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BF-spline Ritz i % FiL =557 Mindlin HRO$REIFAT

Vibration analysis of rectangular Mindlin plates by BF-spline Ritz method
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This paper presents a numerical method, the BF-spline Ritz method, for free vibration analysis
of rectangular Mindlin plates with arbitrary boundary conditions. The proposed method
utilizes admissible functions comprising the B-spline functions multiplied by a boundary
function to define the Ritz trial function for the transverse displacement and rotations of the
Mindlin plates. The geometric boundary conditions of the plate at edges are automatically
satisfied using boundary functions. To demonstrate the validity and accuracy of the BF-spline
Ritz method, several examples are solved, and results are compared with those obtained by
exact and other numerical methods. Excellent convergence and high accuracy are obtained by
the present method regardless of arbitrary boundary conditions. The effects of thickness-width
ratio, aspect ratio and boundary conditions on frequency parameters of rectangular Mindlin
plates are shown in tabular forms to serve as benchmark data for firture development of pew

numerical methods.
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U7z Mindlin #e885% 213, ZNFSL Uilzbid 25
DERLETHRIND 3 TERESHTEXTEL LN,
Lo T, (EEDERSEt 235 Mindlin RO U7z
fEAERDD = EAEEC 2 HDT Y, Riz IEROATRES
e & ORfERNTREZ O T SOV 5.

% OB A LTz Ritz 16 13, EbofifES
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DORERI EOEGMEE BT IR VeBChH D 2

EDREETHD. T, DOMRMEEEREHTT5
TR, BIROREE RS-k, BEFTRS
NAHEMEHI R U THR S AEIT b, YR
FEATIC R SRR, 130 OEEEIK Y, %k
¥ LER0, BAALTHE Y % Chebyshev IEK Na b
B3 (global functions) 232511 V5. SHTAVIBERS:%
HEMZ= 97201, BERBEE (boundary function) & A
Lo~ H i, EARREIARR Chebyshev IEFUN
Ritz DR E L TRV DTV,

Leissa® 1%, 139 OEAREE Riz IEOFARBRE
L, BB OERGEFEH T 2EFARDBESIHT 21T >C
W5, Liew 5 911, BERICSHTABE R TR &
V57 DI R E A LU EARZIE % Ritz IEI28E
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FUTERF U7z Ritz 334 FAV Y CESIE Mindlin $ROTEEDRENT
EToTW5. £77, B, Zhou 5 'V i3, Chebyshev %
AU R E A LT8R % Ritz TROZAIREEL
IR L, 3 RICHEMERICE S EHEROIEET %
To T35,

DX 5 EAEE Riw tRORBRBEEICEA UL,
FRONRAS L 72575, FETRAIERT D L LEADWREK
WKL TL 20T, REAT5% R BT DD EREY
R Z BT 5. £, O ROEKICE bRy EERREL
PHEEINL, FEREENAVCT RS LB, s,
EEOSAEREIT LT, SRR Tin T 51K
SR EEAT D HHE D 920 Lagrange FEEEA L5
IE Ritz 3 DB O BIVTO B8, (A SHMEDREH R
Lagrange FeZ A LIZEE Riz IECTELSN A%
TTHNDIETEA B L) BB ORI 72 > T D,

—75, RFTEE TR &5 B-spline B2 E DX %
BB (piecewise polynomial finction)?3, Ritz HEFERES
HITHOWBITWD, k- 1 IRD B-spline B, k-2 B%
DERE CORRDERHEE T HER DRSS E
RTHDHDOT, 52 b MFHIERSE RT3
(Zfie OERSBEOBNEPRREIN TS, ZTHETIZ
BESh TV AEREFOEANEEZRKELSHITD L, T
DX T4 DHEENS.

(i) SEEEIE k-1 RO B-spline B A ST 5720
(2, FRATEEIRICERT B X5 s knot YDA, 1 YRIcRIET
IEREE ST BN TNk — 1 BORINR Sy A3
MBNZIR B0, ZOMIK G R A R AICER G TR
REFEENTHHETHSD. Antes'E, 3 RO B-spline
B & S EEIEAREM LT Riz 32 VT, BHRD
BT 21T o T 5. E7, Fuiit i3, B-spline ik %
EEAELTER L-BAEOESLERWT, EHRRD
RERT 21T > TV, L Lss, fiszEhs -
12 & ¥ B-spline B DOEBHLOBGEHEIME T3 5.

(i) /AT spline BEEGE | IR ER 970z, BER
FUZEBR T3 spline B3R DA ZEIE U T-{EIE B-spline B
EHE L, BT EEEEP Riz IEORBREIREST S
FETHY, HL< bR OMEEE LTHNWDRT
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2.1 B-spline B8%¢
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Tk s.

F72, ZO Mindlin HROEENTRVF—T 1L, FHFHES)
BIRETHUE, KA THEZ L.

