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A discrete method is proposed for analysing the natural vibration problem of shear
deformable rectangular plates with a line hinge. The fundamental differential equations
and the solutions of these equations are derived for two parts of the plate, which are
obtained by dividing the plate along the line hinge. By transforming these equations into
integral equations, and using numerical integration and the continuous conditions along
the line hinge, the solutions of the whole plate can be expressed by the unknown quantities
on the boundary and the quantities of the rotation along the hinge. Green function
which is the solution of deflection of the bending problem of plate is used to obtain the
characteristic equation of the free vibration. The effects of the position of the line hinge,
the aspect ratio, the thickness-to-length ratio and the boundary condition on the natural
frequency parameters are considered. By comparing the numerical results obtained by
the present method with those previously published, the efficiency and accuracy of the
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present method are investigated.
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1. Introduction

Plates are important structural components in a
variety of applications. The vibration problems have
been studied for the plates with complicated cases,
such as, rectangular plates with symmetrical point
supports 1), asymmetrical point supports 2, arbitrary
point supports 3% line supports 5:6:7:8) But for
the plates with a line hinge which can be used as
boarding platform, folded gates and chairs, the vibra-
tion study is rather limited. Wang, Xiang and Wang
9) studied the vibration of plates with an internal line
hinge by using the Ritz method. The Kirchhoff plate
theory was used, so the numerical results were given
only for thin plates in which shear stresses were ig-
nored. Basing the first order shear deformation plate
theory, Xiang and Reddy !0 first provided the ex-
act solutions of natural vibration of rectangular plates
with a line hinge by using the Lévy type solution com-
bined with the state-space technique. Because the
Lévy type solution is used, the exact solutions are
only suitable for the plates with two parallel simply
supported edges. As so far, no solution for the shear
deformable rectangular plates with arbitrary bound-

ary conditions can be found by authors.

In this paper, a discrete method 1) is used for an-
alyzing the free vibration of shear deformable rectan-
gular plates with a line hinge. The plates with vari-
ous boundary conditions are considered. Basing the
first shear deformation theory, the fundamental dif-
ferential equations of a plate are established for the
two parts of the plate obtained by dividing the plate
along the hinge. By transforming these equations
into integral equations and using numerical integra-
tion, the solutions are obtained at the discrete points.
Furthermore, by choosing the integral area in an ap-
pointed order, the solutions are only related to the
unknown quantities on the boundary and the quanti-
ties of the rotation along the hinge. That makes the
number of unknown quantities decrease greatly. The
solution for deflection is chosen as the Green func-
tion and used to obtain the characteristic equation of
the free vibration. The efficiency and accuracy of the
present method for the rectangular plates with line
hinge are investigated by comparing the present re-
sults with those reported early. Some new numerical
results are given for shear deformable plates with a
line hinge and various boundary conditions. The ef-

-49 -



Line hinge
c

W

Fig. 1 Rectangular plate with a line hinge.

fects of the position of the hinge, the aspect ratio, the
thickness-to-length ratio and the boundary conditions
on the frequency parameters are discussed.

2. FUNDAMENTAL
TIAL EQUATIONS

DIFFEREN-

Fig. 1 shows a rectangular plate of length a, width
b, density p with a line hinge. An xyz coordinate
system is used in the present study with its z — y
plane contained in the middle plane of the rectangular
plate, the z—axis perpendicular to the middle plane
of the plate and the origin at one of the corners of the
plate. The hinge noted as cc is parallel to the edges
in y-direction.

In this paper, the deflection w, the rotations 6, 0,,
the shearing forces Q. , @y, the twisting moment M,
and the bending moments M., M, are used as vari-
ables.

Along the hinge, the plate is divided into two parts.
The fundamental differential equations of a part of the
plate having a concentrated load P at a point (x4, yr)
are as follows '1):
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Fig. 2 Discrete points on a rectangular plate
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where the superscript K (=1,2) denotes the Kth part,
D = Eh®/(12(1 — v?)) is the bending rigidity; F and
G are modulus and shear modulus of elasticity, re-
spectively; v is Poisson’s ratio; h is the thickness of
plate; t, = h/1.2; 6(x — z4) and 6(y — y,) are Dirac’s
delta functions.

