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Numerical simulation of Tsunami propagation has been carried out based on four
algorithms of wave dynamical equation. Besides non-linear shallow water equation
which is common for the simulation, dispersive wave model (i.e. Boussinesq-type
equations) is a challenge to make more reasonable model while taking care of the low
computation cost. This paper discussed numerical simulation results of tsunami
propagation model based on dispersive and non-dispersive models. Satellite image
data is used to compare the numerical results with real field sea levels data of tsunami,
Simulation results show that the dispersive models give better prediction but still need
high computation cost while non-dispersive one give consistent result.
Key Words: tsunami, Boussinesq models, nonlinear, dispersion.

1. Introduction

Tsunami is very common coastal wave problems in
earthquake-prone countries, causing devastating damages in
coastal area. The Indian Ocean Tsunami 26 December 2004 is
the most devastating tsunami recorded in history causing over
than 200,000. deaths and millions homeless people, uncounted
property and infrastructure damaged along the coasts of
Indonesia, Thailand, Sri Lanka, and the Maldives. Traveling
distance of tsunami vary from hundreds to thousands km around
ocean basin. Prediction of tsunami arrival time is crucially
important to protect the problems and for the people to evacuate.
Numerical studies have been carried out to simulate tsunami
propagation and several numerical methods have been proposed
to enhance the numerical accuracy. Dispersive wave equation
such as Boussinesq-type wave model is an example and
sometimes applied to simulate coastal waves in nearshore region.

The accuracy of simulation of wave propagation around the
ocean basin is important to give better prediction of ocean and
coastal process. To obtain an accurate prediction, the model
equations would have to include, among other things, refraction,
diffraction, nonlinear shoaling, wave-wave interaction, breaking
and runup treatment, etc (Kennedy et al®). Navier-Stokes
equations are available to do this but it is still impractical to

perform a full solution of Navier-Stokes equations over many
significant domains especially for tsunami propagation. Various
extended Boussinesq-type equations are the one candidate of
approximate models which is available to simulate wave
propagation from relatively deep to shallow water.

During the last two decades, modeling wave propagation
using Boussinesg-type equations is the most interesting research
in the coastal modeling community. Many improvements have
been documented for both of availability and capability of the
models. Modeling schemes based on Boussinesq-type equations
coupled with innovative extension to the theoretical framework
have been shown to be accurate and revealing predictors of a
wide range of near shore hydrodynamic behavior. The recent
development in the field of Boussinesq models was triggered by
the increasing availability of faster computer resources needed to
run the models and the development of variants of the theory
which could be optimized to obtain better dispersion properties
thus allowing the models to treat a larger range of water depths.

Recently, a rapidly growing area of Boussinesq models
application is modeling of tsunami generation, propagation and
runup which in the past has traditionally been approach using
models based on nonlinear shallow water equations (NLSW). At
least three advantages of using Boussinesq models rather than
NLSW model: first, horizontal velocity profile over the depth is
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no longer constraint as constant value and vertical accelerations
are no longer be neglected, second, better prediction of wave
crest geometry and propagation over complex topography, and
third, better frequency dispersion effects in ocean basin. In other
side, Horillo et al.” noted that for practical purpose the NLSW
model are quite reliable because the model gives consistent
results compared to nonlinear Boussinesq model and full
nonlinear Navier-Stokes model. Moreover the NLSW model has
very low computation cost.

This paper will discuss comparisons of numerical calculation
results of models based on linear shallow water (LSW) model,
NLSW model, weakly nonlinear dispersive Boussinesq model
(WNLB), and fully nonlinear but weakly dispersive Boussinesq
model (FNLB), especially for long distance tsunami propagation.
The models were applied to simulate the Indian Ocean Tsunami
26 December 2004. The tsunami source fimction is taken from

Kowalik et al.. To investigate long distance tsunami propagation,

several observation data of maximum amplitude and arrival time
around Sri Lanka were used to compare the numerical results.
According to Kulikov® who reported that the tsunami wave
propagation of the Indian Ocean Tsunami across southwestward
of Indian Ocean were noticeably dispersive, the dispersion effects
were also discussed by comparing the results of non-dispersive
models (LSW and NLSW) which ignores the effects of wave
dispersion and the results of dispersive models (FNLB and

WNLB). The spatial and temporal distributions of the free’

surface at the selected points and transects as shown in Fig.1 were
also discussed.

