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The crust structure and earthquake source parameters are known to strongly influence

the ground motions at the surface. Thus, the accuracy of these parameters is important

to predict the ground motion that is essential in engineering analysis. Recently, an

inversion scheme has been proposed1) that aims to estimate the crust structure with

accuracy up to 1.0 Hz target frequency. In the present paper, an inversion scheme is

proposed which aims to improve the accuracy of earthquake source parameters from low

frequency to high frequency (up to 1.0 Hz). Both studies take advantage of a sophisticated

code implementation of the Finite Element Method to accurately compute synthetics.

Promising results have been obtained for future application to simultaneous inversion of

crust structure and earthquake source parameters.
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1. Introduction

The prediction of the strong ground motion with
high accuracy plays an important role for disaster
mitigation, formulation of effective countermeasures,
and enforcement of policy against large-scale earth-
quake disaster. Since earthquake motion is strongly
influenced by the nature of the seismic source and
the upper crust which has complex velocity struc-
ture, their accurate estimation is important in or-
der to improve the understanding of their mechanism
and contribute in predicting the strong ground mo-
tion with high accuracy. Researches to clarify the
detailed structure and property of fault plane, and
to build accurate three-dimensional (3D) crust struc-
ture model, were conducted extensively in Tokyo and
Osaka metropolitan districts where a predicted large-
scale earthquake can have a significant impact on nor-
mal social activities2)3). However, the accuracy of
available 3D crust structure models is verified only
for a very low frequency range (f≤0.20 Hz)2), which
is not sufficient to account for higher frequencies that
affect the response of large-scale civil structures on
the ground surface. Recently, a numerical study pre-
sented a scheme that takes advantage of the accurate
modeling capability of the Finite Element Method to

estimate 3D crust layer boundary for up to 1.0 Hz
frequency 1). This study assumes that source param-
eters accurate up 1.0 Hz frequency are available.

With regards to source parameter estimation, the
use of horizontally-layered velocity structure leads to
accuracy of results that are not sufficient for use in
engineering applications, such as in seismic analysis
of large-scale structures. Recognizing the importance
of higher frequencies, new inversion studies based on
theoretical, empirical, or combination of both, that
utilize detailed information from geophysical explo-
ration and GIS (among others), and targeted higher
accuracies (f≤3.0 Hz), have been conducted. Exam-
ples of these studies are 4),5).

In our study, we perform a numerical study on im-
proving the accuracy of source parameters to higher
frequencies using the same numerical tools used in
1). We assume that the accuracy of available crust
structure is up to the same order of accuracy as to
the accuracy we aim for source parameters. At this
stage, we perform only source parameter6) inversions,
but since the methodology is similar to 1), integrat-
ing the two methods in the future, as in simultaneous
inversion is intended. In this study, we present the
scheme to estimate the following earthquake source
parameters: point source location, magnitude, rise
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time, and moment tensors. In comparison with exist-
ing source parameter estimation methods, this scheme
is based on a combination of (1) a hybrid-grid FEM7)

that can automatically-generate finite element (FE)
models and calculate synthetics, and (2) a multiscale
approach that repeats inversion from low target fre-
quency to high target frequency.

This paper is divided as follows: Section 2 describes
the forward modeling tool. The background formula-
tion is first shown and then the applicability to actual
problem settings is demonstrated. In Section 3, we in-
troduce the proposed inversion method for source pa-
rameter estimation. A numerical experiment on each
parameter is carried out to check the applicability of
our proposed scheme and at the same time, study the
behavior of target parameters. In the end, we discuss
the possible extensions of this study.

2. Hybrid-grid FEM as the forward
modeling tool

It is known that obtaining good results in inver-
sion relies on accurate calculation of sensitivities.
Our study uses a sophisticated implementation of the
FEM, the Multi-resolution Structured and Unstruc-
tured Grid FEM (MCFEM)7), for forward model-
ing. This section demonstrates the applicability of
this tool in handling an actual problem - an observed
earthquake in Kanto region. We demonstrate its ca-
pability to model actual domain features, such as to-
pography and irregular layering. We aim to reproduce
the surface-recorded ground motions in several obser-
vation stations near the target domain.