By introducing the non-dimensional expressions,

[Xl(K)’X2(K)] = (K) (K)]

Do =2 L9

a
(X4, X0, %(9) = g |

[0, X4, X009 = [0, 69,050 ]

Egs. (1a) ~ (1h) can also be expressed as the following
simple systemized equation.

8 (K) (K)
0Xs 0X;
Z {FltsT + F2tsa—n + FstngK)}

+P(n —ng)6(C = ()1t =0 (t=1~28), (2)

where j. = hja; T = (1 — v2)(ho/h)3; J = 2u(l +
V)(ho/)* T = ((1 + v)/5)(ho/a)2(ho/h); P =
Pa/(Do(1 —-v?)); Do = Eh3/(12(1 — v?)) is the stan-
dard bending rigidity; ho is the standard thickness
of the plate; & = 5/6 is the shear correction factor;
d(n—ngq) and 6(¢ — ¢,) are Dirac’s delta functions; d1¢
is Kronecker’s delta; Fi;s, Fots and Fys are given in
Appendix A.

s=1

3. DISCRETE GREEN FUNCTION

As given in Ref. 1V, by dividing a rectangular plate
vertically into m equal-length parts and horizontally
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into n equal-length parts as shown in Fig. 2, the plate
can be considered as a group of discrete points which
are the intersections of the (m+1)-vertical and (n+1)-
horizontal dividing lines. To describe the present
method conveniently, the rectangular area, 0 < n <
n;, 0 < ¢ < (j, corresponding to the arbitrary inter-
section (4, j) as shown in Fig. 2 is denoted as the area
[¢,7], the intersection (i,j) denoted by O is called
the main point of the area [, j], the intersections de-
noted by o are called the inner dependent points of the
area, and the intersections denoted by e are called the
boundary dependent points of the area.

By integrating Eq. (2) over the area [i,j] and ap-
plying the trapezoidal integration rule, the simulta-

neous equation for the unknown quantities X iu =

x{® )(ﬂi»Cj) at the main point (7, j) of the area [¢, 5]
is obtained as follows:

z{ats zﬂ,k (%) - X
s=1
—MmeXS x5
=0
i J )
+ Fi¢s Z Z Bikﬂleikg}
k=0 =0

+Pu1qu]r6u =0, for the first part (3a)

Z{Flts Z sz Xélzcz il?:i)))

s=1

+F2‘£ZBJI(stl ngl))
=0

i
+ F3is Z Z ﬁik,BﬂXizg}
k=c l=0
+Pu;qujrdie =0, for the second part  (3b)
where t = 1 ~ 8, ¢ = (hc/a)m, Bir = air/m;Bj =
aji/n; aik =1 — (Sok + Ok + 0ir) /25 e = 1 — (601 +
0)/2 i =1 ~m; j =1~ n;uqg = ul —ng);
ujr = u(G — Gr)-

By retaining the quantities at main point (7, ) on
the left hand side of the equation, putting other quan-
tities on the right hand side and using the matrix
transition, the solution Xp;; of the above Egs. (3a) ~
(3b) are obtained as follows:

1
Xpi) = Eﬁiﬁwm i~ X{e) (1~ )]
k=0
J a y
+2_BiBulXigl - XG) (1= 630)]
1=0
7 J .
+ Z Z ﬂikﬁjtcptlet(k,)(l - 5,~k6jl)}
k=0 1=0
—Ap1Pu;quj,, for the first part (4a)

i

pm Z{Z rszAPt Xt(lf())

XD - 6a))

t=1 \k=c
b3 BBlXE - X1 - )

l=,0 j
+ Z Z ﬁikﬁleptlet(Zl)(l - 5ik6jl)}
—j:l: .lP:IZ;q’U/]'r, for the second part (4b)

where p = 1 ~ 8, Ay, Bpt and Cpiry are given in
Appendix A.

