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Development and future view of finite element method in fluids
- On backward analysis using adjoint equation and finite element method —
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Mutsuto KAWAHARA

*ERE TR hRKEHR BIERLIATER (T 112-8551 BR#XEEER 1-13-27)

This paper presents the development of the finite element method in the field of fluids and an
overview of the adjoint equation method applied to the backward analysis in the continuum me-
chanics. Generally, the behavior of the continuum can be determined solving the state equation
specifying the initial and boundary conditions. Contrary to this, there are some cases that a
behavior of the continuum at some points or some parts can be measured and known, however,
the initial and boundary conditions are not known. Sometimes, the coeflicient in the state equa-
tion or the boundary configuration is not known. To solve those problems, it is referred to as
the backward analysis, which consists of the main part of the synthesis. Roughly, the backward
analysis can be classified into two categories, one is the sensitivity method and the other is the
adjoint method. In this paper, overall concept of the adjoint method is developed and applied to
Data Assimilation, Boundary Control, Parameter Identification and Shape Optimization. The
optimal shape determination of the boby located in the transient viscous flow is discussed for
the application of the present formulation.
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SO TEBRTHAILENTED. UTICEFOHE
AR
(1) 1972 &L

HREREZIFBESFICEA L&V OFFFRIL,
Zienkiewicz & V IC LB BRBRICETEbOTHS. £
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DEETED.

1.2 SEOBEH LU ‘LA (Synthesis)’ [TDT
ATEIC IR K D1, ST BN 2 28 HEICR
TIRER 72 MR A 20T, AT AR LT BRI &
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WA LI, il e tERE TR 5 THEE (Estimation)
B L UFME (Assimilation)] , & HIZITAFATIZ AW =F
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analysis) | EMEEN TV, BARBS %2 2 HEI
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BLSBRSEZRTL, ZOHIBT HREL LB
THZ ERThs. L L, REFEXDOFBLES, ¥
HISE, BER S, S LR ORRA E RS
BTHDHZEREN. Z0 L&, BHRELENEHIE
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&R E (Adjoint equation method) (2431} %
T EMRTE DL REREIRY, B A B, oL
TABERDDFETHH. b LERIIT D & NFEN
BENRE. ZOFEIZE, A%, BES (Automatic
differentiation) DFIHN ALV ZD.
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i‘i = al; jj in V (1)
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ETB IO, RICRBEERH LN U E X
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r; = :AUZ on Sl (3)
EEZLNDER S &, REBELKDT T v 7 AN
ti =axi;jn; = ifl on Sg (4)

EBZBNDER Sy ERBHDILDETH. It T
77w 7 ARFRL, n; TERIETRERNY b0
Ay Cdh B — i, HEHAIT, R (1)-(4) TRENDRK
BEFEAICL - TREINDIENREZN. bHAA, F
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T, BRI LY, ERARRET A Y BRIk
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)
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1 [t
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TVB LD LT 5. BB, & (6) THZ bNS I



BT BRI D LI, IR E f}m"‘ﬁlﬂi“ HaBu
LR ED D kb\ ’, ‘MDT&;Z; TZIZED DN
SERVHHEE A, EFESZ ST S L, BB

Find A; so as to minimize J under ()

the constraints of eqs.(1), (2), (3), (4)

ETABTENTED. ZZIZ A 3T LY, flEHELE
FESIZIES S D L RV B IRV, 16825 DIE
BT, FOX DI TWAE. £/, 20 A 250
FHTEBINTLE ST, FATUBRIRRS L H12, #
NENEx ORBEPRRESND Z LIl s,

3. &%

X (7) TRENDMEL, WUNLELMETHD. T
b, (1) ZHEEMHE 5, X (6) DER/IMEZRE
TOR/MAREMETH 5. B/MEREDT-DIZIE, £
TR A (RS DR J DABLE RO D 4
ERHD. ZOEDIZIET VT V%385 (Lagrange
parameter method) BSAVGN B DOR—RTHS. i
RENTFHIBER J* 2RO L D ICRTZ &LICT 5.

