi Sonoda** 
 

*工修, 九州大学学生, 工学府建設システム工学専攻（〒819-0395 福岡市西区元岡744 W2-1102） 
**工博, 九州大学教授, 工学府建設システム工学専攻（〒819-0395 福岡市西区元岡744 W2-1102） 

 
Keywords: RC slab, SPH analysis, penetration limit, high-velocity impact 
キーワード：RCスラブ，SPH解析，貫通限界, 高速衝突 

 
 

1. INTRODUCTION 

 
 In recent years, to prevent serious damage from natural 

disasters such as tornados and volcanic eruptions, the demand for 
protecting structures against the collision of flying objects is widely 
recognized in Japan. U.S. Nuclear Regulatory Commission has 
already established design code considering the collision of flying 
objects towards nuclear facilities1). As for the volcanic eruption, 
because of the accident at Mt. Ontake volcano on September 27, 
2014, in Japan, the design method of protective structures was re-
examined and accurate evaluation for the impact resistance 
performance of protective structures against flying objects is 
required. For the existing studies on the local failure prevention 
measure, Beppu et al. 2) performed collision with a mushroom-
shaped projectile on concrete plates. Kojima3) conducted a set of 
tests with various RC slab targets and projectiles, inferring that the 
local damage of RC slab is the most related to the hardness of 
projectile’s nose and more reinforcement would reduce local 
damage against hard-nose projectile. M.H Zhang et al. 4) pointed 
out that the penetration depth and crater diameter of high-strength 
concrete due to collision can be reduced by the increase of 
compressive strength and the presence of coarse granite aggregates. 

Formulae have been developed based on experimental results, 
to predict the penetration depth and the critical slab thickness for 
perforation and scabbing of reinforced concrete to occur. 
Kennedy5) compared and reviewed formulae of modified Petry, 
ACE (Army Corps of Engineers), BRL (Ballistic Research 
Laboratory), modified NDRC (National Defense Research 
Committee) and Ammann and Whitney and the Ballistic Research 
Laboratory. 

For existing studies, the penetration limit of a concrete slab has 
been examined by experiments, while impact tests were usually 
performed by small scale specimens due to the limitation of 
experimental conditions. Furthermore, it is still difficult to predict 
the accurate local failure of the concrete structure. The use of 

numerical analysis is a powerful alternative to study impact 
phenomena in term of scale and cost. In general, FEM is not 
suitable to simulate the discontinuous displacement field such as 
penetration process. Therefore, Smoothed Particle 
Hydrodynamics (SPH) as one of the particle methods that can 
reproduce local failure of concrete structural members such as 
crushing or penetration is utilized. SPH is a particle-based 
Lagrangian method for solving systems of partial differential 
equations. Since its invention, it has been successfully applied to a 
vast range of problems such as the dynamic response of material 
strength6,7), fluid flow8), etc. 

In this study, SPH method is used to express the local failure 
of concrete, and the effect of influence domain and erosion limit to 
penetration process is discussed through the analysis results. 

 
2. METHODOLOGY 

 
2.1 SPH analysis 

In this study, SPH method, which is one of the most popular 
mesh-free methods, is adopted in order to analyze local failure 
phenomena of concrete which are difficult to simulate by FEM. 
As shown in Fig.1(a), when large deformation problems are 
solved by FEM, there is a high possibility of finite elements 
distortion resulting in a non-negligible numerical error in the 
interpolation of displacement field using shape function. On the 
other hand, SPH is a method of discretizing a solid body as a large 
collection of particles and it is easy to express large distorted 
condition as shown in Fig.1(b). The physical quantity of each 
particle is evaluated by the weighted mean of the adjacent particles 
using the kernel function as shown in Fig.1(c) and basic equation 
of the SPH method is written as Eq.(1). 

 



 
 

 
Fig. 1(a) FEM with large mesh deformation 

 
Fig. 1(b) SPH with particle discretization 

 
Fig. 1(c) SPH approximations calculation 

 

〈𝑓(𝑥𝑖)〉 = ∫ 𝑓(𝑥𝑖)𝑊(𝑥𝑖 − 𝑥𝑗 , ℎ)𝑑𝑥𝑗
Ω

 (1) 

where 𝑊 is the kernel function, ℎ is the smoothing length, 
terms inside angel bracket are SPH approximations, Ω  is the 
integral area within the support domain and 𝑥𝑖,𝑗 are the position 
of particle 𝑖 and 𝑗. For the collision between objects, the impact 
force is calculated by the ratio of overlap area of particles using the 
pin-ball algorithm concept. Central difference method is used as 
the time integration method for the dynamic process, and the time 
step is 10−7s. 

