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Application of the B-spline Ritz method to free vibration analysis of point supported Mindlin plates with four free edges

AAREF B KR B b PR
Harunobu Nagino, Tomisaku Mizusawa and Takashi Mikami

HE(T) RO TEEE SR B AT A TR (T870-0152 RAFTHRTAL 1666 F i)

T REIRFHER HETBREET VA LR (T457-0818 44 =iRX /KT 40)

ok Tl JGIRERFRAEEE TR IBERTEBOR T84 (T060-8628 FLIRHTERAL 13 4595 8 T H)

In this paper, application of the B-spline Ritz method to free vibration analysis of point
supported Mindlin plates with four free edges is described. A hybrid numerical approach
combining the B-spline Ritz method and the Lagrange multiplier method is developed to
solve the point supported Mindlin plate for free vibration problem. The B-spline Ritz method
is formulated by the Ritz procedure with double series of the B-spline functions as the
transverse amplitude displacement and rotations, and the Lagrange multiplier method is used
to impose zero transverse displacement constraints at point supports. To demonstrate the
convergence and accuracy of the proposed simple method, several examples are solved, and
the results are compared with other published solutions and the finite element solutions.
Rapid, stable convergence and excellent upper bound solution are obtained. Moreover, the
effect of thickness-to-width ratio and aspect ratio on frequency parameters, amplitude
displacement and stress resultant modes of point supported Mindlin plates with four free edges
are also investigated. The present results are shown in tabular forms, and may serve as
benchmark data for the finite element method and other numerical methods.
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B-spline Ritz 4 & ABREFEIC K 5 TER R OB T 2 — 2 QOIREEDHHE : h/a=0.05,b/a=1

Modes
Method meXxm, 1st 2nd, 3rd  4th 5th 6th 7th, 8th 9th 10th, 11th  12th
SS SA (AS) SS AA  SS  SA(AS) AA  SA(AS) SS
Present 5 0.707 1.54 1.97 373 431 4.96 6.78 7.78 8.94
11 0.701 1.52 1.97 3.67 4.25 491 6.71 7.62 8.68
15 0.700 1.52 1.97 3.66 4.24 4.90 6.71 7.60 8.65
21 0.700 1.51 1.97 3.65 423 4.90 6.71 7.59 8.62
25 0.699 1.51 1.97 3.64 4.23 4.89 6.71 7.58 8.61
31 0.699 1.51 1.97 3.64 4.23 4.89 6.71 7.57 8.60
35 0.699 1.51 1.97 3.63 4.22 4.89 6.71 7.57 8.59
41 0.698 1.51 1.97 3.63 4.22 4.89 6.71 7.56 8.58
45 0.698 1.51 1.97 3.63 4.22 4.88 6.71 7.56 8.58
FEM 5 0.772 1.64 2.10 465 494 6.47 8.01 9.56 134
11 0.717 1.56 1.99 3.88 4.38 5.16 6.98 8.10 9.60
15 0.710 1.54 1.98 379 433 5.04 6.85 7.89 9.16
21 0.706 1.53 1.97 373  4.29 4.98 6.78 7.76 8.92
25 0.705 1.53 1.97 371  4.28 495 6.76 7.72 8.84
31 0.703 1.52 1.97 3.69 4.27 4.94 6.74 7.68 8.78
35 0.703 1.52 1.97 3.69 4.26 4.93 6.74 7.66 8.75
41 0.702 1.52 1.97 3.68 4.26 4.92 6.73 7.65 8.72
45 0702 152 197 367 425 492 673 764 871
51 0.701 1.52 1.97 3.67 4.25 491 6.72 7.63 8.69
55 0.701 1.52 1.97 3.66 4.25 491 6.72 7.62 8.68
71 0.700 1.52 1.97 3.66 4.24 4.90 6.72 7.61 8.65
91 0.700 1.51 1.97 3.65 4.23 4.90 6.72 7.59 8.63
101 0.699 1.51 1.97 3.64 4.23 4.90 6.71 7.59 8.62
151 0.699 1.51 1.97 3.63 4.23 4.89 6.71 7.57 8.60
201 0.698 1.51 1.97 3.63 422 4.89 6.71 7.56 8.58
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#2 B-spline Ritz 1£ & ATRERE