In Eq. (4a), the quantity X}(,”) is not only related

to the quantities Xt(;(), and Xt((}l at the boundary de-

pendent points but also the quantities X t(,i )X t(ill) and

J’
t(,il) at the inner dependent points. In Eq. (4b),

the quantity X, (?)- is not only related to the quan-
tity X (k()) at the boundary dependent points and the
quantity Xt(cl) at the points on the hinged line but
also the quantities Xt(kj), Xt(f,) and Xt(:,) at the in-
ner dependent points. The number of the unknown
quantities is rather large. In order to reduce the un-
known quantities, the area [i, ] is spread according
to the regular order as [1,1], [1,2], ---, [1,n], [2,1],
2,2), -+, [2,n], --+, [m,1], [Mm,2], ---, [m,n]. With
the spread of the area according to the above men-
tioned order, the quantities Xt(,c . ¢ t(le< ) and Xt(,ff ) at
the inner dependent points can be eliminated by sub-
stituting the obtained results into the corresponding
terms of the right hand side of Eqs. (4a) ~ (4b). B

repeating this process, the quantity X z(n ]) at the main
point 1n the first part is only related to the quanti-

ties X ko (r=1,3,4,6,7,8) and Xsol (s=2,3,5,6,7,8) at
the boundary dependent points. The quantity X, (2)
at the main point in the second part is only related to
the quantities X ﬁiz, (r=1,3,4,6,7,8) at the boundary
dependent points and Xscl (s=2,3,5,6,7,8) at points
on the hinged line. Therefore, the number of the un-
known quantities is reduced greatly. Based on the
above consideration, Egs. (4a) ~ (4b) are rewritten
as follows.

x§) = Zl {]Z @y ra Xy

(1) x( —(1)
TfO mejg sOg} me

for the first part (5a)
(2) _ a®  x® (2) 2) —(2)
Xm] Z{Z am]fd rfO + Z bleng-£Cg} quP
d=1 *f=
for the second part (5b)

where ainj}d, Ez(,ﬁgd and g qu; (K =1,2) are given in

Appendix B.
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The boundary conditions at n = 0,1 are

X5 = X¢ = Xg =0 For the simply supported edge
X¢ = X7 =Xg =0 For the clamped edge
Xo=X3=X5=0 For the free edge

The boundary conditions at { = 0,1 are

X4 =X7=Xg =0 For the simply supported edge
X¢ = X7 = Xg =0 For the clamped edge

X; = X3 =X, =0 For the free edge

The continuity conditions at the line hinge are given
as

1 2 1 2 1 2
X2(c; = Xéc?"xl’gc; = Xéc;’Xéc; = Xécg = 0’

1 2 1 2
Xﬁ(cz = Xf(ic,37X8(c3 = X8(c;

By using the above conditions and the continu-
ity conditions , the unknown quantities in Eqs.(5a)
~ (5b) can be determined and the discrete solutions
can be obtained. The solution of deflection is used as
Green function to obtain the characteristic equation
of the free vibration.

4. CHARACTERISTIC EQUATION

By applying the Green function w(zo,vo,z,y)/P
which is the displacement at a point (zg, yo) of a plate
with a concentrated load P at a point (x,y), the dis-
placement amplitude w(zo,yo) at a point (zo,yo) of
the rectangular plate with a line hinge during the free
vibration is given as follows:

a b
(0, 90) = / / phesi(z, y)w (@0, Yo, 2, y)/Pldzdy
(6)

where p is the mass density of the plate material and
w is the circular frequency.

By using the trapezoidal integration rule and the
following non-dimensional expressions,

4 _ pohow?a’ _ 4
A= Do(1 — 12)’ ks =1/(uA"),
,y) h(z, w(z,
Hn0) = Z2DEED i - 202
_ w(x07y07x7y) DO(l _ V2)
G(T’07C07"77<) - a I—Da ’

where pg is the standard mass density, the character-
istic equation is obtained from Eq. (6) as

Kow Ko Koo Kom
Kio Kii K Kim
K Ko Koo Kom | =0, (7)
KmO Kml Km2 Kmm

Table 1 Convergence of natural frequency parame-
ter A for a SSSS square plate with a line
hinge (b/a = 1.0,h/a = 0.01)
Mode sequence number

m 1st 2nd 3rd  4th 5th 6th
4 4.21 847 865 11.30 12.78 15.63
6 410 745 763 9.79 10.03 12.24
8 4.06 716 735 937 937 11.01
10 4.04 704 723 910 9.19 10.53
12 403 697 7.16 896 9.09 10.29
14 4.03 693 7.12 888 9.03 10.15
16 4.02 691 7.10 883 9.00 10.06
Ex* 401 683 7.02 866 888 9.76
Ex** 401 683 7.02 866 888 9.77

