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A new numerical algorithm for nondestructive identification of the boundary conditions
applied on a 3D body based on photoelasticity is developed. This new method for bound-
ary conditions identification is based on the load incremental approach, which linearizes
the nonlinear governing equation of photoelasticity by considering small increments of
applied load. In an earlier attempt, a method for stress identification in a 3D body was
developed based on load incremental approach by the authors. In this new attempt,
the earlier method is strengthened by applying the equilibrium constraint and instead
of directly identifying the state of stréss, identification of boundary conditions is consid-
ered. The use of equilibrium constraint not only reduces the computational cost but also
stabilizes the numerical scheme in the load incremental approach
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1. Introduction

Unstable crack growth under compression in 3D
bulk bodies is an important phenomena in engineer-
ing. Since the failure mechanisms are governed by the
state of stress, a nondestructive and full field mea-
surement system for 3D state of stress is needed. The
currently available 3D stress measurement techniques
have limitations in their applications due to their de-
structive property, limitations in identifiable state of
stress, etc.. Because of these limitations in currently
available systems, development of a nondestructive
and full field 3D stress measurement system is a prior
requirement for investigating the mechanism for fail-
ure under compression. In this paper, an attempt to
develop such a measurement technique is explained.

First, the nature of 3D photoelasticity should be
explained. Propagation of polarized light ray in the
direction of z axis through an elastically deformed
photoelastic medium under an arbitrary 3D state of
stress is governed by the following equation!) named
as the optical. equation of photoelasticity. .
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where A represents the light vector, (Ag, Ay)7T,

propagating in z direction and transformation matrix,
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Az and Ay (€ C) denote the components of light
vector along the axes z and y of an orthogonal coor-
dinate system z,y and z; Cp is a material constant
for a given medium; 64,0y, and oy (€ R) are the
stress components in zy plane; and 2 is the unit of
imaginary number.

According to the Eq. (1), output light carries infor-
mation of state of stress on planes perpendicular to
the light propagation direction in an integrated form.
The inverse problem of photoelasticity is to identify
the state of stress in a body based on the measure-
ments on output light from many different directions
(Fig. 1). This is a nonlinear inverse problem which is
regarded as a tensor filed tomographic problem.

Conventional methods of 3D photoelasticity avoid
this nonlinearity either based on 2D concept (e.g.
scattered light photoelasticity and frozen stress pho-
toelasticity) or assumption of weak birefringence(e.g.
integrated photoelasticity). These have limitations in
applications due to their destructive property, limita-
tions in identifiable state of stress, etc..

In an earlier attempt®, a load incremental ap-
proach for identification of 3D state of stress based
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Fig. 1 The inverse problem of photoelasticity is to
identify the state of stress based on the trans-
mitted light patterns from many different di-
rections

on photoelasticity was developed by the authors. This
was an attempt to solve the inverse problem of photoe-
lasticity by linearizing the nonlinear governing equa-
tion of photoelasticity, considering the change in state
of stress due to small load increments. As long as the
load increments are small, this method can be suc-
cessfully employed to identify the history of state of
stress in a 3D body.

For linear elastic materials, when boundary condi-
tions are given, everything can be completely deter-
mined based on the equilibrium equations. Consider
the goal of this research, identification of stress dis-
tribution around a 3D crack under compression. In
this case, if the boundary conditions on the surface
of the linear elastic body and the traction on crack
surface can be identified, the stress or strain distri-
bution in the whole body is completely determined.
In fact, the problem of identifying the state of stress
(large number of unknowns) is reduced to a problem
of identifying traction/displacement boundary condi-
tions (less number of unknowns).

In this paper, incremental method for identifica-
tion of boundary conditions (traction/displacement)
applied on a linear elastic body is presented. This
method can be regarded as an introduction of equi-
librium constraint to the former load incremental ap-

proach for 3D photoelasticity. The use of equilibrium
constraint not only drastically reduces the computa-
tional cost by reducing the number of unknowns, but
also stabilizes the numerical scheme in the presence of
measurement error in input data set for inverse anal-
ysis.