1 PE L L Léz 2 2
T—Epha) ab LL{W +12(h) 4"+, )}dﬁdf

= goho’ar (Al [M ] {41,
(In

ZIZTC [ Ml TEE- ) w7 ATHY, £, pid
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myr=12,..,i, ns=12, .,
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n*=wb? ph/ D (15)
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ARIZEOROTND, ZZT, & BIUy HHORES A
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N w7 A My I RLTHD. 22T, M, 248
BEE LT Riz T, B O AIREATIIFRD 7 L
< b I R BD, BAFETE, [Klws LM s D
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PENTOWTHRE S, B2 (23, AREEShZIES
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32.492 —T

T T T T 62.060 — T . : T
—— k-1=2 \ A k=2
32492 ——%1t=3 62.040 \ —O0— k-1=3
\ & k-1=4 62.020 —e— k-1=4
32.491 \
\ 62.000
e 32491 \ .‘; 61.980 \\
32.490 v 61.960 T
u\ F
32.490 e \\;\é e o 61.940 %
1 1 1 1 1 61.920 1 1 ,' 1 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30
M=M, M= M,
(a) ' DIRMEC 525 k—1 D2 (b)n's DM B X % k—1 DR
B2 iREh ST A—4 0 ORI 25 k—1 D2 . a/b=1,b/h=10,v=03,x=2/12,CC-CC
2 JEHEE SN IEESTEEROIEER ST A—& 0 OIEME : alb=1, v=03, x=7/12,CC-CC
. Modes
b k-1 M=M,—— 2 2nd 3rd 4th Sth 6th 7th 8th 9th 10th
7 264534 46.1349 46.1349 61.9297 70.5489 715216 83.6970 83.6970 98.3907 98.3907
11 264534 46.1349 46.1349 619297 70.5488 71.5215 83.6970 83.6970 98.3885 98.3885
s 4 15 264534 461349 46.1349 619297 70.5488 715214 836969 83.6969 983885 983885
19 264534 46.1349 46.1349 61.9297 70.5488 71.5214 83.6969 83.6969 98.3885 98.3885
23 264534 46.1349 46.1349 61.9297 70.5488 71.5214 83.6969 83.6969 98.3885 98.3885
27 264534 46,1349 46.1349 61.9297 70.5488 71.5214 83.6969 83.6969 98.3885 98.3885
7 324915 62.0529 62.0529 86.9047 103.594 104.612 124.650 124.650 157.338 158.224
11 324898 619503 61.9503 86.7933 102342 103.325 123.701 123.701 151224 151.224
, 15 324896 619405 619405 867821 102238 103218 123.620 123.620 150.667 150.667
19 324896 619384 61.9384 86.7796 102218 103.197 123.604 123.604 150.566 150.566
23 324895 61.9378 61.9378 86.7788 102212 103.190 123.599 123.599 150.536 150.536
27 324895 61.9375 61.9375 86.7785 102209 103.188 123.597 123.597 150.525 150.525
7 324898 61.9404 61.9404 867819 102306 103.200 123.664 123.664 151.711 151.711
11 324895 61.9374 61.9374 867784 102.209 103.188 123.597 123.597 150.544 150.544
0 3 15 324895 61.9373 61.9373 867782 102.207 103.186 123.596 123.596 150.517 150.517
19 324895 61.9373 61.9373 86.7782 102.207 103.185 123.596 123.596 150.515 150.515
23 324895 61.9373 61.9373 867782 102207 103.185 123.596 123.596 150.515 150.515
27 324895 61.9373 61.9373  86.7782 102207 103.185 123.596 123.596 150.515 150.515
7 324896 619375 61.9375 86.7786 102215 103.194 123.601 123.601 150.714 150.714
11 324895 61.9373 61.9373 86.7782 102207 103.186 123.596 123.596 150.516 150.516
4 15 324895 61.9373 61.9373 867782 102207 103.185 123.596 123.596 150.515 150.515
19 324895 619373 61.9373 867782 102.207 103.185 123.596 123.596 150.514 150.514
23 324895 61.9373 61.9373 867782 102207 103.185 123.596 123.596 150.514 150.514
27 324895 619373 61.9373 86.7782 102.207 103.185 123.596 123.596 150.514 150.514
7 359422 73.2455 732455 107.899 131599 132242 164.615 164.615 216318 216318
11 359419 732375 73.2375 107.889 131.133 131.764 164298 164298 209.627 209.627
100 4 15 359419 732372 732372 107.888 131.125 131.757 164.292 164292 209.457 209.457
19 359419 732372 732372 107.888 131.125 131.756 164291 164291 209.450 209.450
23 359418 732371 73.2371 107.888 131.125 131.756 164291 164291 209.450 209.450
27 359418 732371 73.2371 107.888 131.125 131.756 164291 164.291 209.450 209.450
7 3598590 734306 73.4306 108250 133.370 134.041 166.159 166.159 221.263 229.190
11 359849 73.3946 73.3946 108217 131.695 132.323 165.074 165.074 212.610 212.610
15 359848 733925 73.3925 108214 131.587 132211 165.001 165.001 210.704 210.704
1600 4 19 359848 733923 73.3923 108213 131,578 132202 164.994 164.994 210.538 210.538
23 359848 73.3923 73.3923 108213 131.577 132201 164.994 164.994 210.517 210.517
27 359848 733923 73.3923 108213 131.577 132.201 164.994 164.994 210.517 210.517
31 359848 733923 733923 108213 131.576 132200 164.993 164.993 210.512 210512
35 359848 73.3923 73.3923 108213 131.576 164.993 210.511 210.511
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F-3 HFFH Mindlin IROIEEE T A—F 0 OIGRYE : a/b=1,k—1=4, v=03, k= 7/ 12, CF-FF

