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An analytical study and the application of the rectangular plates with two adjacent sides fixed

and other two sides free under triangularly distributed regional loads are shown in this paper.

The Type-3 Fourier series analytical method proposed by Higashi, Y. and Komori, K. was

developed here. A comparison study for the bending moments of the fixed sides of the

rectangular plates was carried out with Finite Element Method (FEM). The rationality and the

applicability of analytical results were estimated and discussed. The figures of the

cocfficients of the bending moments and the shearing forces on the fixed sides of the

rectangular plates were presented for the designer.
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1. Introduction

The rectangular plates with two adjacent sides fixed and the
other sides free are commonly used in many civil engineering
structures, such as, the wing walls of the bridge abutment, the
comer retaining walls of a storage-reservoir and the comer slabs
of the veranda of a building. The loads acting on the rectangular
plates include the uniform, triangular and trapezoidal
distributed loads. Sometimes, the triangularly distributed
regional loads, such as, earth pressure or residual water pressure
also act on the rectangular plates. Higashi, Y. and Komori, K.”
have investigated the uniformly loaded rectangular plates in the
same conditions using the method of Fourier series analysis. The
authors” have developed this method for the cases of triangular
and trapezoidal distributed loads acting on the rectangular plates.

In this way, the basic analytical method by using Fourier
series for the rectangular plates has been solved. Since the
design-data of the rectangular plate that fixed-supperted by two
adjacent sides and loaded by the triangularly distributed regional
load have not been offered, it is greatly inconvenient for the
desigpers. From this point <7 =, it is necessity to consider the
analytical results of such kind of plates investigated herein.

This paper shows the analytical study and application of the
regionally and triangularly loaded rectangular plates in the
condition of two adjacent sides fixed and other two sides free.
The Type-3 Fourier series analytical method proposed by
Higashi, Y. and Komori, K. was developed for this investigation.
A comparison study for the bending moments of the fixed sides
of the rectangular plates was carried out with FEM. The
rationality and the applicability of the analytical results were
estimated and discussed. Also, the figures of the coefficients of
the bending moments and the shearing forces on the fixed sides
of the rectangular plates were presented for the designer.

2. Fourier Series Analysis

2.1 Analytical Mcdel and Fundamental Assumptions

The model einiployed in this study is shown in Fig. 1.The
rectangular plate is supporied by the fixed sides x=a and y=b
respectively. The triangularly distributed regional load P(x, y)
was considered as regional earth pressure or residual water
pressure, and the load was distributed uniformly along the x axis
and triangularly along the y axis in the range of b;<y<b. The
maximum intensity of the triangularly distributed regional load
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is described as P, It is assumed that the x and y axes are taken
parallel to the sides of the rectangular plate.
In this study, the following assumptions are used for
analysis:
(1) The deflections are small in comparison with the thickness
t of the rectangular plate.
(2) The rectangular plate is an isotropic elastic thin plate with
elasticity modulus E and Poisson’s ratio v.
(3) The “plane section assumption” is applicable, i.e., plane
sections remain plane before and after bending.
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Fig. 1 Model for Fourier series analysis

2.2 Basic Equation for Deflection of a Plate
It is known that the basic equation for the deflection of a
plate can be expressed as:

4 A4 4
OW e y) 50 W y) OWy) Ply) g
Ox 0x* 0y oy D

where, P(x, y) is the optional lateral load acting on the plate, D is
the flexural rigidity of the plate that can be represented in the
following form:
EP
D= 2

12(1-v%) @
Wix, y) is the deflection of the plate at any point (x, y) and can be
obtained from Eq. (3):

W(x.y)=W,(x.)+,(x.y) 3)

where, W(x, ») represents the particular solution for the
deflection of the rectangular plate which determined by the
triangularly distributed regional load P(x, y). Hence, Wy(x, y) is
determined in such a form so as to satisfy the boundary
conditions on the sides x=0, &, and y=0, b, respectively, and also
to satisfy the Eq. (1) of the deflection surface. The expression of

Wi(x, y) is shown in the next section.