Details of the load incremental approach for stress
identification without equilibrium constraint is given
in the second section while the details of incremen-
tal approach for boundary conditions identification is
presented in the third section. In the fourth section, a
numerical example for validation of the new method
and some features important for experiment arc pre-
sented.

2. Load incremental
stress identification

approach for

Before explaining the load incremental approach for
stress identification, the difficulty in the inverse prob-
lem of photoelasticity should be explained.
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Fig. 2 A light ray passing through a discretized ob-
ject

Consider a light ray passing through an object (Fig.
2). The state of stress along the light ray is modelled
with n number of elements each with constant state
of stress. The light vectors A®~1) and A® are input
and output lights of the i*" clement, and G® is the
transformation matrix of the 7** clement. Based on
the Eq. (1), an expression for output light A(™) can
be written in terms of input light A(®) and transfor-
mation matrices G® in cach element.

A = (I+HM)I+HOD) .. (I+HD)AO (2
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where, I is a 2 x 2 identity matrix and H® = G® (z;—
Zi—1):

The output is expressed as a non-commutable mul-
tiplicative form of the matrices which are functions
of unknown stress components. This is the source for
nonlinear relation between the output light and the
state of stress. The inverse problem of photoelastic-
ity is fairly complicated as a result of this nonlinear
relation.

The key to solve this nonlinear inverse problem is
the linearization of the governing equation of pho-
toelasticity considering the change in physical quan-
tities due to a small load increment. Both the old
method for stress identification and the new method
for boundary conditions identification are based on
this load incremental approach.

Consider the rate of change in the physical quanti-
ties in Eq. (2) with respect to small load increment,
AF.

(n) (n)
AﬁF = A/_I&{F (I+H(”‘1))---(I—|-H(”)
AH®-1
+(I+H(”))T--~(I+H(”) (3)

+

HD
+T+H™)I+ HD)... AAT A

In Eq. (3), derivatives AH®) /AF are linear func-

th  element,

tions of the stress increments in the %
Ao,

mation matrices, H(¥, a function of the current state

With the knowledge of the current transfor-

of stress (¢(®), the increment of the output light vec-
tor, AA™) /AF, can be expressed as a linear combi-
nation of the stress increment in each element, Ag(®).
Therefore, with enough number of cxperimental ob-
servations for AA(™ /AF for different light rays and
the knowledge of the current H®, a set of indepen-
dent linear equations for Ac(®/AF can be formed.
This linearization process is the essence of the load
incremental approach. Arranging the equations for
different observation directions in the matrix form, a
set of linearized equations can be obtained.

Aa = M(o)Ao (4)

where, M(o) and Aa are the assembly of right and
left hand side of Eq. (3) for different observation di-

rections.

This sct of equations can be solved by the following
standard iterative algorithm.
(i) Initial values: ol =g, Acl® = 0, (where o is

the state of stress before the increment);
(i)

Aa = M (o) Aclk+1 solve for Agle+l]
where k is an iteration counter.
Continue (ii) until Aokl — 0;
(iii) o=clF, (state of stress after the increment is
obtained).

As long as the stress increments are small and no
error in A, this method can be successfully employed
to identify the history of state of stress starting from
stress free state?). Unlike other approaches to 3D pho-
toelasticity, make use of the history of the output light
patterns to identify the history of state of stress is the
most distinct feature of this method.

Fig. 3 Discretized cylindrical object and the vertical
stress components assigned to each layer

| % error in measurements | % error in predictions |

0.1 21.3
0.5 106.7
1 233.3

Table 1 Error in predictions due to measurement er-
rors

As a numerical test to judge the effect of presence
of noise in output light measurements, a cylindrical
object was modelled with 63 elements and assigned
a set of random numbers to represent the state of
stress (Fig. 3). The output light were calculated from
many different directions. Then the state of stress was
changed by adding or subtracting a random number
to the original values and output light were calcu-
lated for the same observation directions. A random
error(adding or subtracting a random value between
0 and a given percentage of maximum input light in-
tensity) was introduced to all the calculated output
light intensities, and inverse analysis was performed
to identify the effect of presence of noise. Results of
this analysis is given in Table 1. According to these
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results, small error in output light measurements mag-

nifies the error in predictions.