2. Maodel equations

Lynett and Liu'® have been derived variant of Boussinesq
models for fully nonlinear weakly dispersive waves generated by
a seafloor movement. The equations are used as governing

equations. The model equations are written in terms of u,, and
in a non-dimensional form as :
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where u,, = (U,,V,,) is horizontal velocity vector at arbitrary level
7, which recommended to be evaluated at z, = -0.531%
(Nwogu'?), V= (8/6x, 6/0y) is horizontal gradient operator, while
h and 1 are still water depth and free surface displacement,
respectively. Subscript # denotes partial derivative with respect to
time ¢. Two important parameters € and i are the measures of
nonlinearity and frequency dispersion defined by

e=a,hy', p=h'14y'

€)
wherea, ', h, ', and £,"' denote the dimensional form of wave

amplitude, still water depth, and wave length, respectively.

Equations (1) and (2) are the full equations used in this
simulations which are basically similar to the fully nonlinear
weakly dispersive Boussinesq-type equations of Wei et al'®
(FNLB) with the seafloor displacement terms were added into
the equations. Truncation of the nonlinear dispersive terms of
equation (1) and (2) at O(?) will reduce the model equations into
extended Boussinesg-type equations of Nwogu (WNLB).
Truncation of the dispersive terms of equation (1) and (2) at order
O(?) will reduce the equations into NLSW in which u,, is the
depth averaged velocity vector, while truncation of the nonlinear
terms of NLSW model will reduce the model equations into
LSW model.

3. Tsunami source

The Indian Ocean tsunami is mainly generated by static
seafloor displacement. Kowalik et al.¥ had estimated a permanent
vertical floor displacement that was calculated using static
dislocation formulae of Okada'. The seafloor displacement
calculation of Kowalik et al® then was used in this model as
tsunami source. The tsunami source parameters for Okada’s
formulae are fault location, depth, dip, strike, slip, length, and
width, seismic moment, and rigidity. The fault segment is split
into two segments i.e. southern and northern fault segments to
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“ Table 1 Fault parameters used to generate seafloor movement

Earthquake parameters Sozeﬁ;c;nenf?ult Nosrgqgfnmenf?ult

Strike 335° 350°

Dip g 8

Slip 10° 90"

Length 300km 700km

Depth (SW comer) 8km 8km

SW comer latitude 30N 56N

SW comer longitude HMAE 9B3E

Moment 32x10” dyne cm 7.6x10” dyne cm

Rigidity 42x10" dyne cm* 4.2x10" dyne cm™
accommodate trench curvature.

The total earthquake rupture extent was calculated by using
observed tsunami travel time to the northwest, east, and south of
the slip zone ie. Paradip-India, Ko Tarutao Thailand, and
Cocos Island. The observed travel time then calculated and plot
as reverse where the tide gauge location as the origin point. By
this method, the boundary of slip rupture extent can be fully
described. Strike is determined by trench orientation. Dip and slip
for southern segment are based on Harvard CMT solution while
slip for northem segment is set to 90°. Rigidity is assume to be
4.2x10" dyne cm™. The fault parameters are listed in Table 1. All
of simulation in this study, the fault was calculated for the rise
time 3.0 minutes.

