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Development of a finite element of hybrid composite materials with debonding effect
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Composite materials are known as a functional material with various advantages. On the other hand, inter-
facial debonding between the inclusion and the matrix becomes a serious problem in their initial stage of
fracture as well as their ultimate strength. We propose a finite element which can model a microscopic sys-
tem and include an approximate model of interfacial debonding, in order to use such an element for design
of composite materials. In addition, the progressive debonding phenomenon is simulated by fluctuation
of the debonding stress. Several numerical examples and comparisons with experimental results show the
characteristics and feasibility of this model.
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∑

k=1

Ek 〈ε̇p〉k (20b)

}�}����
C̄, Ai, Bm, Bi, Ei, Fi, Gi

��¸�B��
4 5 ~�À(¬�ÁÂ���ê�2 ��Ï�~��)7×Õ ¥ ��C���¹

C̄ = Cm

















I +
N−1
∑

k=1

fk (Sk − I) Li (Cm − Ck)

































I +
N−1
∑

k=1

fkSk Li (Cm − Ck)

















−1

(21a)

Ai = fi
{

Cm −
(

Cm − C̄
)

Si

}

LiCi (21b)

Bm = Cm

















I +
N−1
∑

k=1

fkSk Li (Cm − Ck)

















−1

(21c)

Bi = Cm [I + (Si − I) Li (Cm − Ci)]
















I +
N−1
∑

k=1

fkSk Li (Cm − Ck)

















−1

(21d)

Ei = fiBmSiLiCi (21e)

Fi = Cm (Si − I) LiCi (21f)

Gi = I + Cm (Si − I) Li (Cm − Ci) C−1
m

Li = {Cm − (Cm − Ci) Si}−1 (21g)

C̄
� ³�´ ��µ Å � ~ ó�ô Ê�Ë�Ì�Í�À�¬�Á×Â���þ�¸�¹

3.2 D�E�F&G�H�I�J�K�L§:¨�©
i
� 8 â:~ �M7,Õ

von Mises
~ON�POQ!R���ST7

Ö ~�Î×¸(��¹
Fi ≡

√

(J2)i −
1
√

3

{

σ
y

i + Ki

(

ε
eq
i

)}

(22)

ìU3 �×�UV � Þ Í � � þ ý Õ � � 11) � 
 �W�@»��� �
power-law

�XSY7�Î Ó � �×�ZN[P Þ�Í �
Ki

(

ε
eq
i

)

≡ hi

(

ε
eq
i

)ni Î�¸±��¹±}�}����
σ
y

i

��§�¨@©
i~ � �?\O]!N@P�½:¾%�:ê^2x�

hi, ni
��V:�!_�«!`�a?b:�

ê���¹�ë�ì���c�§�¨�©�~ ²ed ½�¾ √(J2)i
Ý ��+ ²ed ïË�Ç�È�É

ε
eq
i

� 8 â�~��)7×����.�¸���¹
√

(J2)i ≡
√

1
2
〈σ〉′i : 〈σ〉′i (23a)

ε
eq
i ≡
∫

fhg
√

2
3
〈ε̇p〉i : 〈ε̇p〉i dt (23b)

}�}�� 〈σ〉′i , 〈ε̇p〉i
��º!»(¼�»�§�¨�© ù�ç ~�i�j�½�¾*Î5ï

Ë�Ç�È�É�¿�¯����
‘:’
�
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Simo and Hughes12) ~ radial return

mapping algorithm
� 
 � ��¹íëíì���	í»�
 � Prandtl-

Reuss
~:Þ��
	:»

%� 
 �%��}�Î!����§�¨:© ù!ç ~!ï�ËÇ�È�É�¿�¯�� 8 â�~��)7×��þ��×»���¹

〈ε̇p〉i = Ti 〈σ̇〉i (24)}�}��
Ti ≡

1
Hi

〈σ〉′i ⊗ 〈σ〉
′
i

4(J2)i
(25)

��ê42x�
‘⊗’
�!À%¬%Á,Â / �!þ�¸�¹�ë�ì�V:��Ì�Í%� 8 â

~��)7×����. �×»���¹
Hi ≡

hini

3

(

ε
eq
i

)ni−1
(26)

