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It is true that the volume integral equation method based on the generalized Fourier transform

and the Krylov subspace iteration technique is free from derivation of a huge and dense matrix.

The reduction of the CPU time, however, is still required even after the introduction of a fast

algorithm for the generalized Fourier transform. In this article, an MPI parallel processing is

introduced for the reduction of the CPU time for the analysis. Based on an investigation of the

structure of the generalized Fourier transform, a parallel algorithm for the generalized Fourier

transform and the Krylov subspace iteration method are developed. The verification of the

present parallel method is carried out with numerical results. It is found from the numerical

results that the reduction of the CPU time is realized successfully. The reduction of the CPU

is around 65% in the case that 4 CPU parallel processing is employed.

Key Words : MPI parallel computation, volume integral equation, elastic half space, fast
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2.

–1

Lamé

λ = λ0 + λ̃(x)

µ = µ0 + µ̃(x), ( x ∈ R3
+) (1)

λ0, µ0 Lamé λ̃

µ̃ x

x = (x1 x2, x3) (2)

x3

x3 = 0

x1 x2

exp(iωt)

ω t

ρ

ui(x) = −
∫

R3
+

Gij(x, y)Njk(y)fk(y) dy

−
∫

R3
+

Gij(x, y)Njk(y)uk(y)dy (3)

ui Gij

Green fk , Njk

Green

fk(y) = Gkj(y, xs)qj (4)

qj
xs

Nij(x) = −
(
λ̃(x) + µ̃(x)

)
∂i∂j − δij µ̃(x)∂k∂k

−∂iλ̃(x)∂j − δij∂kµ̃(x)∂k − ∂j µ̃(x)∂i (5)

∂

Green

(
Lij + δijρω

2
)
Gjk(x, y) = −δikδ(x− y) (6)

PijGjk(x, y) = 0, (at x3 = 0) (7)

δik Kronecker δ(·) Dirac

Lij Pij

Lij = (λ0 + µ0)∂i∂j + δijµ0∂k∂k (8)

[Pij ] =




µ0∂3 0 µ0∂1
0 µ0∂3 µ0∂2

λ0∂1 λ0∂2 (λ0 + 2µ0)∂3


 (9)

(5)

(9)

(3)
3)

(
Uijuj

)
(ξ) =

∫

R3
+

Λ∗
ji(ξ, x)uj(x)dx, (10)

(
U −1

ij ûj

)
(x) =

∫

R2

∑
ξ∈σp

Λij(ξ, x)ûj(ξ)dξ1dξ2

+

∫

R2

∫ +∞

ξr

Λij(ξ, x)ûj(ξ)dξ3dξ1dξ2

(11)

( 12))

Fourier

(11) Fourier

(11) Λij

Fourier ( 3) (3.81) )

(10) Λij ∗
ξ

ξ = (ξ1, ξ2, ξ3) ∈ σp ∪ σc ⊂ R3
+ (12)

σp Rayleigh

σc ( 3) (3.71)

(3.77) ) Uij U −1
kl

Fourier (11)

ξr

ξr =
√
ξ21 + ξ22 (13)
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Fourier Λij

LijΛjk(ξ, x) = −µ0ξ
2
3Λik(ξ, x)

PijΛjk(ξ, x) = 0, (at x3 = 0) (14)

Green

Gij(x, y) =

∫

R2

∑
ξ∈σp

Λik(ξ, x)Λ
∗
kj(ξ, y)

µ0ξ23 − ρω2 + iϵ
dξ1 dξ2

+

∫

R2

∫ ∞

ξr

Λik(ξ, x)Λ
∗
kj(ξ, y)

µ0ξ23 − ρω2 + iϵ
dξ3 dξ1 dξ2

(15)

ϵ

(15) Fourier Green

(3) Fourier

ûi(ξ) = −ĥ(ξ)UijNjkfk − ĥ(ξ)UijNjkU
−1
kl ûl(ξ),

ξ ∈ σp ∪ σc ⊂ R3
+ (16)

ûi ui Fourier

ĥ(ξ)

ĥ(ξ) =
1

µ0ξ23 − ρω2 + iϵ
(17)

(16) Krylov

Fourier
5)

FFT Laplace 14)

Krylov

(
f̂i(ξ), ĝi(ξ)

)

=

∫

R2

∑
ξ∈σp

f̂∗
i (ξ)ĝi(ξ)dξ1dξ2

+

∫

R2

∫ +∞

ξr

f̂∗
i (ξ)ĝi(ξ)dξ3dξ1dξ2 (18)

Krylov

(14)

Green

Krylov

(14)

–2 grid

3.