4. Numerical calculation

The goveming equations were solved using finite difference
algorithm in a Cartesian grid as proposed by Wei et al.” which
has been applied on their model named FUNWAVE”. The
numerical calculation model is primarily a recreation of the Wei
and Kirby’s™. Structure of numerical calculation is similar to
FUNWAVE, the difference exists in the added terms due to a
time-dependent water depth caused by seafloor deformation and
treatment of runup modeling by using slot method in which
sponge layer is added at the slot region. A high order
predictor-corrector scheme is used, employing a- third order in
time explicit Adam-Bashforth as predictor step and a fourth order
in time Adam-Moulton implicit scheme as cotrector step. The
implicit corrector step must be iterated until a convergence
criterion is satisfied. Fourth-order finite difference scheme is used
to all spatial derivatives, yielding a model that is numerically
accurate to order (Ax)*, (Ay)* in space and order (A" in time. For
numerical model, (1) and (2) are calculated in dimensional form
by taking & = = 1 and gravitational addition, g, to the coefficient
of the leading order free surface derivative in momentum
equations. Detail of the numerical scheme is referred to Wei and
Kirby'"?.
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Fig. 1 Numerical domain and the location of gauges and

transects.

Modified slot method of Tao as proposed by Kennedy et al.”
and Chen et al.” is applied to model wave runup in which the
potentially wetted grid is treated as an active part of the
computational grid, while sponge layers are added at the grid
which never wetted during simulation. As shown by Kennedy et
al.”, the modified slot method has better enforce of the mass
conservation. Other terms e.g. eddy viscosity terms to model
wave breaking, bottom friction, and sub grid-scale mixing terms
are applied in the similar way as of FUNWAVE.

Numerical domain is selected around Bay of Bengal from
73°E — 100°E in longitude and from 10°S — 23°N in latitude to
accommodate the satellite data comparison but minimize the grid
size and achieves maximum resolution. Bathymetry is taken
from ETOPO2 databank and refined into one minute resolution
by linear interpolation resulting 1620x1980 of grid points with
about 1.852 km x 1.852 km grid interval in the Cartesian
coordinate. Compare to spherical coordinate, the Cartesian
coordinate has embedded error of grid definition. The maximum
error in the x direction is about 237,076 km (8.58 %) at the north
part (23° N) numerical domain and 44,052 km (1.49 %) at the
south part (10°S). While at the middle computation domain (8°N)
the error is about 27,661 km (0.93 %). It is decided to not make
correction to domain error because most part of research
discussion is close to the equator line. Coriolis effects is also be
neglected in the numerical computation.

According to the grid resolution time interval was chosen to 2
seconds due to numerical stability of the models. Open boundary
condition was specified at all ocean boundaries by adding sponge
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layers at those boundaries. The mean water level specified in the
models did not include the effects of tides.

During the calculations, maximum wave amplitude and
tsunami arrival time was recorded at every grid point. Time series
of free surfaces are also recorded at several locations, i.e. points P,
Q, R, and S as shown in Fig. 1. Spatial profile of free surface
along transects A—A, B-B, and C—C will also be discussed. The
spatial free surface along transects C-C will be compared to the
satellite recorded data of Jason 1 satellite altimetry. Transects
A—A and B-B were chosen based on the fact from simulation, it
is known that the main tsunami propagation are directed toward
those direction i.e. Sri Lanka and Maldives.

5. Simulation results and discussion

Numerical calculations were conducted for 350 minutes
(10500 time step) of tsunami propagation starting from the
seafloor deformation event. Simulation results obtained by
WNLB and FNLB models are not significantly different. It
indicates that the non-linear dispersion terms are not give
important effects for modeling of tsunami propagation. While the
simufation results of LSW and NLSW models although show
similarity of the wave patterns but different in the results of wave
height and travel time. Because of the similarity, the next
discussion will be carried out only the simulation results obtained
by LSW, NLSW and WNLB models.

Although not documented here, we noted that simulation
using FNLB model need a very high computation cost (about
20.5 hours by Pentium 4 processor), WNLB model is more
moderate (15 hours), while LSW and NLSW models have very
low computation cost (7 hours and 7.5 hours, respectively) using
the same processor.

5.1 Maximum amplitude and runup

All of the models show similarity of maximum amplitude
distribution. Fig. 2 shows plot of the maximum amplitude
calculated by WNLB model. The figure shows that there are two
main energy lobes of tsunami propagation, one directed to Sri
Lanka and the other directed toward southwest i.e. Maldives. All
of the models show the similarity of distribution of maximum
amplitude.