3.3 ����i�j�k�l�I�z�{�f�g�h��������� Ð%ë����!Ñ��%�!ì��%� 
 �%�(}�Î!����	���� ³�´ �µ Å � ~ ó�ô Ê�ï�Ë�½�¾�Ç�È�É%Þ�Ì(���&���(}�Î�ª����
��¹�ë�È����

(20b)
���

(24)
����Ò±����<�>�¸(��Î

N−1
∑

j=1

Mi j 〈ε̇p〉 j = TiBiε̇ (27)

Î�Õ���¹�}�}��
Mi j ≡ δi j (I − TiFi) + TiGiE j (28)Îà�:.��×�

δi j
��( *�� ����a�~���Â;b���ê���¹�}�~ä�

~ �"!%~
Mi j
��Þ!¸(� #
$�¶(�

(M −1)i j
Î5��.�¸(�(Î5�

§�¨�©%~�ï�Ë�Ç�È�É�¿�¯*Î '&( * Ç�È�É�¿�¯(~�Þ�Ì(ª!Ï
~��)7×��þ��5»���¹

〈ε̇p〉i = Yiε̇ (29)}�}��
Yi ≡

N−1
∑

j=1

(M −1)i jT jB j (30)

Î×¸���¹
8;9 � 2x���

(29)
���

(19)
� ��Ò�¸���}�Î�� ��	

���
N ² ��µ)% ��Õ�� ³�´ ��µ ~ ó�ô ¿�¯�½�¾�Ç�È�É�ÞÌ�ª�Ï�~��)75��%��×»���¹

σ̇ = C ep
ε̇ (31)}�}��

C ep � ó�ô Ê�ï�Ë"&"'�Ì�Í(��ê 2x� 8 â�~��&75�þ��×»���¹
C ep ≡ C̄ −

N−1
∑

k=1

AkYk (32)

( 
(���!c�©�>�é(��'?( * Ç�È�É�¿�¯
ε̇
� 
 �(� 8 â�~�)7×��ë�Î��&�×»���¹

〈σ̇〉
m
= Zmε̇ (33a)

〈σ̇〉i = Ziε̇ (33b)

〈ε̇〉
d
= C−1
m

Zmε̇ (33c)

〈ε̇〉i = Piε̇ (33d)

〈ε̇p〉i + ε̇∗i = Qiε̇ (33e)

}�}�����c�Ì�Í�� 8 â�~��)7×����. �×»���¹

Zm ≡ Bm −
N−1
∑

k=1

EkYk (34a)

Zi ≡ Bi + FiYi − Gi

N−1
∑

k=1

EkYk (34b)

Pi ≡ C−1
i Zi + Yi (34c)

Qi ≡ {Cm − (Cm − Ci) Si}−1 (34d)
{

(Cm − Ci) C−1
m

Zm + CiYi

}

(34e)

}!~��?75��'&( * ½�¾�¿�¯(ë�ì���'&( * Ç�È�É�¿�¯(�
) å��(}�Î!��� ³�´ ��µ ~!Å � ê��!�(��c ² ~ ó�ô ·"*���?���%}�Î�ª�������¹ +
,"-
.(ª�/�û_��ì�� ´ ����§¨�© ~�ÊíË�À ¬�Á Â

Ci
���

(2)
~>Ó�Ôí§�¨í©�~>Ê�ËíÀ

¬%Á Â
C d

i
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Eshelby
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<"= �����

3
Ï
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?
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Euler
Ù

(ψ, θ, ϕ)
� 
 ����þ�A±��������¹

3.4 C�D�E"F�G Newton-Raphson H�m�I�p J�K�L�M�r
N �>��O ���íÿ�P ý Õ N �>�QO � �>Ý áí� �íµ�R �
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return mapping algorithm
Î

Newton-

Raphson
�%� 
 �(���
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i�¯(� Ö ð�½� ��� �;7 ���äì�¹�ë�ì��Q-7.�ªäû�üäì;��p�Ú��
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�
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i
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4. xzy|{|}�~��z���2�|�z���|�z�

4.1 ��k�I"�����������(m�o�p�z�{�|
� Ð(�����

N ²�³�´ ��µ ��ð�¸���ñÄÃ5ò ��ó�ô ��� N���
O �%��: 
 �×�"-
.(��5"6_��ì!Ê�ï�Ë ó�ô ·
*
�"�� �%� �
�_��ì�¹ �"<
= ���&�!�����"�%~"�!�"�
�%� $
7 ì:�:��� N−1

∑

i=1

fi = 1
�:¸�Õ �7�4�

N ² ~<Ó�Ô ��� ~ �
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4.2 q�r�����������	�
���� ��
�������k��äh:I����
HÓ:Ô �:� ~4¡:Ë�~4¢2£ �O�VÎ:�<���:�:� 3) �:�<Ê:Ë:ÇÈ�É�� � Â�����>%� 
 �(ì � �%� �
�*�!ì�¹!�(ë42x��¿¯�Ç�È�É�� � Â���1

W∗ep

W∗ep =
1
2

∫

D
σ̇0

i ju̇
0
i, j dD − 1

2

∫

Ω

σ̇i j(ε̇
p
i j + ε̇

∗
i j) dD (35)

ê������

W∗ep =
1
2
σ̇ : ε̇ − 1

2

N−1
∑

i=1

fi
[

Cm(Si − I)
{

〈ε̇p〉i + ε̇∗i
}]

:

{

〈ε̇p〉i + ε̇∗i
}

(36)ª ��� ��Õ�� �&7,Õ�Ó�Ô ��� ~ ��µ ��Í%���?��ì 9 ���
ó�ô ·"*%���?��� Ö ~���ê���¹%}�~%Î ��� ó�ô Ç�È�É(�
) å�ì�� � Â���þ!A(�!¸(� % � ó�ô ½�¾%� ) å�ì!þ�A%�
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2 ��  ~ �"�%ª����(�ê���ª��*}�}���� ���! �"*Î Ö �!# ý < ´ ~!��� �!$ ~É�� 
 ����¹�% ��ý Õ�u�v�������� 3) ���±��ì�¹

4.3 self-consistent H���
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= ����� Ö 7
1
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���
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~

self-consistent
� 4) � 
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self-consistent
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σ̇ =

































1 −
N−1
∑

k=1

fk

















Cm +
N−1
∑

k=1

fkC̄

[

I +
(

S̄k − I
) {

C̄ −
(

C̄ − Ck

)

S̄k

}−1 (
C̄ − Ck

)

]]

















I +
N−1
∑

k=1

fkS̄k

{

C̄ −
(

C̄ − Ck

)

S̄k

}−1 (
C̄ − Ck

)

















−1

ε̇

= Cε̇ (37)Î�Õ���¹(}�~!�(~�,"!
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�������� �!�"�# X_È ]�^�`�� a
(2) SiC/2124Al $�%�&�'�(�)�*,+�-�.�/
¡m^��	�k�	�%~�0 c�1 #k��2m`*^m`*�mÊ	Ë d ° � ~m�

� 19),20) Í�3	��¡ | ^_`%� a � | h 2124Al 4 SiC ��5	�
�(�êÍ76 ã ] ¢ SiC/2124Al 8=Ë e=f#d �(�ê�(� �(� Ín o � ¹1º:9<;<= h ¿ –2 >2]�� ú1û � ã<?1©:@ 0.04 m
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�
–15-a ������� u = 4.0 mm

�
–15-b ������� u = 7.5 mm

�
–15-c ������� u = 9.5 mm
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/0
cv = 0.1 1

4 Ñ#Ò �(�Áz#{(� a �(� 15) ¶ o � 2124Al
dÁe(f \(g#h2 c43 i

E1 = 60 GPa �65(j67 cÁl ν1 = 0.3 �68:9 ãä
σ
y

1 = 290 >(][�4;=<=> 0 ��?A@ 4 h1 = 700 MPa,

n1 = 0.55 >v�%� aCB ¢ � SiC ��5k�k�k�%h�0 c�1 #k�
2m`%^Á`%� >k]�� ekf \kg%h 2 c43 i E2 = 450 GPa �
5(j67 cÁl ν2 = 0.2 �(q r l i f2 = 13.2 % > �#� a
°ED d SiC ��5k�k�k� d »k¼��k}kjCFHG%ÂJI l h l/d =