Modes
bih M=M— 2nd 3rd 4th Sth 6th 7th 8th 9th 10th
9 333825 7.33990 17.5457 22.4433 23.8451 382646 42.4944 452982 48.2164 59.3992
13 333816 7.33981 17.5455 22.4433 23.8449 38.2643 42.4942 452980 482160 59.3985
s 17 333812 7.33977 17.5454 224433 238448 382642 424941 452979 482159 593983
21 333810 7.33975 . 17.5453 22.4433 23.8447 382642 42.4940 452979 482159 59.3983
25 333809 7.33973 17.5453 22.4433 23.8447 382642 42.4940 452979 482159 59.3983
27 333808  7.33973 175453 22.4433 23.8447 382642 424940 452979 482159 59.3983
5 343089 8.06885 20.0870 255119 282657 47.6086 54.1019 57.1250 61.6243 78.3750
9 343041 8.05765 20.0793 25.4886 28.2259 47.4897 54.0578 56.9682 61.4945 78.0560
13 343034 8.05701 20.0787 254877 282236 47.4844 54.0565 56.9658 61.4904 78.0481
10 17 343031 8.05692 20.0785 25.4877 282232 47.4838 54.0562 56.9656 61.4898 78.0475
21 343029 8.05688 20.0785 25.4877 282231 47.4837 54.0561 56.9655 61.4896 78.0474
25 343028 8.05686 20.0784 25.4876 282230 47.4837 54.0560 56.9655 61.4895 78.0474
27 343028 8.05685 20.0784 254876 28.2230 47.4836 54.0560 56.9655 61.4895 78.0474
9 347205 8.51048 21.2971 27.2462 309762 54.3319 61.7495 65.2464 71.6959 94.7475
13 347130 850768 21.2873 27.2011 30.9602 54.1986 61.2845 64.2174 71.0158 93.0539
17 347111 850678 21.2854 27.1988 30.9565 54.1876 61.2576 64.1485 70.9715 92.9391
1000 21 347105 8.50638 21.2846 27.1984 30.9549 54.1844 61.2543 64.1418 70.9644 92.9266
25 347102 850616 21.2842 27.1982 30.9541 54.1828 61.2533 64.1407 70.9617 92.9236
27 347101 850608 21.2841 27.1981 30.9538 54.1822 61.2531 64.1404 70.9609 92.9228
31 347100 8.50597 21.2839 27.1980 30.9533 54.1813 61.2528 64.1402 70.9598 92.9217
32.4950 : : . : : 61.950 : : : : -
32.4900 61.940 o s a_pn 00
- A A=t C——0 O g—u—0
o 61.930 ——
324850} P/ 61920 D/
. 32.4800 / ., 61910 /
‘s / Y /
32.4750 | / 61900
/ 61.890 /
/ —@— BF-spline Ritz 0T / —@— BFsplincRiz |
324700 O —— AS-spline Ritz 61.880 * —{1— AS-spline Ritz |
32.4650 : - ' : . 61.870 : : ' : -
0 10 20 30 40 50 0 10 20 30 40 50
M= M, M= M,

(a) EAIRBEY ST A —F 1’| OUCHHED S
B3 #REHR ST A—& n OIERMEDH®S - a/b=1,b/h=10,k—1=4, v=03, x= /12, CC-CC

3.4350
3.4300

3.4250

3.4200
3.4150

_ 34100

= 34050}

3.4000
3.3950
3.3900

—4— BF-spline Ritz
/ —0O— AS-spline Ritz

3.3850
0

20 30 40
M= M,

(a) EAIREHU ST A—F 0’} OWEHED

(b)3 WIREH (T A —F 0’y OIRIEDHE:

20.150
20.100

20.050

20.000

*—+——+—00—0—0-0—9

o—
o—
-0
-4

19.950 |

19.900

2 19.850

19.800
19.750
19.700

/ —&— BF-spline Ritz

19.650 ¢

—{+— AS-spline Ritz

19.600
0

20 30 40
M= M,

(b)3 RIEEHS 85 A—2 1’3 DIGEMED L

50

B4 Fries Mindlin AROBEBIE <5 A —4 1" OIHMEOWES : a/b=1,b/h=10,k—1=4, v=03, k= 7/ 12, CF-FF
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F-4  1EJ5% Mindlin AROIEENER (7 A —4 0 OFREEEHES - a/b=1,k—1=4,M,=M,=25, v=03, x=0.8667