(2K D PR OIREIE < A — 2 QOIRIREE

EDL - h/a=01,b/a=1

Modes
Method  myxm,  lst 2nd,3rd  4th  5th  6th  7th,8th  9th  10th, 11th 12th
SS SA (AS) SS AA SS SA(AS) AA  SA(AS) SS
Present 5 0677 143 192 337 393 456 6.16  6.87 7.74
11 0.668  1.40 192 329 386 450 6.14 674 7.51
15 0.666 140 192 326 385 449 614 671 7.46
21 0.664 139 192 324 383 447 6.14  6.68 7.41
25 0.663 139 192 323 382 447 6.14  6.66 7.38
31 0.661 138 192 321 381 446 6.14  6.64 7.36
35 0.661 138 192 320 381 445 6.14 664 7.34
41 0.660 138 192 319 380 445 6.14  6.62 7.32
45 0.659 138 1.92 3.9 380 444 6.14 662 7.31
FEM 5 0748 156 204 429 448 586 724 847 8.93
11 0.689 145 194 353 402 476 636 721 8.27
15 0.682 144 193 344 396 465 626  7.01 7.96
21 0.676 142 193 337 392 458 620  6.89 7.75
25 0.674 142 192 335 391 456 6.18 685 7.68
31 0672 141 192 332 389 454 617 681 7.61
35 0.671 141 192 331 388 453 6.16 679 7.58
41 0.669 141 192 330 387 452 6.16 676 7.55
__45_ 0669 _ 140 _ 192 329 387 __ 451 __ 615 __ 675 _ _ 753
51 0.668  1.40 192 328 386 450 6.15 6.74 7.50
55 0.667  1.40 192 327 386 450 6.15 6.73 7.49
71 0.665 139 192 325 384 449 6.15  6.70 7.45
91 0.664 139 192 324 383 448 6.15 6.68 741
101 0.663 139 192 323 383 447 6.15 6.67 7.40
151 0.661 138 192 320 381 446 6.14 664 7.34
201 0.659 138 192 319 380 444 6.14  6.62 731
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APREEF = — R Abaqus 6.8-2 2V =, L7- 25T
AERY = VERTHD. Ik, ATRERMT I, B
OYENT x, y FTENEESYEIL L, 4 x4 75 200 x 200(Hi55%
TETRBIE, 5x5 75201 x201)F TEL STV,
T X0, REHHEC X DR ST A —2Qu
D 12 ROIRBHY ST A —H Qo DIFIE, K53 m0% m,
DOEIRIZHR, —EDMENR LTS, F2, A

Xm,]