Since, the sides x=a and y=b of the rectangular plate as
shown in Fig. 1 are fixed, the tangent plane to the deflected
middle surface along these edges coincides with the initial
position of the middle plane of the plate. The boundary
conditions are:

c=a, Pan=o0 ()
Ox

y=b, éz(x,b) =0 ()
oy

Also, the sides x=0 and y=0 of the rectangular plate are free
and these edges can rotate freely with respect to the edge line
respectively. That is to say, there are no bending moments
M(0y) and M(x, 0) along these edges. In this case, analytical
expressions for the boundary conditions are:

x =0,
aw aw
Mx(o,y):—D[ —(0,3)+v == <0,y>}:0 (6)
ox oy
y=0,
2 2
M (x.0)= —D[a ”2/ (x.0)+ v 0 ”2/ (x,O)}: 0 )
’ oy Ox

The expression ,(x, ¥) as shown in the right side of Eq. (3)
is the general solution of the rectangular plate and evidently has
to satisfy the equation as follows:

aw, (f.y)+ , 64W22(x.2y)+ OWry) 5 )
Bx Ox"dy dy

W(x, y) must be chosen in such a manner so as to make W{(x, y)
satisfying all boundary conditions of the rectangular plate as
shown in Fig. 1. In this study, a form of Fourier series that
suggested by Higashi, Y. and Komori, K". is used for the
general solution, the expression is:

HAn} cosfy

2 M
Y L R

n=1 . Dﬂz ﬂ

=z M, 2 cosax
F, m [p _p |7 COSX (g
?;1{ ? Do’ +[ - y3] a }2coshab ©)

where, the symbols F,;, F,,and F; are the function of x only

and expressed in the forms:

F, = patanh facosh fx — fxsinh fx
F, =[(1-v)gatanh fa—1~v]sinh fa—x)}  (10)
F,=(1-v)f(a—x)coshBla-x)

Similarly, the symbols F,;, F,and F s are the function of y
only and expressed in the forms:
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F,, = abtanhabcosh ay — aysinh ay
F,= [(1— V)b tanh ab—l—v]sinh ab-y) (11)
Fo=0- V)a(b—y)cosha(b—y)

where, a and b are the lengths of the rectangular plate along the x
and y directions respectively. Mus 4m Mpm and g, are the
integration constants. and are the notations which can be
written as follows:
2m-1rx n-1n
a="—=, p="—= 1
2 a A 2 b ( 3

and m and »n are the integer numbers, m=1, 2 3 - - -,
=123

It is clear that Eq. (9) can satisfy the boundary conditions,
such as, the deflections on the sides x=a and y=b, and the
shearing forces on the sides x=0 and y=0 are zero.

2.3 Particular Solution for the Deflection of the Rectangular
Plate
As shown in Fig. 1, the triangularly distributed regional
Joads can be expressed by the following form:

P(x,y)= (b, <y<b)  (3)

b b L
where, b, is the length at which the load equal to zero, and P
is the maximum value of the triangularly distributed regional
loads. If, in particular, 570, Eq. (13) yields P(x, y)=y/b* Py,
which is the expression for the triangularly loaded rectangular
plates.