Modes

B.C. bl 1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

1000 28.95059 54.74238 69.32573 94.58311 102.2142 129.0918 140.2003 1547703 170.3430 199.8019

Leissa® 28.9509 = 54.7431 69.3270 94.5853 102.2162  129.0955 140.2045 154.7752

Exact” 28.9505 54.7423 69.3257 94,5831 102.2141  129.0914 140.2002 154.7700

100 2892496 54.67434 69.19860 94.36864 102.0112 128.6907 139.7821 154.2164 169.8081 198.9371
CC-SS  Exact 28.9250 54.6743 69.1986 94.3686 102.0112  128.6906 139.7820 154.2163  169.8080

10 26.73694 4926064 59.48013 79.19508 87.20719 102.0186 112.6778 119.7031 135.3588 149.3531

Exact 26.7369 49.2606 59.4801 79.1951 87.2072 102.0186 112.6777 119.7031 135.3588

5 22.50991 40.13838 45.05690  59.12267 66.37057 71.39039 81.14926 83.11869 96.08455 99.72336

Exact 22.5099 40.1384 45.0569 59.1227 66.3706 71.3904 81.1493 83.1187 96.0845

1000 12.68720 33.06432 41.70137 63.01322 72.39579 90.60953 103.1579 111.8932 131.4263 152.7670

Leissa 12.6874 ~ 33.0651 41.7019 63.0148 72.3976 90.6114 103.1617 111.8964 131.4287

Exact 12.6862 33.0600 41.6993 63.0064 72.3896 90.6054 103.1439 111.8848 1314175

100 12.67507 33.00227 41.65197 62.87529 72.23080 90.42899 102.8227 111.5885 131.0107 152.1675
CF-SS  Exact 12.6728 32.9925 41.6472 62.8595 72.2171 90.41940 102.7904 111.5689 130.9964

10 12.26060 30.47426 38.71284 5597355 6295274 78.81199 86.27131 94.09057 106.1656 121.6423

Exact 12.2606 30.4743 38.7128 55.9736 62.9527 78.8120 86.2713 94.09060 106.1656

5 11.39313  25.89750 33.07474 45.04449 48.89111 61.30141 64.61475 70.72017 76.05733  87.00458

Exact 11.3931 25.8975 33.0747 45.0445 48.8911 61.3014 64.6148 70.72020  76.05730

1000 9.631339 16.13438 36.72444 38.94455 46.73713 70.73751 75.28141 87.98508 96.03799 111.0206

Leissa 9.6314 16.1348 36.7256 38.9450 46.7381 70.7401 75.2834 87.9867 96.0405

Exact 9.6311 16.1313 36.7161 38.9433 46.7317 70.7222 75.2692 87.9819 96.0288

100 9.627585 16.10412 36.63054 3890724 46.65234 70.52101 75.08293 87.82257 95.79972 110.5708
FF-SS Exact 9.627000 16.09710 36.61120 38.90430 46.63930 70.48460 75.05540 87.81510 95.77770

10 9445770 15.40539 33.91605 36.42458 42.88701 62.33041 66.37198 76.90421 82.71899 9297177

Exact 9.4458 15.4054 33.9160 36.4246 42.8870 62.3304 66.3720 76.9042 82.7190

S 8.999676 14.13408 29.25582 31.43376 36.16462 49.89530 52.80120 60.10637 63.79605 69.97570

Exact 8.9997 14.1341 29.2558 31.4338 36.1646 49.8953 52.8012 60.1064 63.7960

F7z, D2V TERD b/ b= 1000 (L TH—RE7GRIR
EAELN TS,

DI OB E T, spline k3K k—1 124 REFAWS.
#=-31203, ﬁﬁ%lEﬁHﬁ(CFFF alb=1D1%nd
10 RE CORES ST A—F 0 @umri W52 BX5r
DM, x M, DFBENR L ToD. ZIT, &Lk Db/hIX
5,10, 1000 {ARE L, 7R3 R0 Mo=M, 137 55 31

FTCELSETCND.

hd, #2 CIFHIEEOICRIKENB DN TS
73§ JERDEEIESTARIL, BRI 6 HTFRED E CIGRIEAS

BOHNTNBDIZK LT, FFEFHLIEAFRTIY, BHE
5 W & 2o Cna,. ZORKIY, ArEIEH-T~&58
AT TS RSO ATH Y, THUIEEREIC
Lo TETH-Sh T3, fih, BEIRETEZET0
T R E R FHRER GG ANE 2 D,
Ritz ¥ T, BEE A BRI TR AR Bk T
TR - SN B 728, B2 o7 IERIRREN S
BRTWALDLEEZ HILA.