7.01

14.26

Fig. 4 Dimensions of the grooved cylinder used for
simulations. Units in mm.

a b C d

Fig. 5 Comparison of fringe patterns for differ-
ent discretizations with the experimental re-
sults. a)5632 elements, b)8x5632 elements,
¢)64x5632 elements and d)Experimental re-
sults

As a preliminary test to judge the necessary number
of discretization for the load incremental approach for
stress identification, a grooved cylinder (Fig. 4) un-
der uniform compression in axial direction was mod-
elled with different number of elements and the fringe
pattern from each model was numerically calculated.
Fig. 5 shows the numerical results for different dis-
cretizations and the experimental result. According
to these results, a few hundred thousands elements
are necessary for qualitative reproduction of experi-
mental images. Therefore, when this stress inverse
method is used, large number of degrees of freedom is
involved.

In the next section, an attempt to introduce the
equilibrium constraint to the load incremental ap-
proach and thereby reducing the number of unknowns
and increasing the robustness of this method against

the presence of noise in measurements is explained.

3. Load incremental approach for
identification of boundary condi-
tions

In this section a new method for identification of
history of boundary conditions on a linear elastic body
by introducing the equilibrium constraint to the load
incremental approach is explained. Based on this new
technique, the traction distribution on a crack surface
in a 3D body under compression can be identified.
Since the state of stress/strain in a linear elastic body
can be completely determined by the known boundary
conditions and the equilibrium constraint, the state of
stress around the crack can be determined. Thereby
the goal of this research is achieved.

In this method complicated boundary conditions
applied on a 3D body is modelled as a linear com-
bination of finite number of independent set of
traction/displacement distributions (modes) and the
stress distribution in the body due to each of these
modes is found by finite element method or bound-
ary element method. A better approximation for ap-
plied boundary conditions can be achieved by includ-
ing higher modes. The aim of the inverse analysis of
boundary conditions is to identify the increments of
amplitudes of ecach traction/displacement mode due
to small load increment.

The transformation matrix H(®) can be expressed as
a linear combination of transformation matrices due
to each traction mode.

HO = gl fi(z — 2i21)

where g,(f)

k=1.--N (5)

is the transformation matrix in i** ele-
ment due to the k** mode and f is the amplitude of
k" mode. Note that unbracketed repeating indices
denote the summation.

(2) shows
that the output light and unknown amplitudes for

Substitution of this expression in Eq.

traction modes are related by a multiplicative form.
Therefore, the relation between the output light and
amplitudes of traction modes is nonlinear.

When the instantaneous state of stress due to each
mode and their amplitudes are known, substitution
of Eq. (5) in Eq. (3) gives a linear relation between
the output light increment AA(™ and increments of
mode amplitudes, Afy for the next increment. Once,
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enough number of observations form different direc-
tions are made for output light increments, AA™),
and if g,(j) and current fj are known, an independent
set of linear equations can be obtained for increments
of mode amplitudes, A fx. This set of equations can be
solved for increments of mode amplitudes by the same
standard iterative updating algorithm used in stress
inversion discussed in the previous section. Then the
state of stress is found by superposition of cach state
of stress due to traction modes.

A major advantage of this new method is the re-
duction of large number of unknown stress terms in-
volved in stress inversion to less number of boundary
conditions. The exact number of unknowns involved
in boundary condition identification depends on the
complexity of the boundary condition applied on the
body. In addition to that, the stress state obtained
from traction inversion method always satisfies the
equilibrium constraint since it is obtained as a lin-
ear combination of state of stress due to ecach mode
considered in the inverse analysis.

4. Numerical results

4.1 Example problem

Fig. 6 The four orthogonal set of deformation
modes. a) constant, b)sin(rz/d), ¢)sin(ry/d)
and d)sin(rz/d)sin(wy/d) (d is the diame-
ter).

In this example, identification of boundary condi-
tion on the top face of a grooved cylinder and thereby
the state of stress based on load incremental ap-
proach is demonstrated. Unless otherwise mentioned,
a grooved cylinder (Fig. 4) made of plexiglas (photoe-
lastic constant Co = 11 [Brewster] ) is used for these
set of numerical simulations. For this example this
grooved cylinder is modelled with 11520 elements.