tf
[ e
ty
+/ / >\Z(£UZ - axi,jj)dth (8)
ZIZ A; M Lagrange BACH 5. T, K (R) D& 4

5t %fé&
ty
ref e

+/ / /\1(6:1:1 —aéwi,jj)dth
0 1 %4

iy
+/ / (S/\Z(ZL', —amiyjj)dth (9)
0

L7, Fie, N(9) OoEOHEIENX (1) L IEEMIC
0&7%25. K () OFE2HICEETS. 1 HEBOMRE
%\%ﬁﬁb\f%ﬁ/?‘ék,

t tr ty .,
/ (/\Z(S.Z'l)dt = / —(/\idmi)dt - / (Aléml)dt
0 o dt 0

_ [Aiaxi]t:t’ - / Y Gubeodt (10)

nj)dth

—n;)0x;dV dt

t=0

THY, B2 HITFARIZ, 2 B2 21TD &,
/(/\iaéwi,jj)dv;— /(/\iaéa:i,j)nde
Vv S
—/(/\i,jaézci,j)dV
Vv
:/(/\iaémi,j)njds
S
- /(Al’]a&cl)n]ds
S
+/(/\i,jja6xi)dV (11)
|4

L7252 (10), (11) 22 (9) 12
KOEHIT B EMTED.

e
tf
/ [(A 5z,)] "av - / / (A\ibz;)dV dt
t=0
ty
/ / (Aiadz; j)n;dSdt
ty
+/ /()\Lja&wi)ndedt
/ / Aijjadz;)dVdt (12)

X (12) 2 EHITERT S &,

e ot
/[Aézr tde / //\625 )dSdt
/tf/ (sid0z;)dSdt (13)

LB, . i

RALTEHT S L,

—1;)0z;dVdt

)\ — a/\] kk}él']dth

: (Sti = 5(axi,jnj) (14)

8 = a/\,-,jnj (15)

ThD.
SR J DR E TR BT, FOES I T
bbb, K (13) B0 Lhabidiabiu.

§J* =0 (16)

K (16) 1F, ASNCFE R 0 Lo, MR stsZ &
DTED. ZOZ 20T, BT L IZE LTS
T e 0T, HATMUBIOERD Z LT 5.

X (16) L v, HFHEEE A; 5T H5A8ERD D
TERTEB. I oHER

grad(J*); (an

EERTIEITD. ZOARERNAZ EIZLD, BILE

TIELBEIN TV AR/MEFEEZERT 2 &
LD, BNE R BHIEES A, SREER ¢, KD
LI ENRTEB MEFEE LTIEEBRTIE, %
REE, #ema— bR, ma— R AEREBR SN
BILTCWD. ZOHEE, FFEEARLETHIHGENRE
G KA oREREZFEOEEHANDL &, BHENERL
TLEHIHFEMBEWN. £ T,

grad, (J*); = grad(J*); + ¢i;(4; — 4;)  (18)

REDLIITE D HHER ERICELE L T LAMTE
ROITNSD. T I ¢ IZFBEERT, 4; 3dH 500
DBRENIA—F—2RTETHS.



4. F—#4[REME (Data assimilation)

DHOEH t BT DBEIESIITI ZERTED
23, ARG DS I%T&)é(‘:\/\jﬁiﬁ%ﬁ\&)é Zhid, X
BEOFHTICRNOMETH 2. RO L HITEX
fEd 22 &R TE L. AHELTRERT, ROLDITRD.