Ex.* :Convergent values obtained by m = 12,14
Ex.** :Convergent values obtained by m = 14,16

Table 2 Natural frequency parameter A for SSSS
rectangular plates with a line hinge (h/a =

0.01)
Mode sequence number
he/a Refs. 1st 2nd 3rd 4th 5th 6th
bfa= 0.5
1/3  Ex. 6.86 8.54 11.31 12.84 13.09 13.88
Ref. 19 6.87 8.55 11.32 12.85 13.13 13.90
1/2  Ex. 6.83 8.88 10.51 12.81 13.95 14.03
Ref. 19 6.83 8.88 10.53 12.83 14.04 14.04
b/la= 1.0
0.1 Ex. 4.34 6.13 6.99 8.53 8.56 9.89
Ref. 19 4.34 6.13 6.99 8.51 859 991
0.3 Ex. 4.09 6.24 6.88 8.47 9.79 9.81
Ref. 19 4.09 6.25 6.88 8.47 9.80 9.83
0.5 Ex. 4.01 6.83 7.02 8.65 8.88 9.76
Ref. 19 4.01 6.83 7.02 8.66 8.88 9.79

5. NUMERICAL RESULTS

To investigate the validity of the proposed method,
the frequency parameters are given for rectangular
plates with a line hinge at x = h. (shown in Fig. 1).
In all tables and figures, the symbols F, S, and C de-
note free, simply supported and clamped boundary
conditions. Four symbols such as CSFS delegate the
boundary conditions of the plate, the first indicating
the conditions at z = 0, the second at y = 0, the third
at £ = a and the fourth at y = b. All the convergent
values of the frequency parameters are obtained for
the plates by using Richardson’s extrapolation for-
mula 2 for two cases of divisional numbers m (=n).
v = 0.3 is used. Some of the results are compared
with those reported previously.
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Table 3 Natural frequency parameter A for CCCC
rectangular plates with a line hinge (h/a =

0.01)
Mode sequence number
he/a Refs. 1st 2nd 3rd 4th 5th 6th
b/a= 0.5
1/3  Ex. 9.80 10.93 13.30 15.15 15.86 16.66
1/2  Ex. 9.76 11.26 2.59 15.83 15.84 16.67
b/a= 1.0
0.1 Ex 5.86 8.50 8.53 10.38 11.41 11.44

Ref.? 59 85 86 - — —
03 Ex. 5.83 7.67 845 9.91 11.0911.34

Ref.9 58 77 85 - — -
05 Ex. 557 834 855 10.1510.38 11.29

Ref.9 5.7 84 86 - — -—

he/a=1/3

hefa=1/2 [

() bja=05

hefa=0.1

he/a=03 |

hefa=05 |1 iy

“(b) bja=10

Fig. 3 Nodal patterns for SSSS rectangular plates
with a line hinge. (a) b/a = 0.5; (b) b/a =
1.0.

In order to examine the convergency, the efficiency
and accuracy of the present method for analyzing the
free vibration problem with a line hinge, firstly, nu-
merical calculation is carried out by varying the num-
ber of divisions m and n for a SSSS square plate
(b/a = 1.0) with a line hinge at £ = a/2 and the
thickness-to-length ratio h/a = 0.01. The lowest 6
natural frequency parameters of the plate are shown
in Table 1. It can be found the numerical results con-
verge monotonously from above with increase of the
divisional number. Ex.* and Ex.** are the convergent
values by using Richardson’s extrapolation formula
for two cases of divisional numbers m = n = 12,14
and m = n = 14,16, respectively. They are almost
same. So it is suitable to obtain the convergent results
of frequency parameter by using Richardson’s extrap-
olation formula for two cases of divisional numbers m
(=n) of 12 and 14. By repeating the above procedure,

(a) b/a=05

hefa=0.1

hefa =03

he/a =0.5

(b) b/a=10

Fig. 4 Nodal patterns for CCCC rectangular plates
with a line hinge. (a) b/a = 0.5; (b) b/a =
1.0.