Starting from undeformed shape, deformation his-
tory in x, y and z directions of the top face for four
steps are assigned by superposing arbitrary propor-
tions (amplitudes) of four orthogonal set of deforma-

! 1 [Brewster] = 10™**[m? /kg]

Stepl

' 60

MPa

Step 2 Step 3

Fig. 7 History of o33 and amplitudes of all the four
modes in z, y and z directions . Starting from
12 O’ clock, radial axes in clockwise direction
show amplitudes of modes 1, 2, 3 and 4 in z,
y and z directions.
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Fig. 8 Distribution of observations. a) Distribution
of observation directions in the plan view. b)
Distribution of light rays in front view. Rays
passing through the grooved part are used in
the inverse analysis.

tion modes, while the bottom facc was assigned fixed
boundary conditions. The four sets of orthogonal de-
formation modes used are shown in Fig. (6). Fig. (7)
shows the history of o33 and amplitudes of each mode.
The aim of the inverse analysis is to identify the in-
crement in amplitude of each mode based on the new
inversion method for identification of the history of
boundary conditions, explained in the third section.
Starting from the traction free condition, inverse anal-
ysis is incrementally performed using the transmitted
light fringe patterns beforc and after each increment
as input data set. Thus, history of the boundary con-
ditions applied on the top face is reconstructed. The
output light patterns are numerically calculated for
each step in eight different observation directions per-
pendicular to the axis of the object(Fig. 8).

a b

Fig. 9 Fringe patterns generated by step 3 and the
oscillating solution.

Exact convergence to each solution could be

achieved during iterative calculations. The inverse

analysis performed between step0 and step3 without
any intermediate steps showed an oscillatory behavior
around a solution. Comparison of the fringe pattern
corresponding to the exact state of stress at step 3
and the fringe pattern for one of the oscillating so-
lution shows that the numerical scheme was oscillat-
ing around a different solution (Fig. 9). This is due
to the inherent problem of 2nm ambiguity in phase
measurements. Ordinary approaches to 3D photoe-
lasticity without using the history of state of stress
or boundary conditions are not capable of identifying
the state of stress when the relative phase difference
is more than 27. Contrary to this, since the load in-
cremental approach uses the history of state of stress
or boundary conditions, arbitrary state of stress can
be evaluated by selecting suitable load increments.

4.2 Effect of noise in measurements

Fig. 10 Percentage crror in predicted results due to
different amount of errors introduced to out-
put light measurements. Starting from 12
O’ clock, radial axes in clockwise direction
show error in modes 1, 2, 3 and 4 in z, y
and z directions.

In order to understand the effect of presence of er-
ror in light intensity measurement, inverse analysis
between step 1 and step 2 was performed with er-
ror introduced to all the output light measurements.
Currently available 16 bit CCD cameras for scientific
purposes has minimum of +0.5% error in light inten-
On the other hand 8 bit CCD
cameras for day to day usage has +10 — 15% error

sity measurements.
in light intensity measurements. Therefore, in this
analysis three simulations with maximum error 1%,
+5% and £10% of the maximum light intensity were
performed. Fig. 10 shows the maximum error in pre-
dicted modal weights for cach case.

These results show that the error in predicted
modal weights always remain less than the percentage
error introduced to the output light measurements.
On the other hand, error in output light measure-
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ments are magnified by the load incremental approach
for stress identification. The only difference between
the method for stress identification and method for
boundary condition identification is the use of equilib-
rium constraint in the latter method. Therefore, it is
clear that the equilibrium constraint has a strong pos-
itive effect on stabilizing the numerical scheme in load
incremental approach for identification of 3D state of
stress.

4.3 Effect of limited observations
(1) Inverse analysis based on observation
from a part of the body
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Fig. 11 Observations made at different regions of
the grooved cylinder.

The new method discussed in this paper uses the
superposition of state of stress due to independent set
of boundary conditions. Therefore, theoretically, the
boundary conditions must be able to be identified by
scanning only a part of the body. This ability to iden-
tify the boundary conditions by scanning only a part
of the body depends on the sensitivity of state of stress
at that location to the modes of boundary conditions
to be identified. To check the practical applicability
of this method , inverse analysis between step 1 and
2 was performed using information on light transmit-
ted by different parts of the grooved cylinder. The
selected parts are (Fig 11); a) complete body, b) only
the grooved part and ¢) 3mm thick disk at the fixed
end. Observation from eight different directions uni-
formly distributed around the axis of the body shown
in Fig. 8 were used.