- 148 -



-3

SRSV JE F H 72 Mindlin SEAROIREIE N7 A — 52 QOREEELRE : Model A

bla hla  Modes
1st 2nd  3rd 4th 5th 6th 7th 8th 9th  10th 11th 12th
1 0.001 SS SA AS SS AA  SS SA AS AA SA AS SS
Present 0.720 160 160 199  3.89 450 510 510 7.02 814 8.14 9.34
Ritz'® 0721 160 1.60 199 3.89 450 510 510 - - - -
0.1 SS SA AS SS AA  SS SA AS AA SA AS SS
Present  0.659 138 138 192  3.19 3.80 444 444 614 662 662 731
Ritz"® 0.672 142 142 192 333 3.89 453 453 - - - -
Error (.00 (29 (29) (0.0) (44 (24 (2.0) (2.0 - - - -
FEM® 0669 140 140 192 329 387 451 451 615 675 675 7.3
Error (1.5 (14 (@14 (0.0 @1 (1.8 (1.6) (1.6) (02) (2.0) (2.0) (3.0)
FEM” 0659 138 138 192  3.19 380 444 444 614 662 6.62 731
0.2 SS SA AS SS AA  SS SA AS AA SA AS SS
Present  0.559 1.09 109 176 236 298 349 349 488 499 499 529
Ritz'"® 0593 1.18 1.18 1.76 2.9 3.13 365 365 - - - -
Error 6.1 (83 (83) (0.0) (94) (5.0) (46) (4.6) - - - -
FEM® 0582 1.14 114 176 252 3.09 359 359 489 512 512 5.49
Error 4.1)  (46) (46) (0.0) (6.8 (3.7 (29 (29 (02 (26) (2.6) (3.8
FEM® 0558 108 108 176 236 208 349 349 489 499 499 529
0.5 0.001 SS SA AS SS AA  AS SS SA SS AS AA AS
Present 0235 0.696 0.831 131 1.62 1.80 251 283 3.17 377 415 491
Ritz'® 0235 0697 0.831 131 1.62 1.80 251 283 - - - -
0.1 SS SA AS SS AA  AS SA SS SS AS AA SA
Present 0220 0.557 0.667 1.03 1.4 1,52 203 211 257 275 281 3.57
Ritz'® 0231 0645 0782 122 149 171 238 256 - - - -
Error (5.00 (15.8) (17.2) (18.4) (20.2) (12.5) (17.2) (21.3) - - - -
FEM® 0222 0571 0691 106 128 154 211 212 259 282 287 3.66
Error 09 (25 (3.6) (29 (32 (13) (39 (05 (0.8 (25 (2.1) (25)
FEM® 0220 0.556 0.665 1.03 124 152 202 211 258 275 280 3.57
0.2 SS SA AS SS AA  AS SA SS AA SS AS SS
Present  0.190 0399 0471 0.740 0871 1.19 137 161 187 190 191 235
Ritz'® 0223 0577 0702 1.08 1.30 1.54 212 215 - - - -
Error (17.2) (44.6) (49.0) (45.6) (48.9) (30.2) (54.6) (33.5) - - - -
FEM? 0.197 0424 0510 0.784 0921 120 144 162 191 195 197 236
Error 37) (63 B3 (9 (7 (08 G.1)  (06) (2.1) (26) (3.1) (04)
FEM®  0.190 0397 0468 0.737 0868 1.19 137 161 187 191 191 235

a: 44 x 44 uniform mesh, b: 200 % 200 uniform mesh

PREGEVEIC L ORER 2

o

PROBIRITHE, —EDH

T, ABRESRIEL D b7 A BT BAF SR A1

IR LT D208, ABRRESRIENS, FROIRAIER 1B .
AFFRHTETIE, K A0E mex m, =45 x 45 CTHALRE )
5 12 IRETOEH T A —X QOIHIEZFTND 3,
BRREFRECIL, ARTIED 5 (G0 EEA - L
L7RTAUE, AFRHTE & [FIREOFERA1GD Z LN TE R,
T IT, ANETE & ATRESEEO B HE(D.OF) D &
X ROE(ERB)DORHRZ B4 (TR LTz, 2k, m,
x m,=20 %20 Zi#z %5 &, FEMpoy / Presentpor OfFEAN 1
Z LRIY, AfgHTEo B R L Y ATRESRED B HE
BOFPREL 2D, IBIT, mexm,=45x45 DYFHIT
1%, ARRERIEO BB, ATEO B BEEOBE
KZAEPELIC2 D,

£2 LV, KRR K AR ST A —2Qy
NG 12 IROIFEH T A —5 Qg DTEOIRIRFENL, F
-1 LARROFERTH LD, Tl DFERLIEARD &, X
FREOWRINES 7o TEY, £, AIREZRIEOMOIR
1%, EHIZEL 2o TN, LnLAnD, AHAIC X

D EWTE DI, AT, ATREFREL Y 2R
BL, RN ATRE CH D LM cE LD, Z 2,
VU & FL72 8 D AN TIEDIX 53 s O8 me x m,, = 45
X 45 |2 X DBAEfRDIRHTRE L DUV TR 5.