the suitable number of divisions m(= n) can be deter-
mined for the other plates. Numerical results of SSSS
and CCCC plates with a line hinge are presented for
the ratio h/a = 0.01 and shown in Tables 2 ~ 3. The
cases of h./a = 1/3,1/2 and h./a = 0.1,0.3,0.5 are
considered for the plates with aspect ratios b/a = 0.5
and b/a = 1.0, respectively. The exact results ob-
tained by Xiang and Reddy !°) and Wang, Xiang and
Wang ?) using Ritz method are also shown in the ta-
bles. It can be seen the present results agree well with
reference results. The nodal patterns of the lowest 6
modes of the above plates are shown in Figs. 3 ~ 4.
In these figures, the discontinuity of rotation 6, can
be seen and some changes of mode order for the plate
with b/a = 1.0 can be found.

Table 4 Fundamental frequency parameter A\ for
SSSS square plates with a line hinge
he/a
h/a  Refs. 01 02 03 04 05

1/5 Ex. 411 397 3.88 3.85 3.1
1/7 Ex. 423 4.02 396 3.93 3.89
1/10 Ex. 427 413 4.02 397 3.95

Ref. 19 424 — 400 - 392
1/12 Ex. 431 4.17 4.07 4.01 3.99
1/15 Ex. 434 419 4.08 4.02 4.00
1/60 Ex. 434 420 4.09 4.03 4.01
1/100  Ex.  4.34 420 4.09 4.03 4.01

Ref. 190 434 — 409 - 4.01

Tables 4 and 5 show the numerical values for
the fundamental frequency parameter \ of SSSS and
CSCS with a line hinge and the thickness-to-length ra-
tio h/a =1/5,1/7,1/10,1/12,1/15,1/60,1/100. Five
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Table 5 Fundamental frequency parameter \ for
CSCS square plates with a line hinge
he/a

Table 8 Natural frequency parameter A for CSCS
rectangular plates with a line hinge (h/a =
0.2)

h/a  Refs. 01 02 03 04 0.5

1/5 Ex.  4.67 4.77 4.63 443 435
1/7 Ex. 4.89 5.01 4.84 460 4.51
1/10 Ex. 501 5.18 4.97 4.70 4.61

Ref. 19 500 — 497 — 460
1/12 Ex. 513 5.31 508 4.79 4.69
1/15 Ex. 517 5.36 5.12 4.82 4.72
1/60 Ex. 5.18 5.37 516 4.87 4.76
1/100  Ex. 5.18 5.38 5.17 4.87 4.77

Ref. 19 518 — 517 — 4.77

Table 6 Natural frequency parameter A for SSSS
rectangular plates with a line hinge (h/a =
0.2)

Mode sequence number
he 1st 2nd 3rd 4th  5th 6th

b/a=0.5
1/4 6.18 725 8.87 9.88 10.38 10.43
1/3 6.15 7.34 9.03 9.87 10.18 10.34
1/2 6.12 7.57 864 9.85 1044 10.46
b/a=1.0
1/4 3.92 558 6.18 7.25 795 8.17
1/3 385 5.79 6.12 731 8.06 8.14
1/2 3.81 6.12 6.28 7.55 7.56 8.13

Table 7 Natural frequency parameter A for CCCC
rectangular plates with a line hinge (h/a =
0.2)

Mode sequence number
he 1st 2nd 3rd  4th 5th 6th

b/a=0.5
1/4 7.32 802 9.25 10.24 10.64 10.68
1/3 7.29  8.03 9.40 10.23 10.56 10.69
1/2 725 822 9.02 10.22 10.64 10.74
b/a=1.0
1/4 516 6.44 685 7.76 833 8.54
1/3 5.03 646 6.80 7.79 851 8.57
1/2 488 6.76 6.88 795 797 849

cases of the position of the line hinge with h./a =
0.1,0.2,0.3,0.4,0.5 are considered. The results ob-
tained by Xiang and Reddy !9 are also shown. From
these tables, it can be noted for the five cases, the
fundamental frequency parameter A increases 5.2%,