3.2 XFik& AS-spline Ritz ;ZDFEOIEIEORE

T 2T, AFHBF-spline Ritz 15) & BRITRE X TH
BARAR SREA AV V- B-spline Ritz #5(AS-spline Ritz 1)
& DIRIREES HHE U, BER G DI ED RO
B2 DT OV 5. B3 BLURH 121
FNENELERE SN IESEERCCCC, a / b= 1)&
BE-spline Ritz & AS-spline Ritz % ? 2V TR A
BB T A—4 0\ & 3IROIEE $F A —4 n' IR
TEDOHIAVRENTWA. 72751, b/h=101IRELT,

XA EDEM, = M, 137 25 51 ifﬁfq‘héﬁﬂ\é l
Z T, B-spline BEOEEH OB ZRI—IZ L, BESE
HORNIEEDH R AT DDl EE b E-1=4%
WTNS, LnLadsh, BF-splineRitz #5TIE, 2 KBS
FEHA B-spline BEICTR UCWBDT, 6 IREATFORSy
HRIZERIZ R > TWD Z LICEET 5.

Ik, BTFNREREEEZEEBMNICHRE S
BF-spline Ritz {EOfRY, FVIGRIREEZ R L, HHEHY 2
WA TNERERFS LN TWS., Zhicx LT,
AS-spline Ritz ¥ Cl, FNENTzbA & 2 DOEEEAITR
BT AEEAREEED DX S RISEATADT, X
REERIES L, HBERE —EEZmD -7 THPD
DIFIREEAME SN TS, LT3 - T, Riz EORRE
e UC, S LOVRITESE DT, Seeas
RE&MF% BERTHE ST PA A A L2,
TRVSREERT, RONRERDD Z LB TE D,

3.3 AFEOBOFEELLE:

T4 1203, B A 2 MAEREE SN, o 25808
ZHENEE, BEfTERBLIUHATHSIESF Mindlin
ROWBERE T A—F ORFEHEIRLTHSE. 22T,
K =086667, M, = M,=25\2& 0, £72 b/hid, 1000 D>
55 ETHLIFTH D, HHERDT=3HIZ, Hashemi - Arsanjani
(2 & 0 sked Sz Mindlin HROBERE D & Leissa 12 & 53
WOBEMROISTLTCH B,
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#F5 RS Mindlin ROBEEEL T A—F 1 OFSEEHEL : k—1=4,M,=M,=25,v=03,x=5/6

Modes
B.C. dlb bih Ist 2nd 3rd 4th 5th 6th 7th 8th 9th 10th
5 26.5241 462956 462956 62.1636 70.8310 71.8103 84.0440 84.0440 98.8200  98.8200
pb-Ritz'”  26.525 46295 46295  62.164 - 70.831  71.810  84.045  84.045  98.8204  98.8204
DSC-Ritz? 26.525 46296 46296  62.165  70.831  71.811
10 325243 . 62.0386 62038 86.9490 102434 103412 123.892 123.892 150923  150.923
1 pb-Ritz 32.524 62.038  62.038  86.949 102435 103.412 123.892 123.892 150.924  150.924
DSC-Ritz  32.524 62.041 62041 86960 102436 103.414
1000 359848  73.3923 73.3923 108.213 131.576 132200 164.993 164.993 210.512  210.512
pb-Ritz 35.988 73394 73394 108217 131.577 132204 164.997 164.997 210.515  210.515
CC-CC Thin plate® 35.992 73413 73413 10827  131.64  132.24
5 19.2406 242046 324722 414992 43.1359 453840 517742 553676 603413  67.7899
pb-Ritz 19.241 24204 32481 41499  43.136 45384  51.774 55368  60.342 67.790
DSC-Ritz  19.241 24205 32473  41.500  43.138 45386
10 227912 29.1303 40.1772 549811 553340 60.4566 69.7281 73.7978 82.6665  94.8790
2 pb-Ritz 22.791 29.130  40.177 54981 55335 60457  69.729  73.799  82.668 94.890
DSC-Ritz  22.792 29.134  40.180 54983 55344  60.466
1000 245775  31.8257 447691 63.3303 63.9820 71.0749 832709 87.2566 100.7900 116.388
pb-Ritz 24.581 31.828 44772 63.332  63.984  71.078 83274 87293  100.799  116.546
5 333924 734782 175723 22.4683 23.8881 38.3427 42.6035 45.3956 483259  59.5436
pb-Ritz 3.340 7.348 17.574 22468  23.889 38344 42605 45396  48.328 59.546
10 3.43064  8.06026 20.0888 254992 28.2441 47.5302 54.1156 57.0138 61.5590  78.1431
1 pb-Ritz 3.4307 8.0615  20.091 25499 28247 47534 . 54.119  57.016  61.568 78.149
1000  3.47100  8.50597 21.2839 27.1980 30.9534 54.1814 61.2528 64.1402 70.9599  92.9218
pb-Ritz 3.5027 85214 21298 27204 30972 54203 61267  64.144  70.994 92.932
Thin plate  3.4917 8.5246  21.429 27331 31111  54.443
CE-FF Sigillito®®  3.4729 21304 27.291 54262  61.276
5 0.847793 3.31683 5.05690 10.4523 13.2794 19.0387 20.1737 24.0809 25.6266  29.4377
pb-Ritz 0.8478 3.317 5.057 10453 13281  19.040  20.173  24.082  25.627 29.440
10 0.855547 3.54606 5.27217 11.4343 14.5051 21.6128 222782 27.7457 29.4858  34.9171
2 pb-Ritz 0.8557 3.5461 52723 11436 14506 21.617 22279  27.748  29.489 34.926
1000  0.859817 3.70028 535836 12.0439 15.0371 23.1288 23.2752 29.6118 31.7310  38.1936
pb-Ritz 0.9514 3.728 5.378 12056 15.048  23.142 23281  29.620  31.743 38210
Sigiltito 0.8604 5.3618 15.048 23.561  29.668
5 491733 162720 19.9557 31.9807 39.6672 43.9439 519149 54.1876 68.1617 - 71.0857
pb-Ritz 4918 16272 19956 31.981  39.667 43.944 51916  54.188  68.162 71.088
10 5.19084  18.0829 23.0573 38.7027 47.9321 55.9998 66.7099 709861 90.2941  97.5413
1 pb-Ritz  5.191 18.083  23.058 38705  47.933  56.004  66.713 70989  90.298 97.548
1000  5.35084  19.0743 24.6695 43.0846 527063 63.7549 77.4866 83.6599 106.310  120.367
pb-Ritz 5.375 19.084  24.679  43.096 52709  63.771 77496 = 83.673 106313 120391
CF-SF Thin plate  5.3639 19.171  24.768  43.191  53.000  64.050
5 201506  7.06100 14.2535 153897 19.5358 257931 27.5325 37.2717 37.9305  39.1503
pb-Ritz 2.015 7.062 14254 15391  19.536  25.794  27.533 37273 . 37.932 39.151
10 208264  7.50068 154752 169678 21.9202 30.0007 32.1564 452880 459676  47.3337
2 pb-Ritz 2.0825 75019 15476 16970 21921  30.005  32.160 45296  45.974 47.339
1000  2.12654  7.73857 16.0354 17.7404 232313 32.1990 34.8705 49.9613 50.6340  52.1549
pb-Ritz 2.1743 77536 16042 17.750 23237 32210  34.876  49.964  50.645 52.161
&Y, RFEETROIARL, b/h OECREIRE. T3, i, JEDEESH-RS Mindlin FROFEHL

