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Scattering analysis of Lamb waves in perpendicularly bent plates with and without a

crack is presented. Single cracks on the inner or outer surface of a bent part with various
lengths are considered. The scattering behaviors of Lamb waves in the bent plate with

or without a crack are discussed in order to investigate the potential of Lamb wave

ultrasonic method for characterizing cracks in a bent part. Experimental results are also

carried out to verify the numerical results.
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1. Introduction

The application of Lamb wave ultrasonic method to
nondestructive detection of a defect in a thin plate has
attracted great attention recently. The Lamb wave
method has an advantage that it can scan the area
between the transmitting and receiving transducers.
Therefore, the Lamb wave method can give a fast in-
spection of defects in a plate. The ability of Lamb
waves to detect defects in a plate has been reported
in several papers. Alleyne and Cawley'), Lowe and
Diligent?), Koshiba et al.®), Al-Nassar et al.®, and
Cho et al.®) presented the scattering analysis of Lamb
waves by notches on the surface of a plate. Rokhlin®,
Crane et al.”), and Castaings et al.®) performed the
scattering analysis by cracks inside a plate. Lowe
et al.%) investigated the transmission of Lamb waves
across adhesively bonded lap joints of two plates. In
this paper, the scattering analysis of Lamb waves in
perpendicularly bent plates with and without a crack
is presented by using the mode-exciting method'®).
The single cracks on the inner or outer surface of the
bent part with various lengths are considered. The
scattering behaviors of Lamb waves in the bent plates
with and without a crack are discussed in order to in-
vestigate the ability of Lamb wave ultrasonic method
in characterizing cracks in a bent part. Experimental
study is also performed to verify the numerical results.

A statement of the scattering problem of Lamb
waves are presented in Section 2. Numerical results
and discussion on the scattering coefficient are shown

in Section 3. Section 4 presents the experimental
study, which is followed by the conclusion in Section
5.

2. Scattering problem of Lamb waves

In this paper, we consider a perpendicularly bent
infinite plate with curvature radius r of the center
plane as shown in Fig. 1. The plate is assumed to be
homogeneous, isotropic and linearly elastic.

The dispersive relations of Lamb wave modes prop-
agating in a flat plate with free surfaces are described
aslh)

tan(gh) 4k*pq

wnoh) T @k 0
tan(qh’) (q2 — k2)2 _ (2)
tan(ph) 4k2pq ’

for symmetric modes and antisymmetric modes, re-
spectively, where k and w denote the wavenumber and
the circular frequency, respectively, and h is the half
of the thickness of the plate. In Eq. (1),

2 2

W W
=5k, ¢=5-F, (3)
T T

where ¢y, and ¢r are the velocities of the longitudinal
and transverse waves, respectively. Fig. 2 shows the
dispersion curves for the steel plate with ¢, =5940 m/s
and ¢=3200 m/s, which is used in our experimental
study. Here S,, and A,, denote the symmetric modes
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Fig. 1 Scattering problem in a perpendicularly bent
infinite plate
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Fig. 2 Dispersion curves of Lamb wave modes in a
steel plate. Solid curves and dotted curves
denote the propagating waves with pure real
wavenumbers and the nonpropagating waves
with pure imaginary wavenumbers, respec-
tively. Dashed curves and double dashed
curves denote the real parts and the imagi-
nary parts, respectively, of the wavenumbers
of the nonpropagating waves with complex
wavenumbers.

and the antisymmetric modes, respectively, of mth
order (m=0,1,2,...). ‘

The scattering problem of Lamb waves in the per-
pendicularly bent infinite plate is defined as follows.
The bent plate is composed of two flat plates (I) and
@ with semi-infinite lengths in which the Lamb waves
propagate and the bent part which is a scatterer. Let
;€ F denote the propagating Lamb wave modes of nth
order in the plain plate (?). Here the superscripts —
and T in ;¥ denote the incident wave propagating
toward the scatterer and the scattered wave travel-
ing away from the scatterer, respectively. It is noted
here that ;4 include both symmetric modes and an-

tisymmetric modes, and are normalized in such a way
that the powers of the modes with unit amplitudes
are equal to unity.1%)

Suppose that the Lamb wave 1%, of the nth prop-
agating mode in plate () with unit amplitude is inci-
dent to the scatterer and scattered waves of all Lamb
wave modes are generated in both plates (O) and () as
shown in Fig. 1(a). In the far field where all scattered
nonpropagating modes vanish, the scattering process
can be written in the form:

2
lxi%n_—>z

j=1 m=1

&

[, ot
jrmXJ%m

(i=1), (4

where %77 is the amplitude of the scattered Lamb
wave ;%5 of the mth propagating mode in the plate
(@ due to the incident Lamb wave ;% of the nth
propagating mode in the plate (9, and N is the num-
ber of propagating modes in the plate (%), which de-
pends on the frequency times the thickness of the
plate as shown in Fig. 2. = The arrow in Eq. (4)
means the scattering process in which the incident
wave ;%, is transformed into the scattered waves
€5 (7=1,2; m=1,...,Nj). In the scattering prob-
lem of Lamb waves, 5T, called scattering coefficients,
are the unknowns to be determined. Note that the co-
efficients ;r% are complex variables, and their square
absolute values and arguments represent the pow-
ers and the phase shifts, respectively. For the cases
i = j and i # j, the scattering coefficients i are
called reflection coefficients and transmission coeffi-
cients, respectively. The reflection and transmission
coeflicients are important parameters in the Lamb
wave method since they reflect the information on the
crack. These coeflicients are the parameters usually

measured in experiments.

(a) (b)

Fig. 3 Three types of perpendicularly bent plates
dealt with in this study: (a) without crack,
(b) with inner crack, and (c¢) with outer crack.

In this paper, we consider Lamb wave scatter-
ing problems in three types of perpendicularly bent
plates: the bent plates without a crack, with an inner
crack and with an outer crack in the bent part, which
are shown in Figs. 3(a)—(c), respectively. The cracks
have the length of d and are located in the middle
of the bent parts and in the radial direction. The
surfaces of the cracks are assumed to be traction free.
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3. Numerical results

In this section, numerical results of the scattering
coefficients ;ﬂ‘n are obtained for the frequencies less
than the cut-off frequency of A; mode. Ay and Sp
modes are the only propagating modes in this fre-
quency range. As a model for our experimental spec-
imen shown later, the curvature radius r/h=2.7 is
adopted. The numerical method used here is the
mode-exciting method. The detail description of the
mode-exciting method can be found in our previously
published paper'® and will be omitted in this pa-
per. The finite region taken for the calculation in the
mode-exciting method is shown in Fig. 4. The lengths
of the finite plates are taken equal to ten times of the
inverse number of the smallest absolute value among
the imaginary parts of the wavenumbers of nonprop-
agating modes. In the numerical analysis, a bound-
ary element method with quadratic elements is ap-
plied with following discretization. The surface of the
crack, the inner and outer surfaces of the bent part,
and the side boundaries are divided into 10 elements,
6 elements, 10 elements, and 5 elements, respectively.
The surfaces of the plates @) and (@) are discretized
into the elements with the length less than one-eight
of the smallest wavelength of propagating mode. In
numerical examples shown later, the error based on
the power balance!® is less than 1%.

5 elements

K—less than 1 /8
N

10/min {Im(k)}

6 elements
5elements

10 elements

2h\

10 elements

’10/min{Im(k)l.

Fig. 4 BEM model in the mode-exciting method.

3.1 Bent plate without crack

The numerical results of the scattering coefficients
3'.7“?” for the perpendicularly bent plate without crack
are shown in Figs. 5(a) and (b) for A9 mode and S
mode incidences, respectively. The abscissa and ordi-
nate represent the nondimensional frequency wh/cr
and the absolute value of scattering coefficients [5r7,],
respectively. This scattering problem is not symmet-
ric problem and both Ag and Sy appear as scattered
waves even if single mode is incident to the bent part.

It can be observed that the reflection coefficients of
the same modes with the incident modes, i.e., Hrjg|

in Fig. 5(a) and Hrgg] in Fig. 5(b), increase to unity

1.0

Fig. 5 Scattering coefficients for the perpendicularly
bent plate without crack. (a) A mode inci-
dence and (b) Sp mode incidence.