In this study, the particular solution #1(x, ) as shown in Eq,
(3) can be expressed in the form of a double trigonometric series
of cos x and cos y from Eq. (13), and the expression can be
expressed as follows:

RIS,
Wiy = bD»Zi;a(a +ﬂ)

>{—(—1)"_ 1 cos b

. 14
F; e (1—b0 /b)}cosax cos fy ( )
In order to determine the integration constants My, 40 Mem
and g, the simultaneous equations that satisfy the boundary
conditions as shown in Egs. (4) to (7) will be developed in the
next section. In order to do so, the Eq. (14) must be exchanged
by the form of a single trigonometric series of cos x or cos y,
and their expressions are given by Egs. (15) and (16)
respectively.
W (ny) = 2P i (- 51) {1 (Batanh fa + 2)cosh fix — fixsinh ﬂx}

=g/ 2cosh fa

) cosfb,
1 . 15
x + (i=b, /b)} cos fy (15)

2P & - (=1)
W](x,y):——az)“Z—-—/(as) x

{1—FV¢—(1—%—F'V5]M}XCOS ax  (6)

(-5,/b)

where, the symbols F), and F,s are expressed in the following
forms:

_ (e btanharb+2)coshay—aysinhay

He 2cosha b 1
P (abtanhab+3)sinte(b— y)—alb—y)coshalb—y)
» 2abcoshab

2.4 Inducement of Simultaneous Equations

The integration constants My, 4 Msmand gy as shown
in Eq. (9) must be determined by satisfying the boundary
conditions from Egs. (4) to (7). For convenience, these
integration constants can be exchanged by using the notations:

_M, _D-o,,

%H—Enax'als @n—me'aj (18)
_ M, _D-4,

b pcd M hd

Substituting the equations (9) and (15) into the boundary

condition Eq. (4), when n = 1, 2, 3, -, the equation that

includes the notations ¢, .y, ,@,, can be obtained as

follows:

fa+sinhfacoshfa v,
2costt fa Ji7

(1 v)fasinhfa—2coshfa
2coslt fa

") -2ap l//bm
; Ko + )’

()20
Pirravie +ﬂ){ ”(ﬂ”‘”””

_ (=) -2 |sinhfa- coshfa— fu "
T abp 2cosltt fa

cosfh, (-1 ‘
[H(l—bo/b) J:) }} ¢

Similarly, substituting the equations (9) and (16) into the
boundary condition Eq. (5), when m=1,2,3,---,

An

the equation

that includes the notations y_ ¢, v, ¢, can be obtained

as follows:
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ga(az+ﬁz)z[ Na J(ﬂ'

. afb+sinhab-coshab~1‘.
2cosh’ ab aa "
. (1—v)absinh ab - 2 cosh ab
2cosh’ ab B
-(=D7"-2| cospb, 1
= I P
a‘a (1-b,/b) b

an

ab - sinh ab - cosh ab
2cosh” ab

__cos pby  absinh ab + 2 cosh ab (20)
(i-5,78)  2abcosh’ab

Again, substituting the equations (9) and (15) into the
boundary condition equation (6), when n = 1, 2, 3,---, the

equation that includes the notations y_ . . w, @, canbe

obtained as follows:

_(I-v)fasinh Ba~2cosh fa v

2 cosh * fBa “
(3+v)smh Pa-cosh pa+ (1-v)pa
2 cosh ? fBa (=v)bag.,,
S ED2aip [ﬁ)z
Z:] b(az+ﬁ2)2 ]i + Vv o Y o
—miz—“zﬁm—v) pag,,
:(-—) -2 | (1= v)pBasinh [)’a+v_ v
azbﬁ“ 2cosh * fa cosh pa
cos pb, (~1)
{1 =5, /b) ﬁb} @)

Also, substituting the equations (9) and (16) into the
boundary condition equation (7), when m = 1, 2, 3,-- -, the

equation that includes the notations _ .o, v, ¢, canbe

obtained as follows:
m 2
B e ( J v
=1 a(a + ﬂ ) B
= 20:
- ’B V)z(/’_m
D@+ p )
_ (=v)absinh ab~2cosh ab
2cosh? ab Vi
+ [(v + 3)sinh b - cosh b + (1— V)ab](l -V) a0,
2cosh? ab
_&D” vZ[(l—v)absinh ab o, cosfb, v
a -’ 2cosh’ ab (1-b,/b) coshab

__cosBb, (1-3v)sinhab-coshab—(1-v)ab
(1-5,7b) 2abeosh’ ab

J (22)

By solving the above simultaneous equations, the notations

Woans PansWom» P €A1 be decided. Hence, using these

notations, the deflections of the rectangular plate will be
determined. In this study, the series in the above-mentioned
expressions converge very rapidly, and a sufficient accuracy of
the deflections is obtained by taking a few terms of m and ».