o5, BREMAIKT L ThTNCREDOMEEZRLTE
D, AFEOZUIEIHEETE D, Er, HEMRE kDD
T & DREE R ER SN A A T 5 RS Mindlin FROIREHEK
7RG A—F OREEHEPIERD (RLTHD. ZIT, «
115/6 IEL TV, ROFT, pbRizid, Liew &
DER B b B STERAAAA R T R AR AL
BIRE LT Riz I LV RDEETHB. Fiz,

DSC-RitZ2, Hou 578 discrete singular convolution % 35E
R RE L, B L EAE R THAEE% Riz
RSHEA U CROT-ETH 5. 1BELLAS 1000 DEEITIL,
139 OEABEEREEMBEIRE L, HRERRICED<
Ritz - L D ROT-EOBTRLTHS. Zhkv, AFE
TROTART, BEREORELIZERR <, Liew boD
ERLEHEREAVTRDARE RS —B LR ETL

BRI, AFEEOMET, Hou 50 DSCRiz {EORER SO
Liew 5 pb-Riz ETRDFAEE HALR L T, RIS
ZRLTWA., FRFLERICIE, Sgillito™73 Legendre BEAL
ZHH L TRO EFMEL R L TH D, RNFEEOMHE,
pb-Ritz #0213 Y BEERARE L7z Ritz {EOfRE HERL T,
Sgillito »_EFYBITEV FEREZ TR LTS, Lo T, K
FEEZRAVIUE, £ Mindlin IROIREHE S5 A—F D
FOREORW EIMESRD HIB.
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F6 TEe OBERGEEHET HEH Mindlin AROIREEL 5 A —5 0’ DICE-Z HIGEHL b/ h &
MR alb DB k—1=4,M=M,=25v=03, k=7/12

Boundary ab bk Modes

conditions st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

100 35942  73.237 73237 107.89 131.13 131.76 16429 16429 20946 209.46

1 20 34971 69.831 69.831 101.06 121.63 12240 150.16 150.16 188.31 18831
10 32490  61.937 61937 86.778 10221 103.19 123.60 123.60 150.51 150.5%

5 26453  46.135 46.135 61930 70.549 71.521 83.697 83.697 98.389 98.389

100 26.980  41.650 65999 66.402 79.625 100.56 102.84 124.89 135.61 138.14
CC-CC 1.5 20 26414 40459 63221 63.758 75742 95.107 96.809 11636 12595 127.92
10 24896 37439 56533 57.443 66.892 82.999 83.893 98.442 106.55 107.28
5 20.871 30.243 42,508 44.073  49.634 60.467 60.728 68.390 74.053 74.718