 
2.2 Material model 

To analyze the elastic-plastic behavior of concrete, pressure-
dependent yield function such as Drucker-Prager's equation is 
often used for the yield criteria. However, it is well known that 
linear Drucker-Prager's yield surface overestimates compressive 
strength of concrete under high hydrostatic pressure condition. 
Therefore, non-linear Drucker-Prager's yield function2) which 
improves linear Drucker-Prager’s equation is applied in this study. 
Non-linear Drucker-Prager yield function is represented by the 
following Eq. (2). 

𝑓(𝐼1, 𝐽2) = √𝐽2 −√
𝛾2 − 𝛼𝛽𝐼1

3
= 0 (2) 

where, 𝐼1 is the primary invariant of stress, 𝐽2 is the second 
invariant of deviatoric stress, 𝛼  is a constant determining the 
yielding surface, 𝑓𝑐  is the uniaxial compressive strength, 𝑓𝑡  is 

the uniaxial tensile strength, 𝛾 is √𝑓𝑐𝑓𝑡 and 𝛽 is (𝑓𝑐 − 𝑓𝑡). 
Fig. 2(a) shows non-linear Drucker-Prager yield surface in the 

√𝐽2 − 𝐼1  plane. In this study, to achieve a narrower yielding 
surface, 𝛼 = 1  in compression, and 𝛼 = √3  in tension are 
adopted, respectively. 

 

 
Fig. 2(a) nonlinear Drucker-Prager yield criterion 

 
Fig. 2(b) Tensile bilinear softening 

 
Furthermore, bilinear softening is considered on the tensile 

stress side according to the Japanese specification9), as shown in 
Fig. 2(b), where 𝜎𝑡 is the tensile stress, w is crack width, 𝑓𝑡 is the 
tensile strength of concrete, and 𝐺𝐹  is the fracture energy of 
concrete.  

Compressive softening is also considered according to 
Popovic’s equation10), as shown in Eq.(3). 

𝜎𝑝𝑟 = 𝑓𝑐 ⋅
𝑛 (
𝜀𝑝𝑟
𝜀𝑐𝑜
)

(𝑛 − 1) + (
𝜀𝑝𝑟
𝜀𝑐𝑜
)
𝑛 

𝜀𝑐𝑜 =
𝑓𝑐

𝐸𝑐 (1 −
1
𝑛
)
, 𝑛 = exp(0.0256 ⋅ 𝑓𝑐) 

(3) 

Where 𝑓𝑐  is the uniaxial compressive strength, 𝜀𝑝𝑟  is the 
principal strain, and 𝜀𝑐𝑜 , 𝑛  are parameters determined from 
material tests. Hardening is considered on the compression stress 
side as shown in Eq. (4).  

𝐻 =
𝑑𝜎

𝑑𝜀𝑝
 (4) 

Where 𝑑𝜎 is equivalent stress increment, 𝑑𝜀𝑝 is equivalent 
plastic strain increment. 

In addition, anisotropic damage in tensile and compression 
side is also introduced by sigmoid function (Eq. (5)) and Popovic’s 
equation (Eq. (6)), respectively.  
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(5) 

𝐷𝑝𝑟 =
𝑛 (
𝜀𝑝𝑟
𝜀𝑐𝑜
)

(𝑛 − 1) + (
𝜀𝑝𝑟
𝜀𝑐𝑜
)
𝑛 , (0 ≤ 𝐷𝑝𝑟 ≤ 0.2) (6) 

 
Where 𝐷𝑝𝑟  is the damage along the principal direction; 𝑘 is 

the gradient adjustment constant, and 𝑘 = 300  in this study; 
𝜀𝑝𝑟
𝑝  is the equivalent plastic strain along the principal direction; 
𝜀𝑚𝑎𝑥
𝑝  is the maximum limit of equivalent plastic strain, and 
𝜀𝑚𝑎𝑥
𝑝

= 0.03. The damage-principal strain relationship is shown 
in Fig.3.  