The highest nmup is predicted in the simulation (using
WNLB model as example) near northem Sumatra (10.77 m),
Thailand (15.51 m), and Sri Lanka (8.4 m). Maximum waves
runup at several locations are recorded and shown in Table 2. For
long distance and deep water tsunami propagation, the results of
models prediction are compare to the observation results resumed
in Wijetunge” around Sri Lanka (seven first lines). Maximum
runup at Thailand and Indonesia is also shown in Table 2 (the last
three lines). It is noted that because of the coarse of grid size used
in the models simulation (about 1.852 km), the gauges are not
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Fig. 2 Plot of maximum amplitude around numerical
domain

located at exactly match with actual location All of the models
show good agreement compared to the observation results, but
overestimation trend is noted although in some case show
underestimation caused by the coarsest of grid resolution used in
simulation.

Distribution of tsunami height around Sri Lanka is not
umiform caused by many factors of tsunami travel path and
morphological domain. Because of these complexities,
combination of both nonlinearity and dispersion give significant
effects to the wave amplitude. For long distance and deep water
tsunami propagation, the difference prediction between
dispersive and non-dispersive models is quite significant (0.1 —
0.8 m). The significant difference also can be seen between the
prediction by LSW model and NLSW model (0.02 —0.55m).

The difference prediction between dispersive (WLNB) and
non-dispersive (NLSW) models is not significant for short
distance and shallow water tsunami propagation because of no
enough time and space to develop the dispersive effects at this
location. but it is quite significant for the different between linear
model (LSW) and nonlinear models (NLSW model and WNLB
model). Most of calculation results of maximum amplitude
using non-dispersive (LSW and NLSW) models are greater than
dispersive (WNLB and FNLB) models, it shows that during long
distance propagation at the deep water, the dispersion effects will
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Table2 Maximum runup predicted by the models and

observation results.
Maximum runup (m)
Location

Obs. | LSW | NLSW | WNLB | FNLB
(nggelo& sy | 40 | 468 | 470 | 388 | 387
ggf;;gg"‘g’g% 70 | 697 | 642 | 678 | 678
ggggé, ossny | 72 | 7B | 718 | 658 | 658
g“llf;i;%lf’;sm 55 | 702 | 696 | 658 | 638
g?l;g%m;l oy | 70 | 885 | 868 | 840 | 840
(T;;gggnga‘;;) 30 | 559 | 560 | 540 | 540
gglgglEb‘; oy | 36 | 346 | 348 | 361 | 36l
glgf;gogh;g?o‘m 50 | 518 | 505 | 508 | 508
m]?;% 45 | 243 | 248 | 232 | 2%:2
gggg&fg%a 105 | 989 | 981 | 972 | 9m

.
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Fig. 3 Sea level along transect C—C measured by Jason 1
(dash), WNLB model (bold), and NLSW model
(solid)

decrease the amplitude but expand the wavelength.

Jason 1 satellite altimetry has measured the tsunami front face
in the satellite track number 129. The measured sea level for
transect 109 or 2 hours after earthquake event given in Gower® is
compared to the model simulation results (transects C-C given in
Fig. 1). Fig. 4 shows comparison of sea level along transects C-C
obtained by models and Jason 1’s measurement. The results
between WNLB model and NLSW model show similarity.

Comparisons of snap shot sea level between models result
and measurement result along transect C-C shows that the front
face of tsunami has the same location at that time. Similarity

profile between satellite record data and model result is weak.
The relatively good agreement between measured and modeled
elevation occurs between 0°S-8°S in latitude. The difference
shows that main energy lobe direction of tsunami propagation
toward Maldives is different between the model simulation and
the real condition. It means that the tsunami source needs to be
improved to increase the accuracy of model simulation.
Improvement could be done by modified the shape of tsunami
source and the rise time of tsunami event.