.’iti = az; jj; (1)
LEZ(()) = C,' (19)
T, =35 on S (3)
t; = ax; jn; = ifz on SQ (4)

S; U Ss
SiNsS, = @

|
n

AHITBE % J i

ty
/ / Wis( J — )

—m)dvdt ()

LB ZORMER, RO LD THS.
Find C; so as to minimize J under (20)
the constraints of eqs.(1), (19), (3), (4)
ZoMEE, X 16) 2, KoL HIZLTAR

grad(J*); #KDDHZENTEH. PR (13) 0F 1
EHR Q0 THDHI0X
Aj = Wilai — ni) — X (21)

ThRiThE R s, THEFEEFRREFFATINS,
X (13) O 2 HIT

Ailts)dzi(ty) — Ai(0)dz;(0) (22)

THHDT, ZOFETERNOTHDIHI LIZLD,
Ai(ts) =0 (23)
RLBMRBE LD ZHIIBE IR (21) ORIRSE

EHZTND. 8010, A (13) DE3, 4HEEXD &,

oty =10 on Sy (24)
ThoHrb,
A, =0 on S (25)
EJ
dz; =0 on S (26)
Thonb,
s; =aiijn; =0 on S (27)

THbH. U EaBEYT L L REFEX (1), (19), 3
(4), B L UBEE SRR (21), (23), (25), (27) Z##<
Eizky, K (13) 1%

5J* = — / (\:(0) - 6C;)dV (28)
Vv

ERL. NG, J D C;

);

x93 A8 grad(J*); i,

grad(J*); = —A:(0) (29)

ERDDHENTES.

IoC, EETRE D ki, R (1) e LT, K (19)
DT EL FIHEGNEZ b DI LT, B RER
(21) 1%, K (23) DT ELKBIBREREZHALD T LI
5. Zos, K (21) 1K (23) LR LT, R
B E PR TR B, e, K (21) IR
EHBERTH DD, REE «; 2300 T, KEHIZ
HBHTHS.

5. RAHH (Boundary control)

{

Sz

A

X
-
.
L)

Sz

®-1 SERGIEET

BzE B-1RTE DI, HEEROE S, 128
TBREERS U, 2HEET A EIZLY, FEHAZBY
T, oL ELZbIE g KEbESRDL LD

T B, EORICTRIERVWHDRBEE RS, Z
D L o R, RSB S PRI TS, Zhid
T, BROWREER U, 0L O HET HEHE &:Jk
BEBOT7 7927 AT, 2HlTH5GL83H0, 1
FH IR IR L TN TV A I Ao EBFRTIRD

LRI ND.

Ti = axij; (1)

:(0) = & (2)

z; = U; on S, (30)

Ty = .i‘i on Sl (3)

t; = ar; ;N = tAZ on 52 (4)
(S.USHUS; = S

(S.US)NS, = & (31)
Sc N Sl = @



Tz, A BRI

L72B. ZoOMEE, ROL RIS,

—n;)dVdt  (6)

Find U; so as to minimize J under

the constraints of egs.(1), (2), (30), (3), (4) (82)

ZOMES, K (16) hHRO X I
grad(J*); KB N TEH. K (13
BEfE 7 RR

LT, A
) DE 1TEND

Aj = Wij(@: — ns) — adj (21)
RO, FH2HEND
Ai(ty) =0 (23)
DL, Zo%RE, X (22) F2HE, X (2) LV
§2:(0) = 0 (33)

Th B, HEWIZ 0 &5, 2 (23) 13k R
(21) DEBEMAETH S, 7 (3), (4) 2LV, FRAKY

L.

)\i:O on Sl (6751- =0

on Sy (6xz; =0

on S2) (25)
on S1) (27)

§; — a/\i,]-nj =0

U ba#gsE45 e REHFRER (1), (2), (3), (
B I UBEMEFREK (21), (23), (25), (27) 28 Z &1

L0, (13) i
tf
= / / (s; - 6U;)dSdt (34)
0 Se
LD b J* O U IZET A AR grad(J*); 1,
grad(J*); = s; on S, (35)
EROLND.
A OEBEHBRRITROL I ICREND.
i’i = QZl; jj (1)
2:(0) = 2 (2)
ti = ax;;n; = Ti on SC (36)
r; = .’ﬁi on Sl (3)
ti = ax; jn; = iz on S2 (4)

5.US)US: = S
(SCUSQ)DSl
S.NSy = &

I
L=
—_
w
-J
~—

AT B A

ty
Ry

Thd. ZORBIL, ROEIITKSND.