as the frequency becomes close to zero. This fea-
ture can be explained by considering that the wave-
lengths of the modes become very large compared to
the thickness of the plate at the very low frequency
and the wave energy hardly passes through the bent
part. As the frequency increases, both reflection coef-
ficients [1r4°| and |}r§g| decrease, but |}7/4° | decreases
more rapidly than Hr:gg |. The difference in decreasing
rate between Hrﬁg| and H‘rgg[ can also be explained
by comparing the wavelengths of both modes. The
wavenumber kh of Ag mode increases with the order
(wh/cr)'/?, whereas the wavenumber of Sy mode with
the order (wh/cp) at relatively low frequency!V). Tt
means that the wavelength of Ag mode decreases more
rapidly than that of Sg mode and the wave energy of
Ag can, therefore, pass the bent part more easily.
Owing to the power balance, the transmission co-
efficients of the same modes with the incident modes,
Iérﬁgl and {%T§g|, behaves reversely to the reflection

coefficients Hrﬁgl and |}r§g| The reflection coefhi-
cients |1r2°| and |[}r5°| and the transmission coef-
Q 0

ficients I%r?ﬂ and |%ri‘g| decrease gradually as the
) A
frequency increases. Note that [{75°| = |}rf{(’)l and
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|1r§§l = l%rf{;{ identically from the Betty’s reciprocal

theorem.

3.2 Bent plates with single cracks

In this subsection, the numerical results of the scat-
tering coeflicients ;rfn for the perpendicularly bent
plates with single cracks are shown in comparison
with the results for the bent plate without crack. The
bent plates with inner crack and outer crack shown in
Figs. 3(b) and (c) with the crack lengths d/h=0.25,
0.50, 0.75, 1.00, 1.25, and 1.50 are analyzed.

1.0
~o— dih=0.00 —— d/h=1.00
08k —— =025 —+ d/h=125
L] ~o— d/h=0.50 —o— dih=1.50
ll”ol dIh=0.75
0.6+
041
02+
0
0 02 04 06 08 1.0 12 14 16
wh/c;
(a)
1.0
—— d/h=0.00
—— d/h=0.25
08r —— dIh=0.50
il —— d/h=0.75
0.6 14 —— dlh=1.00
—— dih=1.25
ol W dlh=1.50
02}
0

(b)

Fig. 6 Reflection coefficients [1r}4°| as a function of
frequency for the bent plates with (a) inner
cracks and (b) outer cracks of various crack
lengths d/h.

Figs. 6(a) and (b) show the reflection coefficients
Hrﬁgl as a function of the frequency for the bent
plates with inner and outer cracks having various
lengths d/h, respectively. The refection coefficients
for the bent plate without crack are shown in these
figures by unshaded circles. As expected, for both
the inner crack and the outer crack, the reflection co-
efficients Hrﬁg! generally increase as the crack length
d/h increases. There is, however, difference between
the characteristics of the increases of Hrﬁg\ for the in-
ner and outer cracks. At the relatively low frequency,

Hrﬁ(‘” for the inner crack increases more rapidly than
that for the outer crack as d/h increases. At the rel-
atively high frequency, high maximum values appear
in Hrﬁg[ for the outer crack at certain frequencies and
the frequencies shift to the lower frequencies as d/h
increases. Such maximum values do not appear in

1r40| for the inner crack.
1" Ag

0 1 i L 1 ] i 1
0 02 04 06 08 10 1.2 14 1.6
wh/cy
(a)
1.0
0.8+
1
i
0.6+ —— d/h=0.00
—— d/h=0.25
041 —o— d/h=0.50
—— d/h=0.75
—— dih=1.00
02¢ —~ dih=1.25
—— d/h=1.50
O 1 i U 1 1 ) 1
0 02 04 06 08 10 12 14 16
wh/cy
(b)

Fig. 7 Transmission coefficients |%r£§| as a function
of frequency for the bent plates with (a) inner
cracks and (b) outer cracks of various crack
lengths d/h.

Figs. 7(a) and (b) show the transmission coefli-
cients ]%rﬁ(ﬂ as a function of the frequency for the
bent plates with inner and outer cracks, respectively.
For the inner crack, I%Tﬁgl decreases monotonically as
the crack length d/h increases. For the outer crack,
however, |§rﬁg1 increases slightly for relatively small
crack lengths. Also, for a large outer crack, |§rﬁ§|
shows a low minimum value at the frequency where
the maximum value of Hrﬁg| appears in Fig. 6(b).

The reflection coefficients [}rg°| for the bent plates
with inner and outer cracks subjected to the incident
wave of Sy mode are shown in Figs. 8(a) and (b), re-
spectively. Hrggl change very little at the very low

frequency. As the frequency increases, H'rgg\ for rela-
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1.0

—— d/h=0.00 —— d/h=1.00
: —— =025 —— d/h=125
0.8+ o dh=0.50 —— d/h=1.50
1,50 -
llrS()I dih=0.75
1480
1753

0 02 04 06 08 1.0 12 14 16

whicy
(b)
Fig. 8 Reflection coefficients Hrggf as a function of
frequency for the bent plates with (a) inner

cracks and (b) outer cracks of various crack
lengths d/h.

tively large cracks show the change. Especially for an
outer crack, Hrﬁ(‘” shows a minimum value at certain
frequency and then increases in the high frequency
range.

