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Development of a finite element of hybrid composite materials with debonding effect
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Composite materials are known as a functional material with various advantages. On the other hand, inter-
facial debonding between the inclusion and the matrix becomes a serious problem in their initial stage of
fracture as well as their ultimate strength. We propose a finite element which can model a microscopic sys-
tem and include an approximate model of interfacial debonding, in order to use such an element for design
of composite materials. In addition, the progressive debonding phenomenon is simulated by fluctuation
of the debonding stress. Several numerical examples and comparisons with experimental results show the
characteristics and feasibility of this model.
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√

(J2)i ≡
√

1
2
〈σ〉′i : 〈σ〉′i (23a)

ε
eq
i ≡
∫

fhg
√

2
3
〈ε̇p〉i : 〈ε̇p〉i dt (23b)

}�}�� 〈σ〉′i , 〈ε̇p〉i
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Simo and Hughes12) ~ radial return

mapping algorithm
� 
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 � Prandtl-
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~:Þ��	:»
%� 
 �%��}�Î!����§�¨:© ù!ç ~!ï�ËÇ�È�É�¿�¯�� 8 â�~��)7×��þ��×»���¹

〈ε̇p〉i = Ti 〈σ̇〉i (24)}�}��
Ti ≡

1
Hi

〈σ〉′i ⊗ 〈σ〉
′
i

4(J2)i
(25)

��ê42x�
‘⊗’
�!À%¬%Á,Â / �!þ�¸�¹�ë�ì�V:��Ì�Í%� 8 â

~��)7×����. �×»���¹
Hi ≡

hini

3

(

ε
eq
i

)ni−1
(26)

3.3 ����i�j�k�l�I�z�{�f�g�h��������� Ð%ë����!Ñ��%�!ì��%� 
 �%�(}�Î!����	���� ³�´ �µ Å � ~ ó�ô Ê�ï�Ë�½�¾�Ç�È�É%Þ�Ì(���&���(}�Î�ª����
��¹�ë�È����

(20b)
���

(24)
����Ò±����<�>�¸(��Î

N−1
∑

j=1

Mi j 〈ε̇p〉 j = TiBiε̇ (27)

Î�Õ���¹�}�}��
Mi j ≡ δi j (I − TiFi) + TiGiE j (28)Îà�:.��×�

δi j
��( *�� ����a�~���Â;b���ê���¹�}�~ä�

~ �"!%~
Mi j
��Þ!¸(� #$�¶(�

(M −1)i j
Î5��.�¸(�(Î5�

§�¨�©%~�ï�Ë�Ç�È�É�¿�¯*Î '&( * Ç�È�É�¿�¯(~�Þ�Ì(ª!Ï
~��)7×��þ��5»���¹

〈ε̇p〉i = Yiε̇ (29)}�}��
Yi ≡

N−1
∑

j=1

(M −1)i jT jB j (30)

Î×¸���¹
8;9 � 2x���

(29)
���

(19)
� ��Ò�¸���}�Î�� ��	

���
N ² ��µ)% ��Õ�� ³�´ ��µ ~ ó�ô ¿�¯�½�¾�Ç�È�É�ÞÌ�ª�Ï�~��)75��%��×»���¹

σ̇ = C ep
ε̇ (31)}�}��

C ep � ó�ô Ê�ï�Ë"&"'�Ì�Í(��ê 2x� 8 â�~��&75�þ��×»���¹
C ep ≡ C̄ −

N−1
∑

k=1

AkYk (32)

( 
(���!c�©�>�é(��'?( * Ç�È�É�¿�¯
ε̇
� 
 �(� 8 â�~�)7×��ë�Î��&�×»���¹

〈σ̇〉
m
= Zmε̇ (33a)

〈σ̇〉i = Ziε̇ (33b)

〈ε̇〉
d
= C−1
m

Zmε̇ (33c)

〈ε̇〉i = Piε̇ (33d)

〈ε̇p〉i + ε̇∗i = Qiε̇ (33e)

}�}�����c�Ì�Í�� 8 â�~��)7×����. �×»���¹

Zm ≡ Bm −
N−1
∑

k=1

EkYk (34a)

Zi ≡ Bi + FiYi − Gi

N−1
∑

k=1

EkYk (34b)

Pi ≡ C−1
i Zi + Yi (34c)

Qi ≡ {Cm − (Cm − Ci) Si}−1 (34d)
{

(Cm − Ci) C−1
m

Zm + CiYi

}

(34e)
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3.4 C�D�E"F�G Newton-Raphson H�m�I�p J�K�L�M�r
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4.1 ��k�I"�����������(m�o�p�z�{�|
� Ð(�����

N ²�³�´ ��µ ��ð�¸���ñÄÃ5ò ��ó�ô ��� N���O �%��: 
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4.2 q�r�����������	�
���� ���������k��äh:I����
HÓ:Ô �:� ~4¡:Ë�~4¢2£ �O�VÎ:�<���:�:� 3) �:�<Ê:Ë:ÇÈ�É�� � Â�����>%� 
 �(ì � �%� ��*�!ì�¹!�(ë42x��¿¯�Ç�È�É�� � Â���1

W∗ep

W∗ep =
1
2

∫

D
σ̇0

i ju̇
0
i, j dD − 1

2

∫

Ω

σ̇i j(ε̇
p
i j + ε̇

∗
i j) dD (35)

ê������

W∗ep =
1
2
σ̇ : ε̇ − 1

2

N−1
∑

i=1

fi
[

Cm(Si − I)
{

〈ε̇p〉i + ε̇∗i
}]

:

{

〈ε̇p〉i + ε̇∗i
}

(36)ª ��� ��Õ�� �&7,Õ�Ó�Ô ��� ~ ��µ ��Í%���?��ì 9 ���
ó�ô ·"*%���?��� Ö ~���ê���¹%}�~%Î ��� ó�ô Ç�È�É(�
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4.3 self-consistent H����������k���h�I�����H�"<= ����� Ö 7
1
�(~�Ó�Ô ��� ¡�Ë(~ ¢£��!�*Î��
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self-consistent
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∑
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∑
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(
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