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Seepage has been accepted as an important factor of rill, gully and streambank erosion

in sediments. Channels initiated by seepage erosion has steep-sided walls that make it

possible to investigate channel formation by the planimetric outlines of channels. We per-

formed the numerical simulation to investigate channelization by seepage erosion based

on the planimetric outlines with the use of the Dupuit-Forchheimer equation and a de-

scription of the retreat of seepage front. The retreat speed was assumed to be a power

law function of the specific discharge at the front. In addition, we included the ampli-

fication coefficient in the function, which relates to the front shapes. It is hypothesized

that the retreat speed is enhanced and retarded by the convexity and concavity of the

fronts. The amplification coefficient is used to represent the physically based diffusion

process of seepage erosion. As expected, the incipient channel spacing in the simulations

without the effect of the front shapes depend on the numerical diffusion, which depends

on the scale of grid size. Including the effect of the front shapes, the characteristic in-

cipient channel spacing can be estimated. The results of the simulations are found to be

consistent with the existing linear stability analysis.
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1. Introduction

Many geomorphological features show self-
organized patterns with uniform spacing from
micro-scale bedforms (ripples and dunes) to moun-

tain ranges (ridges and valleys)1). In soil-mantled
landscapes, uniform spacing is especially apparent

among first-order drainage basins in both field and
laboratory studies2),3),4). Bull and Kirkby5) listed the
processes affecting gully and channel morphology as

overland flow, hillslope infilling, pipe initiation, pipe
enlargement by flow, mass failures and the magnitude

of storm events. They mentioned that there are gaps
in the understanding of mass failures and channel
network formation by seepage erosion. Chu-Agor et

al.6) conducted experiments in a 50-cm wide chamber
in order to study headcut formation in detail. They

proposed that seepage can cause hillslope instability
through three different mechanisms: an increase in

soil pore-water pressure, seepage gradient forces,
and seepage particle mobilization and undercutting.
However, as seepage erosion is generated by the

complex interaction between seepage and other

mechanisms, the roles of seepage on slope instability
and channelization are not fully understood.

In the theoretical viewpoint, the inception of chan-
nelization by seepage erosion have been much less

developed than that by overland flow. In the case
of channelization by overland flow, one of the first

studies was conducted by Smith and Bretherton7). In
their analysis, a tilted plateau was imposed by a small
amplitude of laterally perturbed wave. Although the

predicted spacing between channels was found to be
infinitely small because of the steady uniform open

channel flow assumption, their groundbreaking work
has served to motivate many later studies. Nowadays
the theory has been advanced that channelization by

overland flow can be tackled by using sophisticated
linear stability analysis, in which the finite character-

istic incipient channel spacing can be determined by
the growth rate of perturbations8),9),10). In the case

of channelization by seepage erosion, Schorghofer et
al.4) did numerical simulations of groundwater flow
and proposed that small deformations of groundwa-
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Fig. 1 Conceptual diagram of a sediment layer with

groundwater flow and the retreat of seepage
front.

ter table amplify groundwater flux into channels and
lead to further growth of channels. They concluded

that channel spacing is a function of channel length
and coarsens with time because of an extension of

channel length. However, they cannot find the finite
characteristic incipient channel spacing.

Recently, Pornprommin and Izumi11) performed
the first linear stability analysis of channelization by

seepage erosion. The analysis is based on the plani-
metric outlines of channels with the use of the Dupuit-

Forchheimer equation for groundwater flow model and
a description of the retreat of seepage front for channel

evolution by seepage erosion. The retreat speed con-
sists of two terms. The first term is a power law func-
tion of the specific discharge at the front exceeding

a critical discharge. The second term is a diffusion-
like function of the front shapes, in which the retreat

speed is enhanced and retarded by the convexity and
concavity of the fronts, respectively. They found that
the characteristic incipient channel spacing becomes

infinitely small if the effect of the front shapes is ex-
cluded. With the use of the experimental results of

plastic pellet sediment12), they found that the normal-
ized diffusion-like coefficient is the order of 0.1. In this
study, based on their theoretical study, we perform

numerical simulations to investigate the characteris-
tics of channelization by seepage erosion.