100 24.557  31.793 44712 63.225 63.866 70933 83.081 87.067 100.52 116.04

2 20 24.079 31.051 43412 60.898 61.257 67.787 78.955 83.015 94.836 109.32
10 22.772 29.103 40.133 54897 55262 60.361 69.612 73.683 82519 94.707

5 19.196  24.146 32387 41.358 43.009 45230 51.597 55.186 60.129  67.520

100 6.9087  23.854 26545 47490 62566 65397 85348 88.017 12094 123.64
1 20 6.8267 23324 26.006 45.694 60261 63.021 80.735 83.457 113.67 116.12
10 6.6708  22.129 24.705 41.955 54.842 57358 71348 73.968 98.178 100.15
5 62392 18936 21.179 33.692 42.790 44.820 53.417 55.638 70314 71.797

100 4.9626 13.215 23.249 30.066 34.058 52.084 55930 62.556 72.588 78.260

CF-CF 1.5 20 4.9204 13.012 22842 29425 33.122 50.149 54.183 60399 69492 74.599
10 4.8406 12584 21816 27.895 31.072 46.028 49.969 55.129 62.600 66.845

5 4.6104 11.378 18.887 23.813 26.025 36.896 40.050 43.220 48.161 51.203

100 4.2763 9.0808 18.327 22.703 28.743 32.859 39.648 52.095 54711 62.010

2 20 4.249 8.9640 18.038 22.338 28.070 32.175 38450 50595 52.722 59916
10 4.1952 8.7320 17.384 21.373 26.543 30.506 35845 46945 48418 54.741

S 4.0331 8.0737 15.531 18.554 22562 26.043 29.631 38.120 38.847 42.968

100 5.3432 19.042 24.633 42955 52.619 63.626 77.218 83370 106.05 119.82

1 20 5.2880 18.733 24167 41.567 51239 61.358 73.791 79363 101.18 112.24
10 5.1895 18.076 23.043 38.669 47.896 55.937 66.633 70.892 90.180 97.385

5 4.9139 16.254 19.922 31917 39.592 43.831 51.787 54.039 67.974 70.865

100 3.0707 12.064 17.045 28401 29.821 47.761 50.843 55.650 62.298 74.639

CF-SF 1.5 20 3.0443 11.909 16.858 27.768 29.246 46.257 49.628 53.985 60.253 71.506
10 3.0011 11.583 16413 26422 27.847 . 43.011 46.559 49911 55.621 64.699

5 2.8831 10.627 15.064 22913 24.025 35371 38.668 40.275 44950 50.331

100 2.1242 7.7303  16.023 17.723 © 23.193 32.158 34.800 49.887 50.532 52.078

2 20 21079 7.6505 15.863 17.497 22785 31.532 33.959 48.547 49.128 50.699
10 2.0823 7.4988 15471 16961 21910 29982 32.135 45250 45932 47.294

5 20142  7.0557 14241 15372 19.512 25749 27486 37.194 37.851 39.074

100 17.517 35946 51.722 70.887 74.136 10549 108.95 12493 13234 16331

1 20 17.257 34950 50.139 67.867 70980 99.849 10244 117.06 123.81 150.29
10 16.612 32.667 46234 61.102 63.838 87.367 89.092 100.72 106.06 125.69

5 14734 27.077 36985 47.043 48957 63892 65.054 72209 75276 87.099

100 16.201 24.142  40.614 50.525 58.841 66.082 75.507 10041 100.84 104.41
CF-CS 1.5 20 15998 23.684 39.529 49.050 56.838 63.667 72.289 95217 95.675 98.929
10 15.461 22.571 36.946 45330 52.002 58.009 65.002 83.790 84.514 86.679
5 13.820 19.540 30.589 36.371 41.060 45.544 49.935 62.189 62.890 63.484

100 15.795 20.125 29.130 43.151 50.158 54.752 62272 63.970 77.959 86.451

2 20 15.609 19.818 28.537 42.021 48.718 53.046 60.186 61.665 74.644 82.762
10 15.104 19.029 27.076 39.273 45.053 48.794 55.197 56.160 67.080 74.246

5 13.533 16.750 23.189 - 32.489 36.179 38.848 43.881 44.020 51469 56.671

100 3.4701 8.4845 21263 27.150 30.863 53.962 61.152 63.9%9% 70.753 92.513

1 20 3.4583 8.3293 20.935 26.632 29.995 51.770 59.112 61.884 67.845 87.641
10 3.4303 8.0569 20.078 25488 28223 47484 54.056 56.966 61.490 78.047

5 3.3381 7.3397 . 17.545 22443 23.845 38264 42494 45298 48216 59.398

100 1.5345 5.1680 9.5358 17.435 23.769 27.359 35564 37.805 53.069 59.276
CF-FF 1.5 20 1.5312 5.0846 9.4672 17.075 23.430 26.927 34598 36.697 51.575 56.900
10 1.5243 49477 92808 16401 22.618 25783 32.550 34.489 '47.809 52.142
5 15029  4.5890 8.6528 14.634 20.246 22.523 27449 29.200 38.661 41.823