—n;)dvVdt  (6)

Find T so as to minimize J under

the constraints of eqgs.(1), (2), (36), (3), (4) (38)

oA, BoOMEEEo R LT, Bt
TR,
N = Wiz —mi) — adjkk (21)
(ST ESER
ANits) =0 (23)

LRDOEND . BEREMHBIZOWVWTHFERTUTO L HIZ
EXLRFTENTES.

)\i =0 on Sl (25)
8; =ak;n; =0 on S (27)

6), (3), (4),
5), (27) &M Z kT

Ll EasmE 5 2 REEFRRX (1), (2), (3
B LU SRR (21), (23), (2
L0, K (13) 1

_ /0 K /S O\ - 8T3)dVdt (39)

LA s JF O T Y 548 grad(J*); 1E

grad(J*); = A; on S, (40)

ERDLND.

6. /35 A—AESE (Parameter identifica-

tion)

HOBERHRIZBT A VAT AR EZ DI L&, By
FTie s LECH 7 BT O BRALRIC I N T, £ ORERE R 8L
HlEh, BEMThHDZ EBEW. —J7, F8 a ITRAT
HIHANDD. TORMNAT A—F 2RO HHEEN
RT A —HRE LRI TN D

ZOMETIE, B FREITRO LS ICRTIENT
ERAR

.I"i = a:v@jj (1)

z;(0) = Z; (2)

x; = 2y on S (3)

t; = ax; jn; = t; on S (1)

SiUSy, = § (5)
SinNsS, = @



7, FHmEE

:%/tf/ Wiz

L% ZOBE, B2EDO LB L EFoTKEDLR
WS, FRE(NTA=F) a B3, REETHD, ZHkK
DL EBMELRD. Thbb, ROLIITRD.

i —mi)(x; —m;)dVde  (6)

Find «a so as to minimize J under

: (41)
the constraints of eqs.(1), (2), (3), (4)

ZOBAE, K (9) D a BELTEHZ EEEZLT

=] f e
+ / / /\1(61'2 — a5$i’jj — xi’jjda)dth
e

FEFIND UTHBCHEZED T, KL (13) 3k
LB,

—1;)0x;dVdt

—az; ;;)dVdt (42)

ty .
(5-]* = / / {VVU(.’L‘l — ni) — /\j - a)\jyk;c}éxjdth
0 |4
t=t
/ [\ (5:17,} v
iy
/ / (Aidt; )det+/ / s;6z;)dSdt
—/ /(/\ixiyjjéa)dth (43)
0 Vv

FHERAER J* BB/ N TH DIzl
§J* =0 (16)

TR hEaszvw. o kb

Xj = le(azl - 771') - a/\j’kk (21)
Ai(ty) =0 (23)

/\i =0 on 51 (25)

S; = a/\i’jnj =0 on SQ (27)

IRDBEME TR & £ ORISR, EREHEEEL Z &R
TE5.

ULEBETLE ROLHWZRD. TROLIREES
2 (1), (2), (3), (4), BLUBEHEFERK (21), (23),
(25), (27) MR &,z 2R (43) ILRATH &

tf
6J* = —/ /(Azwzyuéa)dth
0 v
ty
= —/ /(A,IZ,]nJ)(Sadet
0 S
ty
+/ /(/\Zv,j:ci,j)ﬁadi/’dt (44)
0 1%

Toh 5. X (44) DERFATH 1L, HEREHLV 0 &R
MG, J D a Xkt 2 HE grad(J*) 1T

grad(J*) = /\i’jﬂfi.’j (45)

ERDBZENTED.