2. Formulation

2.1 Groundwater model

Let us consider groundwater flow in an unconfined
aquifer with free water surface above an inclined im-

permeable layer as shown in Figure 1. Similar to
other models of landscape evolution due to seepage
erosion13),14),15), the Dupuit-Forchheimer equation is
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Fig. 2 Grid layout for the numerical computa-
tion where the nodes with open dot mean
uneroded area, the nodes with solid dot mean

eroded area, and the vectors L are used for
detecting the locations of seepage front.

employed to describe the movement of groundwater

flow in this study, such that
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where t is time, x and y are the streamwise and lat-
eral directions respectively, h is water depth, K is the
hydraulic conductivity, φ is porosity, S is the slope of

the impermeable layer, and R is the recharge or with-
drawal rates (positive or negative values) of ground-

water from the surface.
In Figure 1, groundwater with a constant water

depth at the upstream end is assumed to flow through

the sediment layer and emerges at the downstream
end, whereas the left and right banks are assumed to

be walls. At the downstream end where seepage front
is located, if groundwater depth is zero, the velocity,

however, becomes infinity in the Dupuit approxima-
tion, in which it will violate our model. Thus, a con-
stant non-zero value of water depth is necessary to be

assumed at seepage front in our model. Then seepage
erosion can be initiated if seepage flow is sufficiently

high. Seepage erosion causes mass failures and the
retreat of seepage front. As a result, channelization
can be observed if the retreat of seepage front is not

laterally uniform.
With the use of the finite difference method, we dis-

cretized (1). In order to increase the accuracy of the
computation in the vicinity of seepage front when the
front is not located exactly at the computed nodes, we

introduce 8 vectors directing to the 8 directions (N,
NE, E, SE, S, SW, W and NW) as shown in Figure 2.

If seepage front is detected to be between the comput-
ing node (i, j) and the surrounding nodes (i±1, j±1),

the vectors are used to express the locations of the
front. We employed the fully implicit discretization
with the central scheme as described by Patankar16).
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Thus, the discretization equation of the groundwater

flow equation (1) is

aPhP = aEhE + aWhW + aNhN + aShS + a0
Ph

0
p + bP

(2)

where the subscript P denotes the computing node,
the subscripts E, W , N and S denote the adjacent

nodes in the east, west, north and south of the com-
puting node respectively, the superscript 0 denotes
the present time, and aP , a0

P , aE , aW , aN , aS and bP
are the coefficients, such that

aP = a0
P + aE + aW + aN + aS (3a)

a0
P =

1

φP ∆t
(3b)

(aE , aW ) =

(

TE

∆xP ∆xE
,

TW

∆xP ∆xW

)

(3c, d)

(aN , aS) =

(

TN

∆yP ∆yN
,

TS

∆yP ∆yS

)

(3e, f)

bP = RP −
TES

∆xP
+
TWS

∆xP
(3g)

where ∆t denotes time step, ∆x and ∆y are the x
and y direction distances between two adjacent grid

points, and T denotes the multiplication between the
hydraulic conductivity K and water depth h.

2.2 Front propagation model

In the theoretical analysis of Pornprommin and

Izumi11), the retreat speed of seepage front in the x
direction is assumed to be described as follows:

∂X

∂t
= −α

(

qx=X − qth
qr

)γ

cos θ + ǫ
∂2X

∂y2
(4)

where X denotes the x-direction distance of seepage
front from the y axis, qx=X , qth and qr are the unit dis-

charge at seepage front, the threshold unit discharge
and the reference unit discharge respectively, α is the

coefficient with the dimension of velocity, γ is an ex-
ponent, ǫ is the diffusion-like coefficient with the di-

mension of Length2/Time, and θ is the angle between
the direction normal to seepage front and the x axis.
Thus,

cos θ =
1

√

1 + (∂X/∂y)
2

(5)