100 0.85966 3.6914 53567 12.017 15.028 23.079 23256 29.577 31.663 38.110
2 20 0.85825 3.6345 5.3333 11.804 14.886 22585 22978 29.053 30961 37.094
10 0.85551 3.5450 5.2714 11430 14500 21.601 22272 27.730 29.470 34.891
5 0.84770 33144 5.0542 10442 13265 19.012 20.158 24.043 25.593 29.383
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3. 4 A DR EHT 5EAN Mindlin 1ROIEEHEY
SA—4

3. 1,32 BLU8. 3 THETLIZ L HIT, AFHEORETRE
B, KR M, M, L spline IRE L — 1 IZBHRT 2.
T 2O, BB B T L SREE: 5 TEEOBERAE
- ORIF Mindlin FROBEMFATZ OV TRT. 72721,
LTSRS EEFITIY, x=7/12, k—1=4, M,=M,=25
WG,

6123, ENTIUERSMD CC-CC, CF-CF, CF-SF,
CF-CS ¥ X UXCF-FF Th 5 EH Mindlin iiDHREH <
A—HZ 5% BEE b /h EDRY a/b DFERRLT
HB. ZIZT, b/ kT, 10005 5 FTRESH, £
a/b i3, 1,152 & LT3,

Zh X v, EJ5 Mindlin AROIRERL 35 A —F DIENS,
BRS, 1EREESDEICKE FEFELTWS,. E,
ORITRUIAEY, XVBEORWVESELRTOT,
BRI DI EE 2 Sl B 72D DR F~v—
77 A MIHEATE 5.

4 HENE

AFRLTIE, BRI St atiTe LT-7EE
B R BT, B E B-spline B A #AED
WS AB IR U, O AR N BERITRE
L7z BF-spline Ritz {5 ER(LL, (EEORASMHEHET
AFEI7H Mindlin AROIEENEAT~OBERIZ OV TRETEAT
STz, RFEOREOIGMEREEHE AT, AFREDH
FitERS LUOSRSH ROV TR LTz, 7, BEfEE KD
B EDNEEREREGER T HERORERRE G 2
DIEELE, RESBEREH ORI OV TORETEATR
STUNA,

AR LNB MR ZE LD L, LITDLE
N THB.

) HTFRERSEE BBICHE SRR
B-spline B8 A4 OB - FEBEREIRKET D
BF-spline Ritz {513, —8RIGRMEER L, F-ZDIX
TS, FRATRF OO RITEOE L R LT, B
—EUIAERMELN TN,

2) WTERERSMCHIET AR SR EEAT D
AS-spline Ritz {EDUNHGRER & H# LT, BF-spline Ritz
BT, 5720 D7y SO ONEENSE L TR

D, it spline KEAE EOIUL, DIy ROET
PEREDMF D,

3) AFHETROTABEEY ST A—#13, BERITH LT
PENIREDDERTRL, D Riz #EL 0 B/
SWIMETH B Z EHD, FHF Mindlin IOIREHEL
RT A—=B DL VEEOR O EFERFE LN,

4) ~FEHAR EOSABEEGE LT Riz EOERL

TR TR 7 0= b U w7 A2 D05, AFED,

JRFTEE TR &5 B-spline Bz V20T, B5

NAEEATHI TR L FIEOD/N S 72 FTEI
725, 7z spline REE — I FoTFE, KRN
BEEThE, ftEESED LS.

BT, AGRSCCR LB OR35S A—F n OER
{MOBIERRATIED R Fv—20 T A MIE- TEITFIUT
SENTH A, 5%, BERRITHERS 3 RITEMEROIRE)
ALY AR~ DO AR TFE OB AT D\ T
BEETLTVETZL,

R  AWITRIIE—EE ) B AR R e B 55
BOBIE, £ EE P RRILERFEE e OE %
FTTUToTebDThD. $T, AIAEPLIL Zliimajt
B A RERCERBIOCHMATEE E L. Z2ig,
O L CRGHDE %E%Liﬂ“

%
K16 TEZ bNATTHRE~ Y v 7 2L, KA TH
25615,

[K¢,¢,1=(§)2( [FOEDIRaEx [6O6OsBdn
+ [FOROIasx (6060 Ry
+ [FOFROISasx 60608y
+ [FOROLLagx [6060s04n )
+ 0 [FOFO1Rax (6060 R an
+ [FOEO1Ragx (6060 Man
+ [FOEOI%aEx (6060 4y
+ [FOROIRaEx (60600 n )

2
+6<1_V>K(5) JZF;°>F;°>Iaed:x (606w %4

£Fy(°)F(')10°d§x £G§0)G;0)J,?S'd77
+ [FOFORasx [6060IRan
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