2.5 Bending Moment and Shearing Force in the Plate

When the deflections of the rectangular plate are determined,
the magpitudes of the bending moments can be calculated. If the
moments per unit length parallel to y and x axes of the
rectangular plate are denoted by M, and M, respectively, their

expressions are shown as:
2 2
M, :—D[a W(’Z"y)wa W(’f’y)J (23)
ox oy
2 2
YR, Al LA y)J 240
oy ox

Similarly, the shearing forces per unit length parallel to y and
x axes, and that denoted by O, and O, respectively, their
expressions are calculated by follows:

__p| Wy FW(x,y)

Q= ( ax’ oxdy’ J (23)
B FW(x,y) OW(x.y)

0, = ( & + %y J (26)

Based on the analytical result of previous investigation, a
sufficient accuracy of the bending moments of the plate can be
calculated when the first five terms (m = n = 5) of the series are
taken into account. Also, the shearing forces of the plate can be
calculated by taking the first ten terms (m = = 10) of the series.
These conclusions will be used to calculate the bending
moments and the shearing forces of the rectangular plates in this
study.

3. Finite Element Method

3.1 Analytical Study of Finite Element Method

As a comparative investigation, the analytical results of this
study and the resuits calculated by FEM were compared.
Considering the analysis of the plates which have non-uniform
sections, such as, the vertical wall of a storing-reservoir, the
3D-finite element method developed by Matsubara, et al” was
adopted. At this method, the tetrahedral element with vertex
rotations was used to improve the analytical accuracy for the
bending problems. The tetrahedral element with vertex rotations
is shown in Fig, 2%,
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3.2 Bending Moments
According to the above-mentioned method of finite element
analysis, only the deflections and the stresses of the bending
members, such as, beams or plates can be obtained. But, the
moment acting on the bending members which is needed for
design can not be obtained. For this reason, the bending
moments of the rectangular plate must be exchanged from the
results of FEM. In this study, the signs ; and , express the
stresses at the surface of the rectangular plate, and the “plane
section assumption” is applicable as mentioned earliar. The

bending moment of unit width can be expressed as:
g

=5 [N -mim) (27

(0'2 “"0'1)

where, o is the compression stress with a minus sign, and o,
is the tension stress with a plus sign.

Fig.2 Tetrahedral element with vertex rotations of FEM

4. Comparative Investigations of the Suggested
Method and FEM

4.1 Rectangular Plates for Analytical Study

Considering the practical cases of this type of rectangular
plates, two typical ones, which acted by the triangularly
distributed regional load were analyzed for the comparative
investigations. The side ratios of the rectangular plates are
chosen as a/b=0.5 and a/b=2.0 respectively. The flexural and
shear strength at fixed sides of the plate with reinforcement
inside it decide the thickness of plate as shown in Figs. 3 and 4.
The triangularly distributed regional loads are distributed along
the length of 24/3 of the rectangular plates, and was considered
as the earth pressure with the angle of internal friction =30°.
The material of the rectangular plates is concrete, it’s strength,
Young’s modulus, Poisson’s ratio are 4=24N/mm’,
E=25000N/mm’, =1/6, respectively. The details and the forces
of the rectangular plates are shown in Figs. 3 and 4.