7. BEMAKRE (Shape optimization)

E<HmHND LI, AARFIZE IR, H1
Bh, T—A N AREORENEZITSH. Z0L %,
INHDABEMNII2D LD RO RIT A2 5
HLOTHAS I TOMBETELS »HEEL DIFREH I
Lo THOLNTELLDOTHY, DOBEOWRREE I
LHELTELOEALOMBEEZHEEZLTWELOT
HbH. B-2 12T L0, HIEHER S, Ik oLE

S 2

H-2 KEFRREET NV

&R0, HHEEIMARDEEE X, THD L 45. RES
BT

jﬁi = alijj (1)
TIELES LTS

z;(0) = 27 (2)

k2

THE. I o WRETHY, o ITHEEETHD
LT ZOXHITERT S EX (1), (2) 1L, FEFITH
HOREBRIMAOTILEXETHHREAL 2D, FiK
FOBEOREOMEE X, 1, Z; R5ETHE2LND
E95.

X,L = Zz on Sc (46)
BRI
T, = Iy on S (3)
t; = ax; jn; = tAi on Sy 4)
ERD. K 4) Ot ERENTHD. F
(S1US)US, = S
(S1US8.)NS, = @ (47)
5:NS. = @

-10 -



TH 5. FHEEZKT
1

JziLMﬂE—EXE—Ewt (48)

LEZLIG. T F XA TH S, F XS
FTOLMENT, BRALNTZETHD LD, £l g 13
HAMEKT, F 1T,

Fi=- / t;dS (49)
S

<

WCEORDOHND. HBEERDO L D ICEETD.

Find Z; so as to minimize J expressed
by eq.(48) under the constraints (50)

of egs.(1), (2), (46), (3), (4)
Z ORETIE, fRok SRS I i,

* 1 ' -
7= | s - By -

//A

¥ Lagrange B8 TH 5. =T, &
%57 51‘5»’9"6 &L E L JE I,

—az; ;;)dVdt (51)

s T el
(51) D&%

ty R
(5Jik :/ qij(Fi —Fi)(SFjdt
0

ty
:_/ gi; (Fs — F(S/tdet
V]

ty
/ / g (Fy — F At dSdt (52)

LERA DI ENTE S, H 2 HILE 3 MR
e ot AL THEDT, & (13) K LT, f/
WD L HICHET 5 ERTES.

ty R
—/ / Qij(Fi —Fi)étdedt
] c

ty .
+ / (=A; —aXjrr)dz;dVdt
0 \%

+ /V [/\léx,] . v

ty
/ (X\idt;)dSdt
o Js

N /O N /S (s:62:)dSdt (53)

#(53) % 0 & Brmwdizy

~Xj = aXjpk =0 (54)
Aifty) =0 (23)

A =0 on S (25)

si =aXjn; =0 on S (27)
8j = 0 (F; — Fy) on S (55)

72 5 R A MR IE RO D & 2D

PlE#%ET 5 L CRIESFER (1), (2), 3), (4), B
L OBERETERE (54), (23), (25), (27), (55) 2L = &
ic kv, 3 (53) 1F

_ /0 Y /S (s dr)asa (56)

EERENDS. —F

THhoHND,
t:tf
t=0
ERWD &, & (56) 1T
ty
I = — / A (59)
to
LEBTE LD, J* O Z; [R5 AR grad(J);
X
grad(J7); = =4, (60)

ERODLZENTED.