F-3 121, Model A O XTSRS HV-EILBH72
Mindlin PARDIEEEL < A — 2 QORSFELEA VR L T
5. ZZT, BEH R/ alE 0001 55 02 FTELEET
BY, WEHb/alX] & 0SITRE L. £, Ak
\Z R DD T DRRRE & B E O |2 K 2 Bl
ORIER AR T 57201, Kitipornchai + Xiang « Liew'
@ Mindlin “FARPERR 235 < R EAREA R TR B L
72 pb-2 Ritz {#: & Lagrange QL2 FH A I X - Seditfihit
I X D EEfRRiz) & UHATRESE 71— K Abaqus 6.8-2
Z W ATRESERFEM) 2 L L=, Z 2 G, Riz"™ig,
W AMWHE RS ic=5 /6 & AREUER IS4 term |2 L A5
TV, FEM I 4 i o /VESEA I, B EN IS
SENE L, AT & [ CHLROIORE R a: 44 x 44 mesh)
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-4 Model A D L 5|2 piSFf &7z Mindlin PARDIREE N7 A —ZQUH-Z HDWIEE b/ a LR b/ a DFE

Modes
bla hla =4 2nd  3rd  4th  5th 6th  7th  Sth  9th  10th  1lth  12th
1 0.001 _SS SA _AS SS  AA SS  SA AS AA SA _AS __sS
0720 160 160 199 38 450 510 510 7.02 814 814 934
001 SS SA AS SS AA SS SA AS AA SA AS _sS
0718 159 159 199 386 446 509 509 699 808 808 927
005 SS SA AS SS AA SS SA AS AA SA AS _sS
0698 151 151 197 3.63 422 488 488 671 756 756  8.58
01  SS SA AS SS AA SS SA AS AA SA AS _SS
0659 138 138 192 319 380 444 444 614 662 662 7131
02  SS SA AS SS AA SS SA AS AA SA AS _SS
0559 109 109 176 236 298 349 349 488 499 499 529
12 0.001 SS AS SA SS  AA SA SS AS AA SA __AS _ sS
0830 183 201 246 457 538 545 685 866 940 103 105
001 SS AS SA SS AA SA SS AS AA SA AS _ ss
0827 1.82 200 246 454 537 542 682 863 933 102 104
005 SS AS SA SS AA SS SA AS AA SA AS _ sS
0809 174 191 243 430 517 524 649 829 876 973 990
01  SS AS SA SS AA SS SA AS AA SA _ SS AS
0773 161 176 237 386 472 494 581 760 773 878 879
02  SS AS SA SS AA SS SA AS SA AA SS  AS
0675 131 141 216 296 380 417 446 586 609 662 689
15 0001 SS AS SA SS AA SA SS AS SS  SA  AA AS
0904 218 262 341 534 585 7.0 908 112 114 118 137
001 SS AS SA SS AA SA SS AS SS SA  AA  AS
0903 2.17 260 341 531 584 707 903 11.1 114 117 137
005 SS AS SA SS AA SA SS AS SA SS  AA  AS
0890 209 251 334 510 575 682 857 108 108 112 133
01  SS AS SA SS AA SA SS AS SA SS  AA  AS
0865 196 233 320 469 554 635 768 9.69 10.1 101 123
02  SS AS SA SS AA SA SS AS SA AA SS  AS
0790 166 191 283 377 494 533 592 753 798 831 100
2 0.001 SS AS SA SS  AA SA SS AS SS  SA  AA  SA
0941 279 333 526 646 722 100 113 127 151 166 197
001 SS AS SA SS AA SA SS AS SS  SA  AA  SA
0940 277 332 524 643 720 100 113 126 150 165  19.6
005 SS AS SA SS AA SA SS AS SS  SA  AA  SA
0934 269 324 509 623 707 987 108 124 145 158 19.1
01  SS AS SA SS AA SA SS AS SS  SA  AA  SA
0921 255 308 481 58 680 948 100 118 134 143 179
02  SS AS SA SS AA SA AS SS SS SA  AA  AS
0880 223 267 411 498 609 812 842 103 110 112 143
LR 0 BB E LIAERD: 200 x 200 mesh) 2R L R & ATREFMFEEM)HEE -HL TD. KIS, A