5.2 Arrival time

It is important for the tsunami prediction and warning system
to predict travel time of tsunami from the source region to the
given location. Over prediction of tsunami arrival time is better
than underestimation prediction for tsunami waming system
because people will be evacuated earlier than it must be. Tsunami
arrival time at each grid point is also recorded during simulation
of the models. We defined tsunami arrival time as the time of the
first extreme surface elevation at the gauge location.

Table 3 shows the comparison of tsunami arrival time
predicted by the models at given location starting from the
seafloor deformation event. Comparisons of arrival time between
models prediction and observation show that all of the models
over predict of tsunami arrival time. It could be seen from Table 3
that all of the model results have over prediction, more than 20
mimrtes at Colombo, Sri Lanka and more than 30 minutes at
Taphao Noi, Thailand. The difference between model and
observation results could be caused by many factors including e.
g. mismatching grid point location, definition of tsunami arrival
time, and tsunami source finction.

At Colombo, Sri Lanka tsunami arrival time calculated by

_dispersive WNLB model is 0.8 minutes later compare to the

result by NLSW model. The results by LSW model also shows
consistency. At Taphao Noi and yacht Mercator Thailand, the
calculation results of WNLB model show similarity compare to
NLSW model results, while the LSW model shows inconsistent
result, it means that the nonlinearity effect is important at shallow
water.

5.3 Dispersion and nonlinearity effects

The dispersion effects play an important role in propagation
of large-medium size tsunami. To visualize the dispersion effects,
two dimension snapshot free of surface elevation at selected
simulation domain is carried out. Visualization window is
conducted from 80°E — 99°E and 2°S — 15.5°N. From the
visualization, the wave pattern after long distance tsunami
propagation can be seen. Simulation results by LSW model and
NLSW model show the similarity of wave pattern, while WNLB
model and FNLB model have the same results.

Fig, 4 shows snapshot image window of free surface pattern

-753 -



Table 3 Tsunami arrival time predicted by the models

) Arrival time (minutes)
Location
Obs. LSW NLSW WNLB

Colombo, Sri Lanka
(19.84°E, 700N) 179 1584 | 1581 | 1589
Taphao-Noi, Thailand
(9842°E, 783°N) 138 1004 | 1014 | 1015
Mercator, Phuket , Thailand
(98 28°E, 7.730N) 108 1014 1006 1008
I ' ! T T 'K

P |
1m0°E

Fig. 4 Snapshot of free surface at 1h 40 min after tsunami event
obtained by: (&) NLSW model, (b) WNLB model.

obtained by NLSW model and WNLB model at time 1h 40 min.
At this time, tsunami reaches the eastern part of boundary in
calculation domain. On the other hand, leading wave of tsunami
is still traveling to India and Sri Lanka. Horizontal shape of the

crest line of leading wave is very similar between two cases.

The WNLB model shows a series of wave patterns behind
the leading wave due to the dispersion effects. Waves
propagation which comprises multiple amplitudes and frequency
components are formed behind the leading wave at the western.
Tsunami sometimes takes its peak not in first arrival wave but in
successive waves. Evaluation of wave dispersion is important to
estimate the following waves after the first arrival wave. The
dispersion effects at western of the source are greater than eastern
because the water depths are also greater. It shows that the
tsunami is essentially non-dispersive in shallow water. Although
does not include the dispersion effects, the NLSW model shows
that the wave front tip matches very well to the results of WNLB
model.

To visualize more detail of the dispersion effects, comparison
of temporal and spatial free surfaces between NLSW and WNLB
models result were carried out at points P(80°E, 1°S) and Q(97°E,
7°N) and also along transects A — A and B — B. At the location
near the source region, the dispersion effects can not be seen
clearly because for short distance tsunami propagation dispersive
waves do not enough time to develop. In order to show the
dispersion effects clearly, the spatial profile is shown after long
distance tsunami propagation. Fig. 5 shows the spatial profile of
sea levels along transects A — A at 1 hour 40 minutes after
seafloor deformation event. Dispersion effects are shown by
WNLB model at the deep water after long distance tsunami
propagation. The leading wave of tsunami is difference between
the results of non-dispersive model and dispersive model. The
LSW and NLSW model show similar results. The leading LSW
and NLSW wave is higher and shifted forward in space compare
to WNLB model results. WNLB model produces a series of
waves following the leading wave. It means that after long
distance propagation, tsunami will come in several peaks after the
leading wave. Wavelength of the leading wave is about 180 km.