In (4), the retreat speed of seepage front is assumed
to consist of two terms. The first term on the right
side of (4) is expressed as a power law function of

sliding

low high
possibility of block failure

Fig. 3 Hypothesis of the effect of the curvature of

seepage front on the possibility of block fail-
ure. Shaded area shows the failure surface.

groundwater flow exceeding the threshold value pro-

posed by Howard and McLane17), and, according to
the experiments by Fox et al.18), the exponent γ is

between 1 and 1.6. In addition, the first term is set
to be zero if qx=X ≤ qth. The second term on the
right side of (4) is expressed as a diffusion-like func-

tion of the seepage front shapes, in which the retreat
speed is enhanced and retarded by the convexity and

concavity of the fronts, respectively. This hypothe-
sis was firstly proposed by Howard14), and it can be
simply explained in Figure 3. The sediment blocks

with the concave, linear and convex outlines of seep-
age front are shown at the left, center and right of the

figure, respectively. These three types of sediment
blocks with the same volume but different in shapes
are considered to slide down. As the shape of each

block differs, the failure surface area of each block
also differs. It is hypothesized that the failure surface

area of the block should become smaller if the convex-
ity of the failure block increases, and thus it induces a

higher possibility of failure. According to the authors’
knowledge, however, no study has clearly proposed a
function to handle the effect of seepage front shapes

on the retreat speed of the front. Thus, the proposed
second term on the right side of (4) representing the

effect of the front shapes is unclear whether it be-
haves according to the real phenomenon. Moreover,
we found one important disadvantage of applying (4)

for the retreat speed of seepage front. Supposed that
the front has a sufficiently strong concave shape, and

the second term affects the retreat speed of the front
stronger than the first term, which is a function of
unit discharge, it is possible that the front will not be

retreated but advanced downstream (deposition) be-
cause the second term in (4) is independent from the

first term. However, this possibility that deposition
can occur is inappropriate in the present case of the

erosional phenomenon.

In this study, we propose another form of the re-
treat speed function as follows:

∂Lm

∂t
= αΓ

[

qm − qth
qr

]γ

(6)
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Fig. 4 Concept of computing the front shapes by us-
ing three points for the retreat speed of LN

of the node (i, j-1), where (a) the case that

the node (i+1, j) is uneroded area, and (b)
the case that the node (i+1, j) is eroded area.

where the subscript m denotes the computing vector

direction (N, NE, E, SE, S, SW, W and NW), Lm is
the length of the vector m, qm is the unit discharge in
the m direction, and the amplification coefficient Γ is

assumed to be

Γ = 1 − β
∂2ξm
∂ζ2

m

/

√

a2 +

(

∂2ξm
∂ζ2

m

)2

(7)

where ζ and ξ denote the axes normal and parallel to
the m direction respectively, β is the coefficient (0 to

1) associating with the maximum magnitude of Γ, and
a is the coefficient (0 to ∞) representing the steepness

of the function Γ. As ∂2ξm/∂ζ
2
m ranges between −∞

and ∞, the amplification function Γ ranges between
1 + β and 1 − β.

With the use of the retreat speed function (6), it
will prevent the possibility that deposition can occur

in the simulation. In addition, if (6) is expanded by
the perturbation method, the coefficient a in (7) can

relate to the diffusion-like coefficient ǫ in (4) in the
linear stability analysis as follows:

ǫ∗ =
(1 − ψ)

γ

a
(8)

where ǫ∗ is the normalized diffusion-like coefficient

and found to be in the order of 0.1 from the previ-
ous analysis11), and ψ denotes the ratio between the

threshold discharge for erosion and the reference dis-
charge (qth/qr). Thus, a is approximately in the order

of 1 to 10.