 

 
(a) Tensile 

 
(b) Compressive 

Fig. 3 The damage-principal strain relationship 
To obtain the elastic stiffness matrix with damage, the damage 

in the global coordinate is calculated first with 𝐷𝑝𝑟  using the 
following equation:  

𝐷𝑖 =∑|𝐷𝑝𝑟𝑒𝑖,𝑝𝑟|

3

𝑖=1

, (𝑖 = 1, 2, 3) (7) 

Where 𝐷𝑖  is the damage in global coordinate, 𝑒𝑖,𝑝𝑟  is unit 
vector of principal direction. The above calculation process is 
shown in Fig.4  

Then the decrease ratio of elastic stiffness 𝑑𝑖𝑗  is calculated by 
the following equations:  

𝑑𝑖𝑗 = √(1 − 𝐷𝑖)(1 − 𝐷𝑗)  (8) 

Finally, the elastic stiffness matrix can be written as Eq. (9), 
where 𝜆 = 𝜈𝐸/[(1 + 𝜇)(1 − 2𝜇)] , 𝜇 = 𝐸/[2(1 + 𝜈)] , 
and 𝐸 , 𝜈  are the Young’s modulus and the Poisson’s ratio, 
respectively.  

In this study, when the volumetric strain of concrete particle 
𝜀𝑣  reaches erosion limit 𝜀𝑣_𝑙𝑖𝑚 , the particles are regarded as a 
crushing condition and the stress and stiffness of the particle are 
assumed to be zero, however, the particle itself is not erased to keep 
the mass conservation. The uniaxial stress-strain relationship of 
concrete is schematically shown in Fig. 5. 

 

 
Fig. 5 Uniaxial stress-strain relationship of concrete 

 
Since the main subject of this study is to simulate the 

penetration process, strain rate effect of concrete is introduced by 
dynamic increase factors calculated by Fujikake’s equation11) (in 
tensile stress) and Rose’s equation12) (in compression stress), 
shown in Eq. (10) and Eq. (11), respectively.  
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Fig. 4 Damage calculation process 
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𝜀
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̇
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𝜀𝑠̇ = 1.0 × 10
−7(𝑠−1) 

(11) 

Where 𝑓𝑐𝑑′  is the dynamic compressive strength, 𝑓𝑐𝑠′  is the 
static compressive strength, 𝑓𝑡𝑑′  is the dynamic tensile strength, 
and 𝑓𝑡𝑠′  is the static tensile strength.  

For the steel material, von Mises yield criterion is used, and 
strain hardening exponent is introduced to describe the hardening 
process. The uniaxial stress-strain relationship of steel is shown in 
Fig.6. Since the influence of the strain rate effect is relatively small, 
Takahashi’s equation13) is adopted, shown in Eq. (12). 

 

 
Fig. 6 Uniaxial stress-strain relationship of steel 

 

𝐷𝐼𝐹 =
𝑓𝑦𝑑
′

𝑓𝑦𝑠
′
= 1.202 + 0.040𝑙𝑜𝑔(𝜀̇),  

(𝜀̇ ≥ 5.0 × 10−5) 
(12) 

Where 𝑓𝑦𝑑′  is the dynamic yielding strength, 𝑓𝑦𝑠′  is the static 
yielding strength. 

 
3. ANALYSIS FOR RC BEAM IMPACT PROBLEM 

 

3.1 Analysis object 

Fig.7. shows the geometry of analysis object RC beam and its 
arrangement. In the experiment, the size of RC beam was 150 × 
250 mm (beam width × beam height) with a total length of 2400 
mm. Four D13 main rebars were arranged at the position of 40 mm 
from the upper and lower ends and D6 rebars were arranged every 
100 mm as shear reinforcements. In addition, a 300 kg columnar 
steel weight was used to collide against the upper central surface 
of the RC beam. Material properties of steel rebars and concrete 
are shown in Table 1, and the erosion limit is set to 6%. 

 
Table 1 Material properties 

Material Rebar Concrete D6 D13 
Density (kg/m3) 7853 7853 2500 
Young’ modulus (kN/mm2) 206 206 23.1 
Compressive / Yield strength 
(N/mm2) 368 373 25 

Tensile strength (N/mm2) - - 2.5 
Poisson ratio 0.30 0.30 0.23 

Fig.8. shows the perspective view and the arrangement 
condition of steel bars in the analytical model. Impact response 
analyses of RC beams are performed using a 1/2 model where the 
particle size is 10mm. As for the boundary conditions, the particles 
of the supporting position on the bottom are constrained in the 
vertical direction and the particles on the symmetric plane are also 
constrained in the horizontal direction. In this analysis, supporting 
jigs of RC beam are not modeled.   