The two cases with observations of grooved part
(b) and the bottom most part (c) converged to the
exact solution. This shows that the inverse analysis
based on observations of remote portion of a body can
identify the boundary conditions which can be mod-
elled with lower modes (four lowest modes were used
for this analysis). The use of this property has been
demonstrated in the example problem by performing

the inverse analysis for 3 steps, only using light rays
passing through the grooved part.

Step 1

Step 2

Fig. 12 Fringe patterns at step 1 and step 2.

Unexpectedly, the inverse analysis using complete
body scanning failed to converged to the solution.
Comparison of light patterns from step 1 and 2 (Fig.
12) shows that at the second step new dark bands
has appeared on the top most region indicating that
some light rays have undergone large phase incre-
ments: Such large phase increments always result in
ambiguity in phase measurements which throws the
numerical scheme away from the exact solution.

The convergence of two cases with observations
made at remote locations from the top part shows
that even when observations from some parts of the
body cause ambiguity in phase measurements, the in-
verse analysis based on observations made at a dif-
ferent part of the body can successfully identify the
boundary conditions.

(2) Inverse analysis based on limited number
of observation directions

Since boundary conditions identification method
uses the history of fringe patterns, observations have
to be made while the specimen is mounted on the
loading machine. Under such circumstances, it is dif-
ficult to have uniformly distributed set of observation
directions all around the body. It would be very con-
venient in the experiment if the inverse analysis can
be performed only using two or three observation di-
rections. This will not only reduce the complexity of
the experimental setup, but also the amount of com-
putations (less number of light rays are used in the
analysis) if faster convergence can be achieved. To
identify the effect of reduction of number of observa-
tions, a numerical analysis with two observation di-
rections perpendicular to each other was performed.

-67 -



As in the example, only the light rays passing through
the grooved part were used in the inverse analysis.
After 500 iterations the numerical scheme con-
verged to the exact solution. This necessity of large
number of iterations may be due to the existence of
some modes which has a little effect on the fringe pat-
terns in the selected two directions. If there were
some modes which had almost no influence on the
fringe patterns from these two directions, the numeri-
cal scheme could never have converged to the solution.
Also, faster convergence could be achieved with large
number of observations. Therefore, it is advisable to
use a moderate number of observation directions that
can be used in a less complicated experimental setup.

5. Conclusions and future work

A new nondestructive method for identifying
boundary conditions applied on a linear elastic 3D
body based on Photoelasticity is developed. This
method uses the load incremental approach to lin-
earize the nonlinear governing equation of photoelas-
ticity by considering small load increments. In an
earlier attempt, a method for stress identification in
a 3D body was developed based on load incremental
approach by the authors. In this new method, the ear-
lier method is reinforced by applying the equilibrium
constraint and identification of boundary conditions,
thereby the state of stress is considered. Aslong asthe
load increments are small, this new method can be ap-
plied to identify the history of traction/displacement
applied on a 3D body.

A direct application of this method is identification
of boundary conditions on the surface of a crack in a

3D body under compression, thereby the state of
stress around the crack. This identification of state
of stress around a crack in a 3D body under compres-
sion will pave the way to explore the behavior of a
crack in a 3D linear elastic body under compression.

To validate this new method and identify its limita-
tions and behaviors which can be useful in the exper-
iment, a set of numerical simulations were performed.
Following conclusions could be arrived by these sim-
ulations.

1. The boundary conditions on a 3D elastic body
can be identified using the history of fringe pat-
terns from different directions.

2. Even when observations from some parts of the
body cause ambiguity in phase measurements,
the inversion based on observations made at a
different part of the body can successfully iden-
tify the boundary conditions.

Less sensitivity to measurement errors and ade-
quacy of less number of observations on a part of the
body show the potential of this new method for prac-
tical applications. The next steps are experimental
validation and application of this method to study
crack propagation in bulk bodies under compression.
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