The transmission coefficients J%rggl for the bent
plates with inner and outer cracks are shown in
Figs. 9(a) and (b), respectively. For the inner crack,
{§r§g1 increases monotonically as d/h increases. For
the outer crack, |§r§§| shows a peak value at the fre-
quency which depends on the crack length d/h.

Figs. 10(a) and (b) show the reflection coefficients
lirge szrf{(’)] for the bent plates with inner and outer
cracks, respectively and Figs. 11(a) and (b) show the

transmission coefficients 1%r§é’l:|éri‘(’)| The changes
of Hr?é’ :Hrf{(’)| and |%r§§[:|§ri‘(’]| are complicated

because of mode conversion.

4. Experimental study

The experimental setup is shown in Fig. 12. A pulse
generator delivers an electrical signal to a transducer.

1.0
—o— d/h=0.00 —— d/h=1.00
—— d/h=0.25 —— d/h=1.25
081 —o— d/h=0.50 —— d/h=1.50
i;rig' —a— J/h=0.75 ’./. .
0.6
0.4+
0.2}
0
0 0.2 04 06 08 1.0 1.2 14 16
wh/cy
(2)
1.0
1.0
s,

(b)

Fig. 9 Transmission coefficients {%rgg[ as a function
of frequency for the bent plates with (a) inner
cracks and (b) outer cracks of various crack
lengths d/h.

The transducer has a wide frequency range with the
0.5 MHz central frequency. The transducer is set on
the inclined wedge so that Lamb waves are excited
by the refraction of the longitudinal wave propagat-
ing through the wedge. To obtain a wide range of
inspection’s frequency, a 3-cycle toneburst shown in
Fig. 13(a). A laser vibrometer is used as a receiver
to measure the normal velocity on the plate surface.
For the measurement at multiple points, the laser vi-
brometer scans along a line parallel to the incident
Lamb wave propagation direction. The signal de-
tected by the laser vibrometer is sent to an oscillo-
scope to record the waveform with 0.1 usec sampling
time at each point of measurement. To improve the
signal-to-noise ratio, we average 512 successive wave-
forms. The recorded signals are then sent to a com-
puter for further signal processing.

Three specimens of the perpendicularly bent steel
plates with the material properties of ¢ =5940 m/s
and ¢7=3200 m/s are prepared in our experiment.
Each specimen has the thickness of 2 mm, the width of
150 mm, the length of 250 mm for each straight part,
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10 —o- d/h=0.00

—— d/h=0.25

0.8+ —o— dih=0.50

|ir | —— k=075
0.6 - —— d/h=1.00
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- 0.8+ o d/h=0.50 —o— d/h=1.50
‘1’501 = d/h=0.75

wh/cy

(b)

Fig. 10 Reflection coefficients Hr?{f]:]%rfﬁ]] as a
function of frequency for the bent plates
with (a) inner cracks and (b) outer cracks
of various crack lengths d/h.

and the curvature radius r of 2.7 mm. One specimen
has no defect in the bent part, whereas inner and
outer cracks are processed by laser in the bent part
of other two specimens shown in Fig. 3. The length
and the width of each crack are 1 mm and 0.15 mm,
respectively.

At a low frequency, it is known that an Sy mode
has small normal surface displacement so that it is
hard to detect an Sy mode by the laser vibrometer.
In our experiment, therefore, an A, is measured. The
incident angle of the transducer set on the wedge is
chosen as 30°. The transducer with this incident angle
can generate an Ag mode as well as Sy mode. Since
the group velocities of the two modes are, however,
quite different, the incident Ay mode can be separated
from the incident Sy mode in the time domain.