7o, E7z, TEINOMEE, AL BE L LT RpDRR
%) EERL, 5.0%LL EORERIT bold TRLTHS.
LY, Y, ASERSNEALES ARG/ a=1,
h Ja = 0.001)Tl, ARFENTEIZ L HHEFE Kitipornchai +
Xiang * Liew'1Z & % pb-2 Ritz ¥ARitz)\ 2 & HFEFE, FEH
IZEL—FLTND. L LN D, sdsn-hsgE
WIESTEFAR(DB / a=1, hla=0.1)Z3W VT, AFHTEDR:
& ERNE B LT A TRESREAFEMY) 8 L T
%73, pb2 Riz Rtz Z L HFERIL2 ~ 4% FEE, ATR
BHAFEMO)E, 2 ~ 3 % FEOBENVEL TS, &
BIZ, h/a=02 72 5T EERIELFAERD / a=1)TlL,
pb-2 Ritz{F(Ritz) e VA BRESEARFEM?) DRRFEAY 5.0 Y%l |-
2720, BRK T4 %DRGEZAE T TNDN, AITED

FTREENTZEHVROD | a =053 DA L D
TR L ATRBEER(FEM®, FEMY)IZ, | HEESTEERORS
REFWETHLN, PEEREHFTEERG/ a=1,hla=0.1,
02ITHWTIE, ph2 Ritz HARit)IZ L HFETIE, =4
T 50 %A ETHY, RIWRBDNKREL D EHEKRT
546 %HOREZEENVE LTV, 2T, Bl &g
PATRESI B L7z pb-2 Ritz 15Tl 1IEREZRETARRE R FiT
BEDZ ENTERLIRDIENFRTHD EEZ BN
5. Fio, EHREROREREN AW IUL, k=R
TE b B LRI TR DIESAAE L 5 pb2 Ritz 15T
V3, SR SRR OO TRS I 2 s 5 2 &
R0 & Bbhs. K- C, Kitipomchai + Xiang

Liew Y O¥dififzZ0fig L U CHWD Z & IR#ETIcan
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&5 Model B D & 9 (ZREHF SV Mindlin HARDIREE Y ST A — 2 QU5 W h/ a LR b/ a DR