Figure 4 show the concept of computing the convex-
ity and concavity of the fronts in this study by using

Table 1 Simulation conditions.

no. 1 2 3 4 5

ψ 0.3

S 0

R 0

K 0.1 m/s (random)

upstream h 0.073 m

downstream h 0.002 m

width x length 1.5 m x 1.2 m

∆t 0.1 s

∆x,∆y (m) 0.03 0.01 0.03 0.01

α 1 cm/min

γ 1

qr 0.00222 m2/s

qth 0 0.001 m2/s

β - 0.95

a - 1

three points. Two examples for calculating ∂2ξm/∂ζ
2
m

for the retreat speed of LN of the node (i, j-1) are
shown. In Figure 4a, three points are located by the

vectors LNW , LN and LNE of the node (i, j-1) be-
cause the nodes (i-1, j) and (i+1, j) are uneroded area,

whereas the vector LNE of the node (i, j-1) is replaced
by the vector LNW of the node (i+1, j-1) in Figure
4b because the node (i+1, j) is eroded area.

3. Simulation conditions

Table 1 shows five cases of our numerical simula-
tion. To provide perturbations in the simulation, we
imposed a random function to the hydraulic conduc-

tivity K. However, the averaged value of K is equal
to 0.1 m/s in every case. The domain of our simula-

tion is 1.5 m wide and 1.2 m long. The distances ∆x
and ∆y in the simulation no.1, 2 and 4 are 0.03 m,
whereas they are 0.01 m in the simulation no.3 and

5. Thus, the total nodes in the simulation no.1, 2 and
4 are 51 x 40, and the total nodes in the simulation

no.3 and 5 are 151 x 121. The threshold unit discharge
for erosion qth is set to be 0.001 m2/s except in the
simulation no.1, in which qth = 0. The simulations

no.1–3 do not consider the effect of the front shapes
on the retreat speed of the front, whereas the simu-

lations no.4 and 5 consider the effect using (6) and
(7). Thus, the effects of the threshold discharge qth,

grid distances ∆x and ∆y and front shapes Γ on the
formation of channels by seepage erosion are studied
by these five cases of numerical simulations.

4
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Fig. 5 Comparison of groundwater depth along the
streamwise direction between the simulation

and the theory.

4. Results and discussion

4.1 Streamwise groundwater profile

Figure 5 shows the comparison of the streamwise
groundwater depth between the simulation and the

theory. In the theory, the relation between the
streamwise distance x and groundwater depth h is

h2
U/S − h2

h2
U/S − h2

D/S

=
x

L0
(9)

where hU/S and hD/S are groundwater depths at the
upstream and downstream of the domain respectively,

and L0 is the domain length. It is found that ground-
water depth decreases in the parabolic form, and the

numerical model can simulate the groundwater depth
accurately.

4.2 Channel evolution

Figure 6 shows the plan view of channel evolu-
tion of the simulation no.1. The groundwater flow
is from the left to the right of the figure. The lines

show the position of the outlines of channels at in-
tervals of 300 s from 0 to 1800 s. At t=300 s, it is

found that all parts of seepage front retreat because
the threshold discharge qth is set to be zero. How-
ever, we can found some parts of the front retreat

faster than others because the random function was
imposed to the hydraulic conductivity K and causes

an increase in groundwater in some parts of the front.
As time progresses, the parts that initially retreated
faster migrate upstream continuously at faster speeds,

and many channels can be clearly observed because
of the deviation of the locations of seepage fronts. As

groundwater flow generally concentrates at the parts
of the front that are closer to the upstream (channel

heads), an increase in water discharge at that part of
the front results in an increase in the retreat speed
of that part, and finally the front cannot maintain
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Fig. 6 Plan view of channel evolution of the simu-
lation no.1. The lines show the position of

the outlines of channels at intervals of 300 s
from 0 to 1800 s. The shaded areas denote
uneroded islands surrounding by eroded ar-

eas.
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Fig. 7 Plan view of channel evolution of the simu-
lation no.2. The lines show the position of
the outlines of channels at intervals of 300 s

from 0 to 2100 s. The shaded areas denote
uneroded islands surrounding by eroded ar-

eas.

the laterally uniform retreat. At t=1800 s, the chan-

nels already reached the upstream end of the simu-
lated domain, and we can find six main channels, in

which some channels were bifurcated into more than
two channels. In addition, many small islands shown
by shaded areas in the figure can be found in the sim-

ulation no.1.