Methodology

Assuming the target crust as elastic body, the equa-
tion of elastodynamics as shown below is used.

(cijkluk,l),i + fj = ρüj . (1)

Therein, cijkl, uj , ρ, (˙), ( ),j , and fj are compo-
nent of heterogeneous elastic tensor, displacement at
j direction, density, time differentiation, spatial dif-
ferentiation for j direction, and external forces at j
direction, respectively.

Galerkin discretization in space by finite elements
is applied to Eq.(1), and a damping term that is pro-
portional to the velocity is added to this equation.

Ku+Cv +Ma = f . (2)

Therein, K, M, u, v, a, and f are stiffness matrix,
mass matrix, displacement vector, velocity vector, ac-
celeration vector, and force vector, respectively. C, is
the Rayleigh damping computed as,

C = αM+ βK, (3)

where α and β are Rayleigh constants computed from
this equation,

1

2Qk
=

α

2ωk
+

βωk

2
, (4)

for the frequency range of interest. In Eq.(4), Qk and
ωk are quality factor and natural frequency, respec-
tively, associated with the k-th mode.

The Newmark β method (β = 1/4) is used for dis-
cretization of time domain.

(K+
2
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M)un + (C+

4

Δt
M)vn +Man + fn+1.

(5)

A superscript n indicates the time step, and Δt in-
dicates the time increment of analysis. Lumped mass
matrix is applied for mass matrix.

The MCFEM can automatically generate a 3D
model that has complicated crust structure with ef-
ficient use of computational resources7). We solve
Eq.(5) using the preconditioned conjugate gradi-
ent method (PCG). The element by element (EBE)
method was implemented so that the K, M, and C
need not be assembled to global matrices. In doing
so, we expect significant reduction in needed memory
storage, and elliminated the resulting computational
time of the matrix assembly. To treat the outgoing
waves in the truncated boundary, viscous boundary
8) and absorption band9) are applied to the sides and
bottom surfaces of the model as absorbing boundary
condition.

Numerical Verification of the MCFEM

In 7), the accuracy of the method is compared and
verified with other FEM-based implementation for
simple case problems. As demonstrated in the pa-
per, the use of numerical techniques such as back-
ground cell and octree structure allowed for efficient
handling of structured and unstructured grid elements
as well as reduction of memory storage requirements.
Lastly, the applicability of MCFEM for modeling re-
alistic crust structure is detailed.

Application example of forward modeling
method: Reproduction of observed earthquake

The observed earthquake in Kanto region is repro-
duced by 3D FE analysis. The results are compared
with the observed earthquake motion at 10 seismic
stations10). We use the mechanism solution estimated
by National Research Institute for Earth Science and
Disaster Prevention (NIED)11) for the source param-
eter data. The mechanism solution of target observed
earthquake is shown in Table 1. The rise time is es-
timated by the reference12). In addition, crust struc-
ture is modeled using a 3D Kanto crust data13) ob-
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Fig. 1 Target domain.

Table 1 Properties of target observed
earthquake11).

date: 2000.8.18
latitude: 35.7N
longitude: 139.7E
depth: 35km

strike, dip, rake: 59̊ , 74̊ , 65̊
magnitude: Mw3.8
rise time: 0.18 sec

Table 2 Material properties13).
ρ kg/m3 Vp m/s Vs m/s Q

1st layer 1950 1850 500 60
2nd layer 2150 2560 1000 150
3rd layer 2300 3200 1700 200
4th layer 2700 5800 3360 500
5th layer 2800 6600 3700 600
6th layer 4400 8040 4480 800

tained from the Special Project for Earthquake Disas-
ter Mitigation in Urban Areas2). The target domain
is depicted by dotted line in Fig. 1a), and the size
of domain is 38.4× 38.4× 50km. The crust structure
consists of six layers, and material properties of each
layer, estimated by reference13) are shown in Table 2.
Fig. 1c),d) shows the numerical model automatically-

generated by MCFEM using 3D Kanto crust data.
The element size is set so that shear wavelengths cor-
responding to 1.0 Hz are resolved with 10 elements
per wavelength. Eq.(5) is solved by PCG method
with the convergence condition that the relative er-
ror is less than 10−6.
　An example of comparison of computed result with
observed earthquake motion is shown in Fig. 2. This
figure shows the velocity components of a waveform
at EW, NS, and UD directions which are lowpass-
filtered (f ≤1.0 Hz). The result in Fig. 2 shows that
the amplitude were reproduced with relatively good
accuracy for all three components waveforms in Ob-
servation point A. Similar responses were observed in
some other seismic stations. With these results, we
can render the MCFEM suitable as a forward model-
ing tool in our inversion.