 

(a) Perspective view 

 
(b) steel bars arrangement 

Fig.8 Analysis model of the RC beam 
 
3.2 Results and discussion 

As for reaction force response, negative reaction force occurs 
at the first stage as shown in Figure 9(a), this is due to the third 
bending deformation mode of RC beam and this phenomenon is 
also reproduced in the analysis. Although the analytical reaction 
force is reaching the maximum value faster, it is almost equal to 
the test result. On the other hand, there is a big difference between 
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Fig.7 RC beam model 
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the test result and analyses after the maximum reaction force 
because of the lack of supporting jig in the analysis model. From 
the displacement response shown in Figure 9(b), it can be found 
that displacement-time history of the analysis results and 
experiment results are almost the same, and the difference of 
residual displacement is a little larger in the case of 4m/s. Figure 
10 shows the comparison of crack distribution between 
experiment and analysis. The maximum principal strain is taken as 
the value to describe cracks in analysis and its distribution is shown 
in Figure 10(b). It can be found that although the crack distribution 
at ends of the beam is not reproduced accurately (due to the 
difference of reaction forces after their maximum value), the crack 
distribution in the central span agreed well. From these 
verifications, it can be said that the impact response analysis by 
SPH method could predict reliable elastic-plastic impact behavior 
of RC beam. 

 
(a) Reaction force response 

 
(b) Displacement response 

Fig.9 Comparison of impact responses between analysis and 
experiment 

 
(a) Experiment 

 
(b) Analysis 

Fig.10 Comparison of crack distribution between analysis and 
experiment 

 
4. RC SLAB PENETRATION ANALYSIS 

 
4.1 RC slab analysis model 

Figure 11 shows the geometry of the concrete slab used for the 
analysis. The size of the model is 2000mm×2000mm×200mm. It 
is assumed that the slab is fixed with four-side simple support by 
the jigs with 1750 mm spacing. The collision object is 300 kg in 
weight, whose nose shape is a hemisphere (radius of curvature of 
80 mm), and the collision position is the upper center surface of the 
slab. The impact analysis is performed The material properties of 
concrete are set as shown in Table 2. For the mechanical 
characteristic of concrete particles, as shown in Figure 5, the stress-
strain relations are set with hardening on the compression side and 
softening on the tensile side. Impact response analyses of RC slabs 
are performed using a 1/4 model with the particle size of 10mm, 
as shown in Figure 11(c). The impact velocity of the projectile 
varies from 10m/s to 200m/s. The failure mode, impact force, and 
impulse are investigated from each result and the evaluation 
method to prevent the penetration of a concrete slab is examined. 

 
(a) Top view 

 
(c) 1/4 model 

Fig.11 Concrete slab in analysis 
 

Table 2. Material property of concrete 
Mass density (kg/m3) 2500 

Young’s modules (kN/mm2) 29.0 
Compressive strength (N/mm2) 34.1 

Tensile strength (N/mm2) 3.41 
Poisson ratio 0.22 

 
4.2 Results and discussion 

From the impact load response shown in Figure 12, it can be 
found that the maximum load increases with impact velocity, and 
load duration decreases with impact velocity. When the impact 
velocity is higher, the shape of the load response curve is steeper, 
and the maximum load occurs at an early stage. Next, Figure 13 
shows the relationship between the impulse (calculated by the area 
of impact load-time history) and the impact velocity. From this 
figure, it is found that there is an obvious tendency between the 
impact velocity and the impulse. At first, the impulse increases 
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linearly with the impact velocity (the flying object does not 
penetrate due to the insufficient impact velocity of 10 m/s ~ 50 
m/s). On the other hand, when the flying object collides at a 
medium velocity (50m/s ~ 150 m/s) and it penetrates the concrete 
slab, the impulse required for penetration decreases as the initial 
velocity increases. Furthermore, it is also confirmed that the 
impulse required for penetration of the concrete slab converge 
certain value under high-velocity impact condition (more than 150 
m/s). These trends are also confirmed under the different mass of 
the projectile (100kg ~ 300kg). 

 
Fig.12 Influence of projectile velocity to the response of impact 

force. 

 
(a) Projectile of 300kg 

 
(b) Projectile of different mass 

Fig.13 Comparison of impulses required for penetration 
 
5. CONCLUSION 

 

In this study, an analytical method to express the penetration 
failure of a concrete slab subjected to the collision of a flying object 
is presented. In addition, the penetration limit of the concrete slab 
is evaluated by the proposed method. The results of this study are 
summarized as follows. 

1)The impact response and crack distribution of RC beam can 
be predicted by proposed SPH analysis. 

2)The penetration process and load response of concrete slab 
against high-velocity projectile can be reproduced. 

3)It is recognized that impulse (integration of impact load-time 
history) is an appropriate threshold value for the penetration limit 
of the concrete slab. 
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