Modes
bla hla =4 ond  3rd  4th  5th  6th  7th  8th 9th _ 10th  1lth _ 12th
1 0001 AA SS SA AS SS  SA AS AA SA AS  AA _ SS
137 181 190 190 273 518 518 7.02 7.68 768 782  7.88
001 AA SS SA AS SS SA AS AA SA AS SS  AA
136 180 189 1.8 272 516 516 699 763 763 778 7.9
005 AA SS SA AS SS SA AS AA SS SA AS  AA
133 172 181 181 263 497 497 671 697 715 715 750
01 AA SS SA AS SS SA AS SS AA SA AS  AA
129 157 167 167 249 454 454 568 614 631 631 685
02 AA SS SA AS SS SA AS SS SA AS AA  AA
119 122 133 133 220 358 358 381 483 483 488 543
12 0001 AA SS AS SA SS SA AS AA SA SS AS  AA
1.64 218 222 232 331 577 664 782 882 943 989 103
001 AA SS AS SA SS SA AS AA SA SS AS  AA
163 217 221 230 330 576 661 779 875 933 984 102
005 AA SS AS SA SS SA AS AA SA SS AS  AA
160 209 213 222 322 564 631 753 821 849 940 987
01 AA SS AS SA SS SA AS AA SS SA AS  AA
155 192 198 206 306 533 570 7.00 7.0 724 854 907
02 AA SS AS SA SS AS SA SS SA  AA AS _ sS
144 153 163 168 271 445 450 491 551 577 676 717
15 000l AA AS SS SA SS SA AS AA SA _ sS SS AS
204 265 277 282 435 675 863 870 108 115 120 137
00l AA AS SS SA SS SA AS AA SA _ sS SS  AS
203 264 275 282 434 674 858 867 107 114 120 137
005 AA AS SS SA SS SA AS AA SA _ SS SS AS
200 256 266 274 425 663 818 844 10.1 108 115 133
01 AA AS SS SA SS SA AS AA SA _ sS SS  AS
194 241 246 258 406 637 741 797 906 932 107 123
02 AA SS AS SA SS SA AS SS AA SA SS  AS
182 201 206 218 359 563 584 680 68 698 886 10.1
2 0001 AA  SA AS SS SS SA AA AS SS  SA _ sS AS
269 333 333 367 642 883 103 113 135 145 158 200
00l AA AS SA SS SS SA AA AS SS SA SS  AS
268 332 332 365 641 881 103 112 134 144 157 199
005 AA AS SA SS SS SA AA AS SS  SA _sS AS
264 324 327 354 629 862 100 108 132 139 149 193
01 AA AS SA SS SS SA AA AS SS SA sSS  AS
258 309 316 333 602 823 961 995 126 128 134 178
02 AA AS SS SA SS SA AS AA SS SA _sS AS
243 273 28 28 526 717 816 852 105 106 110 145
LEAD. M, AN L 0RO IUBIREEU T 2 L5, LUSORISRIEICI, KO0 m, x m, =45 x 45

—XQOAEY, ARRERELY by e\ B BT,
FEEDO R EROEAME LTS S CE 5728, X
Bk 1o T, T MfiRs LTHWD Z LN TE
HHDTHD.

LAk, 31 KOY 32 OEHERE Y, B-spline Ritz &
Lagrange FHUEA A O T IEE BRI TR DD
TGN Pz DEAEFRATIRE, MR S8 A H 78
Mindlin PR H EIRBIRREZ R R <, 2R ¢
&, D, FHOMNTREECARIHCT: 3 M) 2 A TREERE L
DB WHHEETCHER CE D, 2O Z LB
I, SRSV JERL E #72 Mindlin SR B FREEEIRTE
(2B DASRNHEDBE AN X0 0, £, Ak
SRR ENBN AT 4 ORTEICER THDL L F %

A — L THWA.

33 mEEEN-EIEE Mindlin SEAROREERE T A
— 2Bz AR, IREE OSSR DZE

2T, mSCRRESHUZ)ER E H 72 Mindlin SEARORE)
BT A—H2QUTHZ DS b/ a, BE b/ a KUWEK
FROE DN TRT

F4 7 HF6121E, FHEH, Model A, Model B XUt
Model C 7% s S 7= 4 H B Mindlin PR OIREEL
INT A—BUTE-Z DR h | a kONIEREED | a DR
RLTHD. 22T, hlalT0001 75 02 £THLEH,
b/ald1,12,15 K2 \ZRE LTz
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6 Model C D L T p3RF & 7= Mindlin “EARDIREE L X7 A —2QIZH-2 DHEH b/ a L30E b/ a D2