However, eventhough responses in some seismic sta-
tion have good agreement, there were some disagree-
ments in phase property and durations of ground mo-
tion, as can also be seen in Fig. 2. Assuming there
are no errors in the waveform data, we can directly
attribute the disagreements to the accuracy of the
source mechanism and 3D crust structure used, in
that for our problem: 1) the source mechanism is es-
timated by inversion analysis based on 10 to 100 sec
range with assumption of horizontally-layered crust
structure11); and 2) the accuracy of 3D crust model is
verified only up to 0.2 Hz2). Thus, these suggest that
the accuracy of source mechanism and crust structure
model needs to be improved towards highly-accurate
reproduction of approximately 1.0 Hz earthquake mo-
tion.

3. Waveform inversion to estimate
earthquake source parameters

Many recent studies use theoretical and empirical
Green’s functions to estimate source parameters in
low target frequencies (≤1.0 Hz) and high target fre-
quencies (≥1.0 Hz)4),5),14). In our study, we define
high target frequency as frequencies that are up to
1.0 Hz, and low frequencies as around 0.2 or 0.3 Hz.
In the previous section, we learned that the velocity
structure guaranteed up to 0.2 Hz can lead to dis-
agreements in the comparison of waveforms in some
seismic stations.

Many different numerical techniques to approach
the global solution in an efficient manner have been
presented (examples are 14),15)). In this study, we
propose a new methodology based on the Finite El-
ement Method (FEM) for calculating sensitivities,
and a Quasi-Newton method for the minimization
of the objective function. In inversions that calcu-
lates theoretical Green’s functions as synthetics, the
most commonly-used method is the FDM because it
is fast, and modeling the source parameters can be
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Fig. 2 Velocity waveform (in cm/s) at observation
point, A,in reproduction of observed earth-
quake: Comparison of computed result with
observed data

done with ease in the structured grid. However, FDM
has difficulty in modeling domain features such as
irregular layering and surface topography, and sat-
isfying the surface traction-free condition is not as
straightforward as in FEM. FEM is known to be
computationally-expensive for use in inversions, but
with the smart implementation of different numerical
techniques (see 7)), it can perform much better than
FDM, especially in models where complicated regions
can significantly affect the results.

In this section, we present the details of the in-
version procedure. Several numerical experiments on
source parameter estimation by waveform inversion
are conducted. Henceforth, the target surface re-
sponse is called reference response, and the surface
response which is solved using numerical analysis is
called synthetic response. The inversion is conducted
by solving optimization problem of minimizing resid-
ual of reference and synthetic response in unknown
source parameter and known crust structure.

We calculate the synthetic response using MCFEM,
and numerical analysis is conducted by solving Eq.(2)
using PCG method, with the convergence condition
that the relative error is less than 10−6. The model
is discretized in a hybrid grid, with tetrahedra and
cubic element dimensions set to ten (10) elements per
shear wavelength. The algorithm of the inversion is
as follows:

Step 1:
Initialization of inversion parameters, xk. (k = 0)
Step 2:

Generate synthetic model by the parameters at k-th
iteration.
Step 3:
Conduct forward modeling and obtain synthetic re-
sponse.
Step 4:
Solve the optimization problem and update the pa-
rameters as xk+1.
Step 5:
If the solution meets a termination criteria, the cal-
culation is stopped.
Otherwise proceed to Step 6.
Step 6:
Returning to step 2 as k = k + 1.

For Step 4, to minimize the residual of reference and
synthetic response, we use the objective function,

f(x) =

√√√√∑NR
r=1

∑3
i=1

∑NT
t=1(ũit(sr)− uit(sr;x))2∑NR

r=1

∑3
i=1

∑NT
t=1(ũit(sr))2

.