4.2 Analytical Results of FEM
In the cases shown in Figs. 3 and 4, the elastic analysis

2000mm

6000mm

b=

4000mm

#BOOmm

Fig.3 Rectangular plate for the comparative study
with the side ratio, a/6=0.5

A

Pnax =11.3kN/m*

2=3000mm

P =228 k\/im*

fixed sides __—7

»=3000mm
2000mm 1000mm

ttS)FOmm

Fig. 4 Rectangular plate for the comparative study
with the side ratio, @/5=2.0

for the rectangular plates were carried out by FEM. Figs. 5 and 6
show the analytical results of the principal stress distributions
along the plates. The maximum compression stresses ; and the
maximum tension stresses , on surface at the fixed sides of the
rectangular plate are also shown in Figs. 5 and 6. The intensities
of ;and ;will also be used to calculate the bending moments
at the fixed sides in the next section.

ar =024
g, 120.25

Fig. 5 Stess distributions of the rectangular plate with
a side ratio of @/4=0.5 (unit: N/mm’)

y =008
03:0.07

Fig.6 Stress distributions of the rectangular plate with
a side ratio of a/b=2.0 (unit: N/mm?)
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4.3 Comparison of Bending Moments

The bending moments along the fixed sides of the
rectangular plates as shown in Figs. 3 and 4 are calculated by
using the suggested method. Here, the integer numbers (m=#=5)
of Fourier series were used for the calculation. Also, Eq. (27) is
used to calculate the bending moments from the analytical
results of the stress by FEM as shown in Figs. 5 and 6. The
comparative results of the bending moments are shown in Figs.
7 and 8.

From Fig. 7, the distributions of the bending moments at
side of x=¢=3.0m have a good agreement between the two
methods. But at side of y=6=6.0m, the maximum bending
moment has the difference about 15% between the suggested
method and FEM.

From Fig, 8, the distributions of the bending moments at the
side y=b=3.0m have a good agreement between the two
methods. But at side of x=¢=6.0m, the bending moments have
the maximum difference up to 10% between the suggested
method and FEM.

It is shown that the maximum bending moments calculated
by the suggested method are larger than that calculated by FEM.
The variation of the bending moment in both the methods is not
so large that it can be ignored in the design.

4.4 Shearing Forces

The shearing forces at fixed sides of the rectangular plates as
shown in Figs. 3 and 4 are calculated by using the suggested
method in this paper. Since, the shearing force is the third degree

a (mm)
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=
=
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60 40 20 0

Bending moment Mx (kNm/m)

Fig. 7 Comparison of the bending moments calculated by the
suggested method and FEM («/5=0.5)
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Fig.8 Comparison of the bending moments calculated

by the suggested method and FEM (a/6=2.0)

of differential of the deflection of the plates, the calculated
results of shearing forces can not converge so good as the
bending moments. Especially, this problem appears more
obvious at the corer points.

In order to solve this problem, the second degree regression
curves were used to modify the calculated results. Here, the
second degree regression curves were determined by using the
method of least squares from the analytical results. The
abnormal values of the shearing force at the comer points were
excluded. Therefore, for the sake of safety design, the maximum
shearing forces of the regression curves were employed in the
design. Since the shearing forces acting on the rectangular plates
can not be obtained by using 3-D element as shown in Fig. 2,
the comparison of the shearing force is difficult. For this reason,
the results calculated by the suggested method are only shown

in Figs. 9 and 10.
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curve
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2000 |-

3000 |-oooomeeee

Shear ing force Qy (ki)

b (m)

4000 [---oooooo ,,,,,,,,,,,

5000 |-

6000

300 200 100 0 -100
Shearing force Qx (k)

Fig.9 The shearing forces calculated
by the suggested method (a/6=0.5)
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Fig. 10  The shearing forces calculated
by the suggested method («/6=2.0)