Modes
bla hla =4 2nd  3rd  4th  5th 6th  7th  Sth  9th  10th  1lth  12th
1 0.001 _SS SA _AS AA SS SA AS AA SS  SA _AS __sS
181 353 353 389 609 694 694 702 788 888 888 11.9
001 SS SA AS AA SS SA AS AA SS SA AS _sS
180 352 352 38 603 688 688 699 778 881 881 11.8
005 SS SA AS AA SS SA AS AA SS SA AS  AA
173 332 332 363 552 640 640 671 697 814 814 11.1
01  SS SA AS AA SS SA AS SS AA SA AS  AA
160 293 293 319 465 556 556 568 6.4 699 699 924
02  SS SA AS AA SS SS SA AS AA SA AS  AA
130 2.3 213 236 330 381 409 409 488 514 514 644
12 0.001 SS SA AA AS SS SA AA AS SS AS  SA __sS
218 371 457 465 708 818 866 867 943 105 109 142
001 SS SA  AA AS SS SA AS AA SS AS SA _sS
217 370 454 462 703 812 860 863 933 105 108 141
005 SS SA AA AS SS SA AS AA SS  SA AS _sS
210 357 430 435 655 764 804 829 849 990 997 133
01  SS SA AS AA SS SA AS SS AA SA AS _SS
195 327 38 38 568 679 703 710 7.60 839 898 115
02  SS SA AS AA SS SS SA AS SA  AA AS _sS
162 256 278 296 415 492 518 520 608 609 699 821
15 0001 SS SA AA AS SS SA AS SS AA SA _AS _sS
279 38 534 601 801 103 116 117 118 133 137 178
001 SS SA  AA AS SS SA AS SS AA SA AS _sS
278 381 531 597 797 103 115 116 117 132 137 177
005 SS SA AA AS SS SA SS AS AA SA AS _SS
269 373 510 563 764 977 108 108 112 122 133 164
01  SS SA  AA AS SS SA SS AS AA SA AS _sS
253 354 469 501 693 887 932 948 10.1 105 123 141
02  SS SA AS AA SS SS SA AS SA  AA AS _sS
212 301 373 377 538 681 698 706 7.66 798 101 105
2 0.001 SS SA AA AS SS SA SA SS AS AA AS _ sS
377 387 646 761 920 144 152 157 164 166 212 222
001 SS SA AA AS SS SA SA SS AS AA AS _sS
375 386 643 755 918 144 151 156 163 165 212 221
005 SS SA AA AS SS SA SA SS AS AA AS _sS
366 38 623 721 897 139 145 148 154 158 205 209
01  SS SA  AA AS SS SA SS SA AS AA SS  AS
347 372 586 659 850 127 134 134 137 143 184 189
02  SS SA  AA AS SS SA AS SS  SA  AA _ sS AS
297 340 498 520 717 984 104 105 111 112 139 153
&Y, Model xO¥b/a \ZfZDO BT, h/a DRI ISHIST D EAEEE— RARREL, dhife—A2 bk

W, QOMEHE TS, Ziud, BEOHRICHE, Fsb
WAMWTZETE & T L D ERREMEOREIZ LD 6 O TH
HEEZOND. F17, blaBREL DL, EHER
L0 BERENKRE < 22D Z I X 0 RO TR K
b7, QOIEIEINT 5. IBIZ, hla b blall
RO, RERFOENEEZ 5 &, QOIEITIERT 5.

34 REEENEZFEFESN-EIEBIESE Mindlin YR
DEFFEEE— NoE 2 AREDREE

SRR CIL, BEEIREOA T/, PREANWE
1% & DT EE T — ROHYRSMEARRIRIZ /2D, &
2T, Model A ZBIICEY, FEAIREKD T A =20

O M) EMIEEE h/a DRFRICHOWTHET 5.
SR ST JEA B EJSTE Mindlin “EAR®(D / a = 1)DE
Hi5E(n = O)DIRIEANE— R W, fiife—22 b M &
CEAMISIT— R Q, O, EHIFEL 1/ a DRIRZRS 17
L7z 227G h/al$0.001 235 02 £TEESETWD.
ZEY, 0001 <h/a<005 OFPHTIE, W O
PICRE BTSN, h/a> 0.1 725HEER
MU 72D &, SR ST TR TARED T8 i
5. RIS, FERNERRD M, OIS, B2 L
TWABH, h/a>001 OFPFATIE, AECRRIET M A3
AT TEY, £, b/ a DERIZE R, M, OX
TXLEKRTD. IBIL, Q.0 H M, EIHZEFEROME
BN, HRHZ, h/a>005 OFPHTIE, MR TR
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0.1 —«—h/a=0.001
-0.2 —+—h/a=0.01

hla=0.05
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-0.4 1 hla=02
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Amplitude displacement mode W at
=]
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(a) Amplitude displacement mode