(6)

Therein, x, s, NR, r, i, NT, t are: model parame-
ter, receiver points, total number of receivers, receiver
counter, spatial component, total time step, and time
step counter, respectively. ũ is the displacement vec-
tor of the reference waveform, and u is the displace-
ment vector of synthetic waveforms.

In this study, the quasi-Newton method, Broyden-
Fletcher-Goldfarb-Shanno (hereafter, BFGS)
method17), is used as optimization method to
minimize Eq.(6). The BFGS is one of the most
effective method for solving optimization problems,
because it has the good global convergence prop-
erty of steepest decent method and the fast local
convergence property of Newton method. The same
method is used on 1)

It is known that there is difficulty in obtaining the
global minimum using high resolution model if the
initial solution used is the solution estimated by a
low resolution model. This is because earthquake
response becomes more complex in high resolution
model, and the solution tends to converge to a local
minimum. To remedy this, the convergence to local
minimum is prevented by repeating inversions using
a model that satisfies accuracy from low to high spa-
tial resolution in a series of steps. Such multiscale
approach has been previously applied in recent inver-
sion studies (examples are, 15) for dynamic source in-
versions, and 14) for low-frequency inversion in the de-
termination of broadband seismic wave radiation pro-
cess of the 2000 western Tottori, Japan earthquake).
In our study, we implemented a straightforward mul-
tiscale approach that incrementally satisfies accuracy
from low-spatial resolution to high-spatial resolution.
An important characteristic of this approach is the
targeting of frequency components where a param-

- 686 -



a) crust model b) observation points

Fig. 3 Model used for source inversion.

Table 3 Problem settings of fault inversion.

domain size: -7.2 km ≤ x ≤ 7.2 km

-7.2 km ≤ y ≤ 7.2 km

-12.0 km ≤ z ≤ 0 km

1stlayer (thickness): 1.5 km

1stlayer: ρ = 1900 kg/m3

Vp = 2300 m/sec

Vs = 1500 m/sec

Qp = 100

Qs = 100

2ndlayer: ρ = 2500 kg/m3

Vp = 4500 m/sec

Vs = 3000 m/sec

Qp = 300

Qs = 300

excitation: M0 (2 t2/T2
0) 0 ≤ t ≤ T0

2

M0 (1-2 (t-T0)
2/T2

0)
T0
2

≤ t ≤ T0

M0 t > T0

Table 4 Fault location inversion.
x(m) y(m) z(m)

initial solution 2000 2000 -8000
inversion result 　 150 150 -5850
reference solution 150 150 -5850

eter or a group of parameters is sensitive. Know-
ing that different source parameters can be estimated
with good accuracy at some specific range of frequen-
cies (for example: moment tensors at very low fre-
quency), we take advantage of this to reduce the ill-
posedness of the inversion problem. Moreover, effort-
wise, the advantage of using this approach is that a
3D FE analysis with low resolution model does not
require much computational load as compared with
a high resolution model. Thus, the over-all compu-
tation speed is also improved since inverse problems
generally require many forward modeling iterations.

Table 5 Rise time and seismic moment inversion.
rise time seismic moment
(sec) (Nm)

initial solution 1.5 1.5 × 1017

inversion result 2.0 1.0 × 1017

reference solution 2.0 1.0 × 1017

Table 6 Moment tensor inversion.

M11 M22 M12 M13 M23

initial 0 0 0 0 1
final -0.226 -0.034 -0.725 0.631 -0.127

reference -0.225 -0.035 -0.725 0.631 -0.128

Application Example

In this part, the waveform inversion scheme to esti-
mate source parameters in high resolution (≤1.0 Hz)
is verified. We aim to observe source parameter sensi-
tivities, for a problem with a point source and assum-
ing that the crust model is accurate up to 1.0 Hz tar-
get frequency. The target source parameters are fault
location (x，y, and z coordinate), rise time, seismic
moment, and moment tensors. Since strike, dip and
rake angle were initially found to be less sensitive to
affect the seismic wave as compared with other source
parameters, moment tensors which are derived from
these fault parameters are used as a target parameter.
The input moment tensors to each node for a point
source inside a cubic element, are given as follows19).