5 Í n �	~��	�k� 15) >_ÝmÞ
�*�_� l 4 7.5 : 1 : 1
d �_�k�

��q
�
�
��Í_³�K�] ¢ a¿
–17 �ÁÀ%Â b ¥(¦(ÃkÄ(Å%ÆÁÇ 4 È ] ¢ a � d ° � �

�	`%^_�k�*~m�	 p¡ | ¢ >v` · £	¤%hMLk`*~_�	À%Â b Ã
Ä	Å*~ 2 % ¶ o �*è*µ_}	��>MN*Ø_é	�_À*Â b ¥	¦	Ã	Ä	Å
Æ_Ç dMOCP ~ © <p]_^m`*� ¢	¯ � � dMQkÕ ÍHRTSk�	�%~
ý þ ] ¢ � >m�*¶ o ����] ¢ > � {k^_Å ¢ a ¨ d ¢	¯ �UCVCW d n >��k»k¼(�k�k¥k¦ 4 σ̄ d = 3000 MPa >k][�©
ª
« g,4 cv = 0 > cv = 0.1 >_���
\�] ¢ Ê	Ë d�¹	º
±² 4k¨ |EX_| �TY 
	Ç >[°kÇ Z ß >mÜ*Ö\[�8p]_^m`*��]
Í È ]�� l��*d ¢	¯ RTSk�	�%~ þ�� }_`kÊ	Ë d_¹kº	±k²
4�^	`	Ì	Ç*Í È � a ¡	Ø_���	�	`	Ì
Ç*h Sun and Ju15) �
¶Á� ¹=º(±=² 4:_=� a ¢=` ]�� Sun and Ju �ê¶Á� ¹=º
h_�k��4 �Ta ]_^m��ØvÄ
�Tb e >[�k�	� dMcCdTeCf 4Hgh ³TKp] ¢ À*Â b �T8H9TiCj�4 f `*� � >mÍT8H9 Õ*dHk
Ç « g�4mø�¡kµmlCn�]m^_`%� `Co Í n � aMp ¹	ºk±	² h
�	�k�*~�0 c�1 #k��2m`*^m`*� � >m�*¶Mq	^m�	�%~Mr#s
�_ÛCt	�%� � >�4H_	ç%Í	èk^_� o �k�	�k¥	¦ >[` · �Cuv 4�· B µ\wTxp¡_{_� | ÷ ° � ¸�4 å µ[ækç*Íkè	� � >
4 È � � >_~kÍ	è ¢ aTB ¢ � dHy	ä%d �%è*¡ d_©kª	« g

�
–16-a ������� u = 5.0 mm

�
–16-b ������� u = 7.5 mm

�
–16-c ������� u = 10.0 mm
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�
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SiC/2124Al ��&�����1

�*¶m�_À%Â b �kª*dm© <%h�� � d ¶%·[}m�T� d ÊkË%�	hß >mÜ*Ö\Lk` a � d gk¸ ¹kº	±k² �m� o �_À%Â b ÃkÄ	Å
1.5%

y=äêdÁÑêÒ �Á� o �Á�=�ê�#¶ � k Ç=�=í d © < >
° �k±	²%dml�� h��	° � Í%Ô[�k�*~mý þ ] ¢H�T� í�4 È  ]�^�`*� a

5.4 ¡#¢�£¥¤�¦¨§ $�%�&�'�(�)�©ªkÕ � 2 ½	¾ dM« Ù 4M¬ | ¢H­ uE®°¯�±�² 8	Ë e	f%d³ 4 È � a ³ { ÷C´ 0TF s�tvukw ?%h��Tg ãkä ÍHµ v é
¬C¶TnC·*Í n � d �_Îp]��C¸ � s�tvu	w ?*h l�� �Hg	`
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À�Â b ¥
¦ σ̄11 (GPa)

À�Â b Ã
Ä
Å ε̄11

CFRP
Hybrid
GFRP

����q (30:1:1)