The channel evolution of the simulation no.2 is
shown in Figure 7. The simulations no.1 and 2 dif-
fer on the threshold discharge qth. While qth = 0 in

5
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Fig. 8 Plan view of channel evolution of the simula-
tion no.3. The line show the position of the

outlines of channels at 1500 s.

the simulation no.1, qth = 0.001m2/s in the simula-

tion no.2. Thus, the effect of the threshold discharge
qth is investigated by comparing the results of two
cases. Although the characteristics of channel evolu-

tion in both cases are commonly identical, some differ-
ence can be observed. In the simulation no.2, channel

widths are smaller than those in the simulation no.1,
and it took longer time (2100 s) for the retreat of
seepage front to reach the upstream end. Also some

small islands shown by shaded areas can be found in
this simulation, and approximately 12 channels were

observed at the end of the simulation.

Figure 8 shows the result of the simulation no.3
at t=1500 s. The grid sizes ∆x and ∆y in the sim-

ulation no.3 is equal to 0.01 m finer than those in
the two previous simulations of 0.03 m. We found

a very different result in this simulation. Channel
widths become much smaller, many channel bifurca-
tions are found, and the number of channels is about 3

times of the number in the simulation no.2. Accord-
ing to the linear stability analysis by Pornprommin

and Izumi11), the characteristic channel spacing be-
comes infinitely small if the effect of the front shapes
is excluded. The results of the numerical simulations

are consistent with the finding in the linear theory.
As the simulations no.1–3 do not include the effect of

the front shapes, the channel spacing becomes smaller
when grid size reduces because of the change in the
numerical diffusion. It is known that the numeri-

cal diffusion depends on the scale of grid size. This
shortcoming was also observed by Howard13). Accord-

ing to Perron et al.1), models of long-term landscape
evolution commonly consist of advective erosion pro-

cesses (e.g., stream incision) and diffusion-like mass
transport (e.g., soil creep), and the first-order valley
spacing is more sensitive to the process competition
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43200

50400

072001440021600288003600043200

50400

Fig. 9 Plan view of channel evolution of the simu-
lation no.4. The lines show the position of

the outlines of channels at intervals of 7200 s
from 0 to 50400 s.

than the magnitude of a threshold erosion. Although
the present model differs from the common models of
long-term landscape evolution, the results show that

the physically based diffusion process is also neces-
sary for simulating the characteristic incipient chan-

nel spacing in the present model.

Figure 9 shows the plan view of channel evolution
of the simulation no.4. Unlike the simulations no.1–

3, the simulation no.4 included the effect of the front
shapes. Again the results drastically change from the
results of the three previous simulations. The retreat

speed of the front is much slower than the previous
simulations that the lines in Figure 9 show the po-

sition of the outlines of channels at intervals of 7200
s from 0 to 50400 s. We found five main channels

with similar sizes. At the beginning, these 5 chan-
nels seem to migrate upstream with approximately
same speed. However, at t=28800 s the second chan-

nel from the left bank, in which its channel head
was nearest to the upstream end, started to expand

its width. Then the second channel has a distinc-
tive light-bulb shape as time progresses. This shape
was found in the experiments by Kochel and Piper19),

when the channels taped the perched aquifer that
causes the acceleration of groundwater discharge, and

it also found in the experiments of Pornprommin and
Izumi12), when the chamber slope is sufficiently small.
In our simulations, the upstream boundary is a con-

stant groundwater depth, which implies that the dis-
charge will increase when the seepage front retreats.