M11 = −M0(sin δ cosλ sin 2φ+ sin 2δ sinλ sin2 φ)

M22 = M0(sin δ cosλ sin 2φ− sin 2δ sinλ cos2 φ)

M33 = M0(sin 2δ sinλ) = −(M11 +M22)

M12 = M0(sin δ cosλ cos 2φ+
1

2
sin 2δ sinλ sin 2φ)

M13 = −M0(cos δ cosλ cosφ+ cos 2δ sinλ sinφ)

M23 = −M0(cos δ cosλ sinφ− cos 2δ sinλ cosφ)

M21 = M12

M31 = M13

M32 = M23

Therein, φ, δ, λ and M0 are strike angle, dip angle,
rake angle, and seismic moment, respectively.

The model considered is a horizontally-layered
model as shown in Fig. 3a), and the size of domain is
14.4 × 14.4 × 12km. The settings of synthetic model
and observation points are shown inTable 3 and Fig.
3b), respectively. The settings of synthetic model are
shown in Table 3).
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The multiscale approach is applied, and the solu-
tion which guarantee accuracy of 1.0 Hz is solved in
a stepwise manner by the minimization of Eq.(6) for
target frequencies of 0.25 Hz, 0.5 Hz, and 1.0 Hz.

In this analysis, 3 numerical experiments were car-
ried out.

1) Fault location (x, y, and z coordinate) is esti-
mated as rise time, seismic moment, and moment ten-
sors are known;

2) Rise time and seismic moment are estimated si-
multaneously as other parameters are known;

3) Moment tensors are estimated as other parame-
ters are known.

In the moment tensor inversion, since M33=-
(M11+M22), M12=M21, M13=M31, M23=M32, only
5 components, M11, M22, M12, M13 and M23 are
needed to be solved.

Initial solution, inversion result, and reference so-
lution in each fault inversion are shown in Table 4,
Table 5, and Table 6. The minimization of the ob-
jective function for each problem is shown in Fig. 4.

It can be observed that the fault location problem
converges gradually to the reference solution as res-
olution of the synthetic model becomes higher. This
result suggests that the accuracy of fault location in-
version can be improved in the estimation by using
high-resolution model. Meanwhile, rise time, seismic
moment, and moment tensors have already converged
to the reference solution in the low-resolution model
of approximately 0.25 Hz target frequency.

In this application example, we considered a point
source in the inversion analysis. Since we are us-
ing linear elastic formulation, extension to fault plane
rupture is expected to be straightforward. This is be-
cause the resulting surface waveform of a fault plane
rupture can be modeled as a superposition of surface
waveforms caused by each point source in the fault
plane. However, the computation time is expected
to increase because the source parameters have to be
estimated for all the point sources considered.

Our results show that the proposed inversion
scheme can be applied to improving the accuracy of
these source parameters, given that the accuracy of
the crust model is guaranteed in the same target fre-
quency. In the future, we seek to improve the rate of
convergence by performing analysis on the appropri-
ate objective function and waveform components (dis-
placement, velocity, or acceleration, time-frequency
misfit). Moreover, application to actual data would
necessitate the use of regularization on the objective
function or in the inversion procedure.

4. Conclusion

To improve the source parameter data to accurately
reproduce waveforms in higher frequencies, a com-
bined MCFEM and a multiscale inversion method

is proposed. We emphasized the accuracy of com-
puted synthetics in this inversion scheme, and demon-
strated the applicability of MCFEM by a reproduc-
tion of an observed ground motion. In the inversion,
we performed simple tests on each source parameter
to determine their behavior in the minimization and
to check the effectiveness of the multiscale approach.
The results obtained show the applicability of the pro-
posed method for improving source parameter given
an accurate velocity structure.

In the future, we aim to improve the estimation
accuracy of source parameters, as well as the con-
vergence performance. Moreover, we intend to inte-
grate the method proposed in the reference1) and the
method proposed in this paper to formulate a simulta-
neous inversion method that includes all fault param-
eters, crust structure, and model constraints. Then,
using this simultaneous inversion method, a specific
target region will be chosen to check the applicability
for estimating the crust structure and source param-
eters with high accuracy.
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