Fourier

Krylov

Fourier

3)

ûi(ξ) =
(
F

(v)
im T ∗

mjF
(h)uj

)
(ξ)

ui(x) =
(
F (h)−1

TmiF
(v)
mj

−1
ûj

)
(x) (19)

F (h) F (h)−1

Fourier 15)

(
F (h)u

)
(x̂)

=
1

2π

∫

R2

u(x)e−i x1ξ1−i x2ξ2dx1dx2

(
F (h)−1

u
)
(x)

=
1

2π

∫

R2

u(x̂)ei x1ξ1+i x2ξ2dξ1dξ2 (20)

(20) x̂

x̂ = (ξ1, ξ2, x3) (21)

(19) Tij

[Tij ] =




0 0 1

i c i s 0

i s −i c 0


 (22)

c = ξ1/ξr, s = ξ2/ξr (23)

F
(v)
ij F

(v)
ij

−1

Fourier cosine sine
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do kk = 1 ∼ N3

do ip = 1 ∼ N1 ∗N2

vj(ip) ← uj(ip, kk), (j = 1, 2, 3)

end do

apply FFT2D to vj → wj (j = 1, 2, 3)

do ip = 1 ∼ N1 ∗N2

ui(ip, kk) ← T ∗
ijwj , (i = 1, 2, 3)

end do

end do

do ip = 1 ∼ N1 ∗N2

do kk = 1 ∼ N3

sj(kk) ← uj(ip, kk), (j = 1, 2, 3)

end do

apply FFT1DV to sj , (j = 1, 2, 3)

store the results → u
(R)
j (ip), (j = 1, 2, 3)

store the results → u
(B)
j (ip, kk),

(kk = 1 ∼ N3, j = 1, 2, 3)

end do

–3 Fourier

Laplace
5)

(19) Fourier –2

grid

grid

grid N1 × N2 grid

N3 –3 Fourier

grid uj(ip, kk), (j = 1, 2, 3)

ip

grid kk grid

FFT2D (19) F (h)

FFT FFT1DV

F
(v)
ij FFT Laplace

u
(R)
j u

(B)
j Rayleigh

vj , wj sj

–3 ip

grid

Fourier

–4 –3

1 N1 ∗N2 ip ista iend

grid –2

grid

grid

do kk = 1 ∼ N3

do ip = ista ∼ iend

vj(ip) ← uj(ip, kk), (j = 1, 2, 3)

end do

apply mpi allgatherv to vj , (j = 1, 2, 3)

apply FFT2D to vj → wj , (j = 1, 2, 3)

do ip = ista ∼ iend

ui(ip, kk) ← T ∗
ijwj , (j = 1, 2, 3)

end do

end do

do ip = ista ∼ iend

do kk = 1 ∼ N3

sj(kk) ← uj(ip, kk), (j = 1, 2, 3)

end do

apply FFT1DV to sj , (j = 1, 2, 3)

store the results → u
(R)
j (ip), (j = 1, 2, 3)

store the results → u
(B)
j (ip, kk),

(kk = 1 ∼ N3, j = 1, 2, 3)

end do

–4 Fourier

rank

rank
16) Fourier

–4 FFT2D

FFT2D

Fourier

Fourier

(19) –3

Krylov 11)

Krylov

Ax = b (24)

Krylov

Km = span{b, Ab, A2b, . . . , Amb} (25)

m Krylov

A

(16)

A → δik + ĥ(ξ)UijNjlU
−1
lk (26)
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(18)
(
f̂i, ĝi

)

=
3∑

i=1

N1×N2∑
ip=1

f
(R)∗
i (ip)g

(R)
i (ip)∆ξ1∆ξ2

+
3∑

i=1

N3∑
kk=1

N1×N2∑
ip=1

f
(B)∗
i (ip, kk)

×g
(B)
i (ip, kk) ∆ξ1 ∆ξ2 ∆ξ3 (27)

∆ξj , (j = 1, 2, 3) grid

grid (26) A

ξ1 ∈ {n1∆ξ1 | n1 ∈ N1}
ξ2 ∈ {n2∆ξ2 | n2 ∈ N2}
ξ3 ∈ {ξ3 | F (ξr, ξ3) = 0} ∪

{
√

ξ2r + (n3∆ξ3)2 | n3 ∈ N3} (28)

N1, N2 N3

N1 = {n| −N1/2 ≤ n < N1/2}
N2 = {n| −N2/2 ≤ n < N2/2}
N3 = {n|0 ≤ n ≤ N3 − 1} (29)

(28) F Rayleigh

F (ξr, ξ) = (2ξ2r − ξ3)
2 − 4ξ2rγν (30)

ν =
√
ξ2r − ξ23 , γ =

√
ξ2r − (cT /cL)2ξ23 (31)

cT cL S P ξ3

5)

Fourier

Krylov

rank

rank

p p ip Bp

rank
(
f̂i, ĝi

)
p

=

3∑
i=1

∑
ip∈Bp

f
(R)∗
i (ip)g

(R)
i (ip)∆ξ1∆ξ2

+

3∑
i=1

N3∑
kk=1

∑
ip∈Bp

f
(B)∗
i (ip, kk)

×g
(B)
i (ip, kk) ∆ξ1 ∆ξ2 ∆ξ3 (32)
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–6 Green

do-loop

bug

4.

4.1 Green

Fourier

Green

λ0 =4 GPa µ0 =2 GPa, ρ =2

g/cm3 1 km

1Hz

1× 1010 N

Grid Nj = 256 grid

∆xj = 0.25 km, (j = 1, 2, 3)

grid

∆xj ∆ξj =
2π

Nj
, (j = 1, 2, 3) (33)

–5 Hankel Green

Fourier Green

parallel GFT Fourier
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–6 Fourier

Green

Green

Fourier

4.2

GPa

{
λ̃(x) = 0.3 exp(−0.3|x− x0|2)
µ̃(x) = 0.3 exp(−0.3|x− x0|2)

(34)

x0

x0 = (0, 0, 2) [km] (35)
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