5. Applications of the Analytical Results

5.1 Maximum Bending Moments for the Design of

Rectangular Plates

The rectangular plates loaded by the triangularly distributed
regional distribution forces are often used to the corner retaining
walls as well as storage-reservoir. In such cases, the reinforced
steel bars are arranged at the fixed side continuously, and the
required quantity of the steel bars is calculated by using the
maximum bending moment along the fixed sides. For this
purpose, the coefficient 7, and m, of the maximum bending
moments at the fixed sides of the rectangular plates were
calculated in this paper. By using m, and m,, the maximum
bending moments acting on the fixed sides x=a and y=b can be
calculated by the following expressions:

Mx,max (aﬁy):mx ,a2 'Pmax [kNm/m] (29)

M (x,b):m'v -a’- P

y.max

[k -m /m) (30)

Given consideration on dimension of the rectangular plates
in practical case, the side ratios of the rectangular plate was
selected as a/6=0.5 to 2.5 with a pitch of 0.5, and four cases of
by5=0.0, 0.2, 0.4 and 0.6 were calculated. The calculated results
of the coefficient m, and m, are shown in Figs. 11 and 12
respectively. From Figs. 11 and 12, there is a tendency that the
coefficients m, and m, decrease with the increase of the side
ratios a/b.

5.2 Maximum Shearing Forces for the Design of
Rectangular Plates

For the same purpose as explained in section 5.1, the coeffi

cients gy and q, of the maximum shearing forces at the fixed

sides of the rectangular plates were calculated, and the

maximum shearing forces acting on the fixed sides x=a and y=b

can be calculated by the following expressions:
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Fig.11 Coefficient m, of the maximum bending moments
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Fig.12 Coefficient m, of the maximum bending moments

Qx.max (a’ y) = qx a- Pmax [kN] (3 1)

Oy (1.0) =g, @ Prp k] (32)

The same manner as shown in section 5.1 was used to
calculate the coefficients g, and g,. Figs. 13 and 14 show the
calculated results.

From Figs. 13 and 14, the coefficients ¢, and g, have the
same tendency that the coefficients g, and g, decrease with the
increase of side ratios a/b. Because of the rectangular plates
acting by the triangularly distributed regional loads, the values of
g, are very near to each other at the same side ratio.

For example, in case of Fig. 7, side ratio a/6=0.5, ¢=3.0m,
byb=1/3, and P,,=22.6 KN/m’, by using Figs.11 to 14, the
coefficients m, = 0.075, m,= 0.145, g, =1.04, and g, = 0.64 are
obtained. On substituting these coefficients to Egs. (29), (30),
(31) and (32), the maximum moments M, ,,(a, y=15.3
KN-m/m, M, ,.(x, by=29.5 kN-m/m, and the maximum shearing
forces Qymad@, ¥)=70.5 KN, Oy mexlx, by=43.4 KN are calculated
respectively.
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6. Conclusions

This paper shows the analytical study and application of
rectangular plates with two adjacent sides fixed and other two
sides free under triangularly distributed regional loads. The
followings are concluded from this study:

(1) Based on the Fourier series analytical method”, the
analytical results for the rectangular plates with two adjacent
sides fixed and two sides free under triangularly distributed
regional loads are presented. Hence, the figures of the

coeflicients »1, and m, of the maximum bending moments -

and the coefficients g, and g, of the maximum shearing
forces on the fixed sides of the rectangular plates were
presented for the designer.

(2) A comparative investigation between the suggested method
and FEM was carried out. The results show that the
distributions of the bending moments are in good agreement
between the two methods. Some difference between the
suggested method and FEM is caused by using Eq.(27) of
FEM. But, the variation of the bending moment in both the
methods is not so large that it can be ignored in the design.

(3) The maximum bending moments calculated by the
suggested method are larger than that calculated by FEM.
For this reason, the safety design can be ensured when this
method is used.

(4) In the case of the shearing forces, the second degree
regression curves were used to modify the calculated results.
Here, the second degree regression curves were determined
by using the method of least squares and the abnormal
values of the shearing force at the comer points were
excluded. Therefore, for the sake of safety design, the
maximum shearing forces of the regression curves were
employed in the design.
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