1

? 0.8
=064
< 10
Si 0.4—_ “ :
o 0.24)]
2 0400, ,0.2 030805 06 07 08 09
= 0 I s nm -N.fifva’viiaazamm
8 021 —=—h/a=0.001 R ‘
= * |
& 41 —+—hla=001 T
2 0] hla=0.05 \
g§ 1 ——hla=01 |
& 081 hla=02
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(c) Shearing force mode O,

-0
=]

§

#

/f
o >

0.1 02 03 04 05 06 07 08 09

Bending moment mode M, at n
(=]
[\S]
1

O T T T T T T T T T
-0. —+—h/a=0.001
0.4 —+—h/a=0.01
06, hla=0.05
08 —~—h/a=0.1
] h/a=0.2
-1
(b) Bending moment mode M,
1 | 1
S 03] ﬁ
=067 ﬁ
< 1 ;
S 04 : |
L 024] |
3 ¢ "‘L 0.1 02 03 04 05 06 0.7 0.8 09 |
=) L s B e e e L o oy
g -02- —+—h/a=0.001
< 4] —+—h/a=001
£ 6] h/a=0.05
g 7 —v—h/a=0.1
& 081 hla=02
-1
(d) Shearing force mode O,

B-5 SRS IERTEEARDE SO BEEIREIE— N W, M, O, O, E#Zt h/a OF% 1 b/a=1,7=0

BRSO DY, RSFFSIVATE TRARD Q, 13
EHIAET TS, 2B, 0, OHZONTX, h/a
DFZEIR RN, FEFF SIIZALE TRRD 0, 1
AELTWD. Fi&IC, 4, RSFFESNDERNT,
BITABATHLHOT, =0 DILTIE, M,=0,M,=0,0,
=0 Zofi e L CWRITAUTZR B0, BI-b k0, R
FHEaBRTIE, Q=0 Z+53die LIRS T
5. iz, MEOME EEE LR, M, bRSErsh
PLEABRIIE, M,=0 A2 L T\D Z L AHEEL TV 5.
L7=hioC, AIRERIETIL, ARG A Lz
EAIREIT— AR D 2 EAVES CIIZR S, AfibTiE
(C &I, TR A LB IREE— R AR
DD ENRARETH 5.

4. HLox

AL Cl, B-spline Ritz 14 & Lagrange 4052 T,
SRR EHUZ)E3 A H Mindlin RO B EREEEIRTE A &
bL, AFETIEORROIHRAE K OFEDFEEELHD G, 5
SR &7z Mindlin RO H BB ~D B-spline Ritz
TEOWHEAMER ORI OV TR LTz, £, mocREs

AU JERZ F EE Mindlin AR B EHRERFEC G- % DAF L
DR ONSHRR OBORZED— A BN LTz, A5
LCHRLNREREED D L, ITDLEBY ThHS.

(1) B-spline Ritz & Lagrange FeliEa A7k
HICHAM TSN ORG I P2 2 BEfitTis
V&, RO S AV H #72 Mindlin ~EHROD B FERE)
MEZZRE <, WRACHTCX, 2D, FTHO
MRS HCE: 3 M AATRERIEL D b0
HHEHCCRHER TE 5720, AfHEOmArE I+
B,

Q) FHTETAIOb/ a5, hia DEERIZEEN,
HYME AT & I X A RS OB LY,
QDMK T 5. E72, blaPREL DL, T
WORPER R E < 72 %728, QOEITHMT 5.

() BESEARESR SN AR DEAIRENE— NI, 7/ a
DR RELZT, PEERERICRD &, R
Ff SN AR Crd MIRIEZS L O AR THED 58
Do, Fe, WE»EFRIZAET TV,

BARIS, AGRSCCR L= RO 7 A—2QDfE,

A IRERCAMDEAEIHTIEZ K DR~ F~—

7T A Mo TIHITAUTEENTH 5.
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