Since the second channel from the left bank can re-
treat faster than other channels, accelerated ground-

water discharge may concentrate to that channel, and,
with the flat slope (S = 0) that causes large difference
in water depths at upstream end and at the front, the

6
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Fig. 10 Plan view of channel evolution of the simu-
lation no.5. The lines show the position of

the outlines of channels at intervals of 7200
s from 0 to 36000 s.

flow concentration may increase at a faster rate, and
finally it results in the light-bulb shape. However, this
light-bulb shape cannot be found in the previous sim-

ulations that exclude the effect of the front shapes.
Thus, the effect of the front shapes may be one of the

causes of lateral widening in the simulation no.4.

Figure 10 shows the result of our last simulation.
In the simulation no.5, the effect of the front shapes

was included, but ∆x and ∆y are 0.01 m finer than
those in the simulation no.4. The lines show the po-
sition of the outlines of channels at intervals of 7200 s

from 0 to 36000 s. At the beginning period t=7200 s,
the seepage front form a systematic sinusoidal shape

similar to that appears in the simulation no.4. In
addition, the number of channels in this simulation is

comparable to the number in the previous simulation.
In the simulations no.2 and 3, in which ∆x and ∆y
decrease into one third, the number of channels in the

simulation no.3 drastically increases and was around
3 times of the number in the simulation no.2. Thus,

with the effect of the front shapes, we found that the
simulation can qualitatively maintain the number of
incipient channels. On the other hand, the charac-

teristic incipient channel spacing can be observed if
the effect of the front shapes, the physically based

diffusion process, is employed. This is consistent to
the existing linear stability analysis11). As time pro-
gresses, however, it is found that some of these seven

main channels cannot maintain their forms and bifur-
cate into many sub-channels. Sub-channels are very

small and have the width of only one grid size, which
is the same size as channels in the simulation no.3, in

which ∆x and ∆y are also 0.01 m. It implies that in
the present study the effect of the front shapes may be
sufficient in the beginning period of the simulations,

but it cannot maintain as time progresses. The results

show that the long-term channel evolution partially
depends on the scale of grid size in the simulation
no.5. We hypothesized that the present techniques

to estimate the retreat of seepage front by 8-vectors
method and to compute the effect of the front shapes

by three-points method may be not accurate enough.
It will be investigated in more details, and other tech-

niques may be used in the future.

5. Conclusion

The numerical simulations of channelization by

seepage erosion are performed with the use of the
Dupuit-Forchheimer equation as the groundwater flow

equation and a description of the retreat of seepage
front as the channel evolution model. With the use
of 8 vectors in 8 directions (N, NE, E, SE, S, SW,

W, NW), the locations of seepage front between grid
points can be detected. In the description of the re-

treat of the front, the retreat speed is assumed to
be a power law function of the specific discharge at

the front exceeding a critical discharge. In addition,
we included the amplification coefficient in the re-
treat speed function, in which the coefficient repre-

sents the effect of the front shapes on the retreat
speed. If the front has a convex shape, the possibility

of mass failure becomes higher, and, correspondingly,
the magnitude of the coefficient increases. In this
study, the front shapes was estimated by the three-

points method, in which the second derivative term
of seepage front was calculated by three points de-

tected by three vectors. From the results of the sim-
ulations, it is found that, excluding the effect of the
front shapes, the characteristic incipient channel spac-

ing cannot be found, and the spacing depends on the
numerical diffusion, which relates to the scale of grid

size. Thus, as the grid size becomes finer, the spac-
ing becomes smaller. The present result is consistent

with the analyses by Pornprommin and Izumi11) and
Howard13). Including the effect of the front shapes, we
found that the characteristic incipient channel spacing

can be qualitatively estimated. However, when chan-
nels develop further, they divides into several sub-

channels with the sizes that relates to the scale of
grid size. Thus, it implies that at present our model
can explain the inception of channels, but it is not

sufficient enough to simulate the long-term channel
evolution. This should be improved in the future.
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