In order to obtain the reflection coeflicient Hrﬁgi
and the transmission coefficient [érﬁy from experi-
ment, three types of measurements are performed as
shown in Fig. 14. Fig. 14(a) shows the measurement
setup for the reflected wave from the bent part. The
transducer is fixed at x=c and the signals are mea-

1
s

o dh=0.00 —— d/h=1.00
oyl e @h=025 — dlh=125
U o =050 —— dih=1.50
- dh=0.75
O i 1 i 1 1 L L
0 02 04 06 08 10 12 14 16
wh/cy
(a)
1.0
o d/h=0.00 —+ d/h=1.00
— =025 —a~ dlh=125
0.87 o dIh=0.50 —— d/h=1.50
1o
‘2“01 —a dIh=0.75

(b)

Fig. 11 Transmission coefficients I%rg;’]:]%ri‘;] as a
function of frequency for the bent plates
with (a) inner cracks and (b) outer cracks
of various crack lengths d/h.

sured at 32 points in the range a < z < b on the same
side with the transducer. Here a=10 mm, b=41 mm,
¢=50 mm. To obtain the transmitted wave through
the bent part, the transducer is also fixed at x=c but
the signals are measured at 32 points in the range
a < z < b on the opposite side to the transducer
position, as shown in Fig. 14(b). The numerical com-
putation is carried out for 2-D problems, but the wave
field in experiment has 3-D configuration. Since there
is a difference in attenuation between 2-D and 3-D
wave fields, the measurement shown in Fig. 14(c) is
carried out as a reference to correct the amplitude de-
cay. Note that the propagation distances of the waves
for the measurements in Figs. 14(a), (b), and (c¢) are
all the same.

The signals obtained by the measurement sys-
tem shown in Figs. 14(a), (b), and (c) are Fourier
transformed with respect to time and measure-
ment position'? to obtained the amplitudes A, (w, k),
Ai(w, k), and A4;(w, k) in the frequency-wavenumber
domain of the reflected, transmitted and reference
waves, respectively. The reflection coefficient Hrﬁg|
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Fig. 12 Experimental setup.
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Fig. 13 (a) 3-cycle toneburst signal at the frequency
fo and (b) its Fourier transform.

and the transmission coeflicient [%rﬁﬂ is then found
as

Ar(w, ko (w))

Hrﬁfﬂ = A (w, Ao ()))’ (5)
1 Ao Ap(w, kAo (w
gl = Ai(—(w,l—c_‘w(w)%’ (6)

where k4°(w) is the wavenumber of the Ay mode,
which is a function of w.

The frequencies of 3-cycle toneburst used in the
experiment are fy=0.4 MHz and f;=0.625 MHz,
or in nondimensional frequency, woh/cr=0.785 and
woh/cpr=1.23. The scattering coefficients in Eqgs. (5)
and (6) are found for the range of 0.8wy < w < 1.2wyq.
Note that the ratio of the Fourier amplitudes of the
input signal at (1 +0.2)f; and that at fy is 0.46 as
shown in Fig. 13(b).

Experimental results are shown by circles in
Figs. 15(a), (b), and (c) for the bent plates with-
out crack, with the inner crack, and with the outer
crack, respectively. Note that since the experiment
is carried out at two main frequencies woh/cp=0.785

Fig. 14 Measurement setups of (a) a reflected wave
and (b) a transmitted wave, and (c) a refer-
ence wave in a flat plate.

and woh/er=1.23, two groups of circles appear in
each figure. The numerical results are shown by solid
and dashed curves. Some errors between the numer-
ical and experimental results are observed. The er-
rors could be attributed to manufacturing error of
the bent plates and the cracks, or 3-D effects which
are not considered in our 2-D analysis. The er-
rors are particularly large at a relatively high fre-
quency (woh/cr=1.23) because the effect of the er-
ror sources becomes more significant at a higher fre-
quency. Though there are some errors, the reflection
and transmission coefficients obtained experimentally
are compatible with numerical results. Particularly,
the difference between the bent plate without a crack
and with cracks can be clearly seen in these figures.

5. Conclusions

The scattering analysis of Lamb waves in perpen-
dicularly bent plates without crack and with inner
and outer cracks of several lengths were carried out
by using the mode-exciting method. The scattering
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Fig. 15 Experimental results in the comparison with
the numerical results for the bent plate (a)
without a crack, (b) with the inner crack,
and (c¢) with the outer crack.

coeflicients as a function of frequency were calculated
for various cracks and were discussed in detail. The
differences among the scattering coefficients of various
cracks showed the possibility for the characterization
of the crack. The experiment was also performed to
verify the numerical results.

The models of bent plates analyzed in this study

are restricted to particular ones which conform the
specimens used in the experimental study. In general,
the numerical results depend largely on the model
adopted in the analysis. To obtain an integrated un-
derstanding of the scattering behaviors of Lamb waves
in bent plates with cracks, in the future, the analysis
has to be carried out for various models, such as the
plates with different curvature radii of the bent parts
and different crack locations and orientations.
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