Mode sequence number
he 1st 2nd 3rd 4th 5th 6th

b/a=0.5
1/4 6.36 7.52 9.05 9.89 10.41 10.55
1/3 6.29 7.55 9.21 9.88 10.28 10.41
1/2 6.23 7.78 8.82 9.86 10.49 10.55
b/a=1.0
1/4 473 6.29 636 7.51 821 8.29
1/3 455 6.29 6.32 755 819 853
1/2 435 6.23 6.77 7.78 7.88 8.16

Table 9 Natural frequency parameter A for CSCC
rectangular plates with a line hinge (h/a =
0.2)

Mode sequence number
he 1st 2nd 3rd 4th 5th 6th

b/a=0.5
1/4 6.82 7.78 9.15 10.06 10.57 10.59
1/3 690 7.75 9.30 10.10 10.35 10.47
1/2 6.76 800 892 10.06 10.60 10.62
b/a=1.0
1/4 484 640 649 7.74 829 831
1/3 480 6.38 660 7.65 838 855
1/2 453 641 6.82 7.89 7.90 8.23

5.5%, 5.1%, 4.4%, 5.0% for SSSS square plates and
9.8%, 11.3%, 10.4%, 9.0%, 8.8% for CSCS square
plates when h/a changes from 1/5 to 1/100. The ef-
fect of the ratio h/a on the frequency parameter is a
little different for the plate with different boundary
conditions. But the fundamental frequency parame-
ter X of the plates increases with decrease of the ratio
h/a for all the cases. For the plates with the ratio
h/a larger than 1/10, the increase is obvious. It can
also be noted that the highest fundamental frequency
parameter of the plates with various position of the
line hinge can be found at h./a = 0.1 for SSSS plate
and h./a = 0.2 for CSCS plate. It shows the opti-
mal location of the line hinge changes with different
boundary conditions. But from Tables 4 and 5, it
can be noted the optimal location doesn’t change with
various thickness-to-length ratio.

Tables 6 ~ 10 show the numerical values for the

lowest 6 natural frequency parameter A of shear de-
formable SSSS, CCCC, CSCS, CSCC and CSFC rect-
angular plates with a line hinge. The thickness-to-
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Table 10 Natural frequency parameter A for CSFC
rectangular plates with a line hinge (h/a =
0.2)

Mode sequence number
he 1st 2nd 3rd 4th  5th 6th

b/a=0.5
1/3 6.59 6.97 816 9.64 10.02 10.23
1/2 624 6.88 819 9.37 9.88 10.17
2/3 620 696 7.85 9.49 9.80 10.18
b/a=1.0
1/3 3.86 493 6.16 6.77 6.85 8.11
1/2 3.82 472 6.10 6.75 7.06 8.13
2/3 3.74 488 6.05 633 6.79 7.84

length ratio h/a = 0.2 and aspect ratio b/a = 0.5,1
are considered. The cases of h, = 1/3,1/2,2/3 are
chosen for CSFS plates and the cases of h./a =
1/4,1/3,1/2 are chosen for the other plates. For the
definite ratios h/a,b/a and h./a, the frequency pa-
rameter for the CCCC plate is highest. For the defi-
nite boundary condition and ratios h/a and h./a, the
frequency parameter of the plate with b/a = 0.5 is
higher that of plate with b/a = 1.0. The effect of the
position of the line hinge on the frequency parame-
ter is different for the plate with various boundary
conditions.

6. CONCLUSIONS

A discrete method is used for analyzing the free vi-
bration problem of shear deformable rectangular plate
with a line hinge. The plate is separated into two
parts along the line hinge and the continuous condi-
tions along the hinge are used to obtain the solution
of the whole plate. Green function which is the solu-
tion of deflection of the bending problem of plate is
used to obtain the characteristic equation of the free
vibration. The effects of the position of the line hinge,
the aspect ratio, the thickness-to-length ratio and the
boundary condition on the natural frequency param-
eters of rectangular plates are considered. By com-
paring the numerical results obtained by the present
method with those previously published, the efficiency
and accuracy of the present method are investigated.
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Appendix A