The similar trend is also showed along transects B —B. Fig. 6
shows spatial profile of sea levels along the second main energy
lobe of tsunami directed into Maldives. The dispersive waves can
be seen clearly by WNLB model. The leading wave with about
220 km was propagated and followed by several waves with
different length and amplitude. While the non-dispersive model
shows the leading wave with higher amplitude. Water level
profile af the right side (near the tsunami source region) is similar
between dispersive and non-dispersive model.

Fig. 7 shows temporal variation of sea level at point P(80°E, 1°S).
Distance from the source to this location is about 2,778.22 km
with 4,650 m water depth. At this location tsunami has arrived at
2 hours after the source event and propagated for long distance.
The nonlinearity effect is not noticeably. Time series of sea level
calculated by LSW and NLSW model has no significantly
different. The dispersion effect is noticed very clear by WNLB
model. After long distance - propagation on deep water
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time = 1h 40 min

sea level (m)

82 83 84 85 86 87 88
E-longitude (degree)

Fig. 5 Spatial sea levels along transects A-A simulated by
WNLB model (bold), NLSW model (Solid), and
LSW model (dashed)

t=1 hours 40 min

sea level (m)

sea level (m)

82 84 86 88 90
E-longitude (degree)

Fig. 6 Spatial sea levels along transects B-B simulated by
WNLB model (bold), NLSW model (Solid), and
LSW model (dashed)

the dispersive effect is generated. A series of waves with different
period and amplitude is generated. The leading wave has about
15 minutes wave period followed by series of waves with lower
period and amplitude.

Fig. 8 shows temporal variation of free surface elevation at
point Q(97°E, 7°N) as given in Fig. 1 obtained by LSW model,
NLSW model and WNLB model. This location is close to the
source region with about 1.000 m water depth. The figure
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Fig. 7 Temporal sea levels at point P calculated by WNLB
model (bold), NLSW model (solid), and LSW model
(dashed).
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Fig. 8 Temporal sea levels at point Q calculated by WNLB
model (bold), NLSW model (solid), and LSW
- model (dashed).

generally shows similarity of temporal variation of sea level
between dispersive and non-dispersive models. Showing the
figure in detail expressed the different between dispersive,
non-dispersive, and non-linear model results. From the figure we
can conclude that both of non-linearity and dispersion are give
contribution to the wave propagation in the shallow water region.

The similarity between dispersive and non-dispersive models
are caused by the location is close to the source so the dispersion
effect has not enough time to develop. Moreover point Q is at
shallow water in which the dispersion effect is not as high as at

-755 -



deep water.
6. Conclusions

Simulation the 26 December 2004 Indian Ocean Tsunami
has been conducted using four model equations. The LSW
model obtained less accurate and inconsistency compared to its
counterparts in predicting maximum runup and travel time
because the model does not include the nonlinearity and
dispersion terms but for getting the fast result for practical
purpose it is quite reliable to use the LSW model The
nonlinearity and dispersion terms are important for tsunami
modeling. Generally, all of the models give the similar results of
tsunami propagation profile. The WNLB model produces the
best results compared to its counterpart because of the accuracy
and the availability to simulate the dispersion effects especially
for deep water and long distance tsunami propagation. While the
NLSW model is very attractive and quite reliable for practical
purpose because it has low computation cost and give the
consistent results compared to WNLB model.

In order to improve the accuracy of model results while still
take the low computation cost, it is available for the next study to
make an integrated model based on WNLB model and NLSW
model in which for deep water the WNLB model is applied,
while for shallow water the NLSW model is applied.
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