8. SEEMMMREPICETIMEORER
RRE
FEFEREREPETR R O I H N O XE RN, B-3
EBELT, ROLIICRTZEBTED.

V(um +U]‘,1‘)’j:0 in Q (61)

ui,i:O in (62)

u; + UjU; 5+ P —

T u & p BFEREESTHY, v ITEREELRET
H5. BEREMEE, UToX 512425,

u; = (Uyg, 0) on S,

tl = O, U = 0 on SQ
63
u; =0 on Sp (63)

t; =0 on Sp

ZZiz

ti = {=pdij + v(uij + usi)In; (64)

T, n; IEER EOBRMER~S FLVERT.
WIERNSITAMAEIL F, ERE, Fy B3N, B

EHITHD. bl

F; = —/ t;dS (65)
Se

S11-



TEZ NS, DIk g/ NTT BRERDIZE 24, B-6 (TR

SRS J 1, ER AL L. (0T, BoRRIie Y
1t WLEIEIZLDRDOENTNWE 78, BREHIIREHT

J= 5/ (F? + g F3)dt (66)  FREWND I & CEMEIR LT L ET D)
o KIT, Re = 1 OEAITIE DT ESETER & ATk

ThHB. TNRFARCBANEL NS REREE L LTREL, REHROREICE L TR BT
KRBT LEENET S, MR, 2TOHIEBE « @ 7 TSR OAIRESR A v oa iR, Rtk o

THE—ERMFEOTIZ, il LTl s, PR, -8 I RTRE RS b, B-6 IR R &
m BOW—HEERLTWD I END, FRITRE RO MEN 5
Y (a@))-40=0 (67) iz 5.

e=]

T 2T, ae(z;) WA EROEHE, Ao (XPIHIREDOE
FEERT BERROLIICERIND. SiRk0EXE
OFERY X, L L

avava

SR
T
sﬁ:ﬁﬂ

Find X, so as to minimize J under
the constraints of egs.(61), (62), (67)

T
INEROGI
‘A?AV# N

X

(68)

v

1?
S
R
"aS!

AYAVA
Ay
R0

K

s
CRkE)

X (61), (62) ITARERIEIC LD BEBIL L, = E&E%
KOBE T DX 1T HAEERDLZ EINTES.
FIREFEOBER LIzt LT, Fodios L TR
W, BT U TR RS R Wi, WERHTETIZ
LAERGHEEEHN TS, HEIN-AEIL, A v
VA KNI L, RS ORBLZITD. 20D
AL—=D o TEITHVERDH.

B/AMEFREE LT, REABRTEZRAVWE. Bk
B oMy R UESowERTEE XY 2 EnT

X008,
< INRPZA
AIKY
N

xH = x _ . grad(J5)® (69)

RHTAEY XATHELEDLHOTHS. TIIC
o HEEREESE LD OEKTHS.
-3 (TR A B4 I RE RSB R RT.

(-4.04.0) (12.04.03

! D
4 33D lj 115D

3.5D

o -6 BRI

{-4.0,-4.0) 112.0-4.0)

B3 TR

Pt
RIS

NS
SRSk KORERS

e SREERER
R sl
R SNSRI KRR SO Y,

- B s R Ao

B AR RSl
<RI K

’ \ SRR R

=T, BRI L ORISR R ET B I b 15%&%’2%&‘5’%%%‘5
0, Re— 250 & 3 URIERFT5 = & L4 5. ORISR

EF,B-5 R IR ANBR E LR e (e
BEICH L CREE (T ot B EoRET sy BT PRREOBRPR (Re=1 REORETH
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o KEMER/INERDLIFEDHSR

43% #gk FHEN BT B B/ ME TR RSN R
RIS M = A SR A,
i%ﬁﬁ%ﬁggﬁggéﬂ%‘hgﬁh DLFETHD. KRR/ ERD D GTEBLE
PSSt £,
Py 7 s i —

Egggggg’«!%{‘gg:ﬁg o MOWRMORENICHT HHZ

oo N EIRIC R T 5 Rii, BORRRE T 51
R S0t R ’ =
SRR eLcr] - :

SRR TS BEmMAZ ELRYTHD.
“ 1"&&&:4 SOV % Aé'%’hh"‘h \ > GIN . s, N,
AR R e DOYEHT, S OBRME L S B NETH Y, H L

ﬁ'@gﬁ%‘%ﬁ?ﬁsﬁ?@% WIEH OB ABKNIFEA TS bOTHS.

KD <
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