Fii1 = Fiaq4 = Fi33 = Fis6 = Figr = Figs = 1,
Fise = v, Fo12 = Fay3 = Fags = Foyr = Foge = p,
Fosr = pv, Forg = 1, Fyo1 = Fizp = —p, Fyys =
Fss4 = —1, F363 = —J, F370 = =T, F377 = 1, F351 =
—uT', Fs3¢ = p, otherFr;s = 0.
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Apl = Yp1, Ap2 = OaAp3 = Yp2, Ap4 = Yp3, ApS =0,
Ape = Ypa + VYps, Apr = Ype, Aps = Vp1-

By =0, Bpa = wyp1, Bps = wyp3, Bpsa = 0, Bps =
KYp2, Bps = wyp6s Bpr = p(vyp1 + ¥ps), Bps = Yps-
Cpirt = p(Yp3+kriVpr), Cpart = Wyp2+kriYps, Cp3kt =
JYp6, Cpakt = IxiYpa, Cpski = IriYps, Cpekt = —1Yp7,
Cprkt = —Yp8, Cpart = 0.

[’ka] [ﬁpk]_ ’ 711 - Bua 712 - /J’ﬂjja —'7722 = _ﬂlBijy
Yoz = Bii, Y25 = BBjj» Ta1 = —MBij, Va3 = MBijs
Y34 = Bii, Yaqa = Iz],sza Y6 = Biis Yo7 = MV,BJJ»
¥ss = —1LijBijs ¥s6 = VBii» V7 = MBijj> Yes = —JijBiis
Yoo = MBij> Vo1 = Biis Y11 = —bkijBijs Yr6 = BBij,
Vs = Biis Va2 = —HijBij> Va7 = Bijs Tss = Bij, other
Yok = 0, Bij = BiiBij

Appendix B

(1) _ (1) _ 1) _ (1) —(1) 1 _
a(111§)11 a3zOz2 a41013 a6zOz4 a’71015 a8z016 L
b2o“1 = b30”2 = b50]]3 = b60]34 = bmJ]s = bsone =

1’ b30002 =0

2 2 —(2 —(2 —(2 —(2
a(%z;.'))zl = ai(iz()h2 = a’(é(iz)())z3 agz())ul aé’z;))zs = agz%w - 1
20]]1 = b3c;]2 - b50_7]3 - b6c3]4 - 70]]5 - b8c1]6 = 1
5(2)
3c0c2 =
: : (1) =(1)
—(1 —(1
a;i;‘fd = Z{Z BikApt (054 — Gyjpa(l — Oki))
t=1 “k=0
! (1) 1)
+ Z BitByt[@yo154 — Triiga(l — 015))
=0
i
+ Z Z 3ikﬂjoptuﬁ§2,«d(1 . 5ki5tj)}
k=0 l=0

Oki)]

(1) —(1)
bpijgd = Z{Z Bik Apt [koga —

tk]gd(l
7(1) (1)
+ Z BitBpt[biorga — britga(l — bi)]
1=0

i J
=(1
+3°) ﬂikﬂjlcptklbikggd(l - 5ki51j)}

k=0 1=0

qpi; = Z{Zﬂlk"lpt[qtko qillcz 1 — 6ki)]

k=0

J
+3 BiuBplal) — iy (1 - &;)]
=0

J
+ Z > Bk BiuCorriTip (1 51“511)} — Ap1ttiqUr
k=0 1=0
—| - —(2 2)
0= 3o 0 b~ a1~ )
=1

k=c

J
(2
+ Z IBﬂBPt[aicl)fd atzlfd(l 415)]
1=0

i J
+ Z Z ,Bikﬂjlcptklaggfd(l - 5ki5zj)}

k=c =0

7(2)
bpi]'gd Z { Z Bik Apt [btkOgd

k=c

(2)
tk]gd(

1 — 6i)]

7(2) (2)
+ Z ﬂJlBPt[btclgd tzlgd(l - 61.5)]

=0

i ]
(2
+ z Z ,Bikﬂjlcptklbt(fk;gd(l - 51“'51]')}

k=c I=0

2= 5{ 3 sl 701 - )

k=c

+ Z BiuBplae — a1 - 61;)]
1=0

+ z Z ,szﬂ]lcptqutkl( 5]“6[])} pl UiqUjr

k=c I=0
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