�
–18 ������������&���� �����
	���

������������&����
�

�C�H�\�H�M�H�H�C�\�C�\�M� 0����������������
cv =

0 1

�
–1 ����&����
���� �)
�!���
q r l i 2 cT3 i Ì�! " F

GF CF Ē1(GPa) Ã
Ä
Å I l
GFRP 54 % 0 % 31.70 0.0242 1

Hybrid 40 % 14 % 47.17 0.0232 1.52

CFRP 0 % 54 % 91.17 0.0110 30

�2í 4 Ú q$#&%W�2~�� « Ù 6 ã(' >()&# f %W�PÊ2Ë$*
í	Ì�!�4 � è�
 � )v§k��µ��p¡kØ_� ´ 0TF s�tvu	w ?,+
30 -.+ " F I ~1é1é1��/1¨ � Í�� ­ uA® ¯M± ² 81Ë '0 + ¹2º ³ >()&#��2�2� 21) Í&132 | #&%W�&4(5(6 5 ¯7 F98 = 4 ´ 04F s*t u(w ?#Í 6 ã ) ¢ ' 0 Z GFRP]
>��=¸ � s*t u=w ?êÍ 6 ã ) ¢ ' 0 Z CFRP ]:+ 2 ½=¾
4 É � �;)�#�� � + 2 ½	¾,+ « Ù + ­ u¥®�¯�±°² <�4�<= )�#_Å%��/ ¢C` )[�	° �	±k² > ' 0�> í�4TN%Ø_ék�;)¢@?�ACB ² ~ ó ¬%é*Øm}	é�q ¢ +	Í�� �	� ÍCD�ECF%} ��_�k� 4�1 ·G/ ' 0 �CH,D « Ù + 2�I 3�JCK�L z%{*Ø |
#@%%}@% ¢	¯ ��MT�k¸�4 f %%��/�4C5�6¥5 ¯ 7 F@8 = >´ 04F î ¸ � « Ù + 2�I 3�J D(¨ |6Xm| E1 = 4 GPa �
E2 = 74 GPa� E3 = 235 GPa >�)��E5�NE7 I9O Dm��P
# 0.3 >�Q4�R)��SE�FT+ ¢k¯ ��PT#më(í�U%Í_��V�W ykñ
D�R�S
�
�X+_ý þ ��¶���Ô@+,>����
���C/B Ä r�Y ' 49ZS[#�9\�%T# �(�7� 2(�(�m� O 30 : 1 : 1

+1�P�2�7�&U2�1�2�3+4� � ~^](_`)&#&%7�WÔ&+ >()��¿
–2 + ¹(º 9 ; = + ú(û � ã ?(© @ 0.04 m 4 ÑêÒ �=�
z*{k��/ ´ 0TF « Ù î ¸ � « Ù +m»	¼k�	�k¥	¦�4	¨ |¥X|
σ̄ d

2 = 1800 MPa, σ̄ d
3 = 2500 MPa >$)��2�1�2¥

¦;+ ÷ Øv¬*è�DML�%�Ô�+�>�QT�k�*�C/@a « Ù +@U r O J
D@b –1 � È ) ¢ / ¿ –18 + 2

p +_Ì	Ç%~	¨ |¥Xm| +_À*Â
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�C�H�\�H�H�H�M�C�\�C�\�H� 0�f�g@h�i�j�� � � cv =

0.31

c[¥k¦	ÃkÄkÅ*ÆmÇ*Í�kml �k°	Ç%~ ­ u¥®�¯�±�² �,) ¢ Ê
ËT+=¨ | Ínk(��/9b –1 �SDÁÀêÂTcÁ} � � 2 2SI 3oJ Ē1

> Ï1Ð Ì(!1Ã2Ä2Å1� ¶ x " F I O Ô È ) ¢ /PÌ$!2Ã2Ä
Å�>�D���pCq%}_¥k¦T¶,r	ÍH�	í%~@p�q*�H¶;r,) ¢�s Y +
À*Â,c[ÃkÄkÅ*ÍH�CtR) ¢ / B ¢ " FJIuD « Ù +MnC·,+_Å
Í@Hk¸T<R)���vCw�x y�y +�z f D@{ B }�%X/ � + ±	² 4
pCq%}M�kíT¶;r�4_�%� 1 ½	¾ « Ù 6 ãC' > O � �*��>��
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