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An approximate method is used for analyzing the free vibration problem of isotropic
and anisotropic right triangular plates with various aspect-ratios and variable thickness.
In this paper, a right triangular plate is considered as a kind of equivalent rectangular
plate with point supports. Therefore, the free vibration characteristics of any triangular
plate can be obtained by analyzing the equivalent rectangular plate. The differential
equations of the equivalent rectangular plate with point supports are established based on
the first-order shear deformation theory. By transforming the differential equations into
integral equations and using numerical integration, the solutions of the partial differential
equation can be obtained in discrete form. The Green function, which is the discrete
solution for the deflection, is introduced to obtain the characteristic equation of the
free vibration. Frequencies and mode shapes are shown for some triangular plates with
various aspect-ratio and variable thickness. The effects of boundary conditions and the
fibre orientation on the frequency parameters are considered. The efficiency and accuracy

of the numerical solutions by the present method are investigated.
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1. Introduction

The free vibration problems of isotropic triangu-
lar plates have been studied for many years. Early
studies were well compiled in Ref. 1). Further stud-
Gor-

man 239 and Saliba 56) analyzed the vibration of

ies have been done for the past two decades.

isotropic right triangular plates with combinations of
clamped and simply supported boundary conditions.
The superposition method and the modified superpo-
sition method were used respectively. Kim and Dick-

7

inson ) presented a comprehensive analysis of free vi-

bration of isotropic triangular plates with any combi-
nation of free, simply supported or clamped boundary
conditions. The free vibration of isotropic triangular
plates with linearly varying thickness were also stud-

ied by Mirza and Bijlani ®, Liew, Lim and Lim 9

and McGee and Giaimo 19).

With the increasing use of anisotropic materials in
engineering, the study of free vibration problems of
anisotropic triangular plates has received more and
more attention. The free vibration of orthotropic
cantilever triangular plate was analyzed by Kim and
’ The Rayleigh-Ritz
method with simple polynomials was used and the

Dickinson 7’ as one example.

lowest six natural frequencies were obtained for the
plates with various aspect ratios. Lam, Liew and
Chow 'V presented the natural frequencies and mode
shapes for the orthotropic right triangular plates with
three kinds of boundary conditions. A set of two-
dimensional orthogonal was used as an admissible dis-
placement function in the Rayleigh-Ritz method. The
vibration of anisotropic isosceles triangular plates was
analyzed by Malhotra, Ganesan and Veluswami 12)
by using the finite element method. Bambill, Laura

and Rossi 13 considered the vibration of orthotropic
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cantilever isosceles triangular plates using the opti-
mized Rayleigh-Ritz method and trigonometric co-

ordinate functions. The first frequency parameter was_

obtained. But comparéd with the study of the vibra-

tion problems of isotropic triangular plates, the study - -

of the anisotropic plates is rather limited.

In this paper, an approximate method is used
for analyzing the free vibration of isotropic and
anisotropic right triangular plates with various
boundary conditions, aspect-ratios and variable thick-
ness. By adding an additional triangular part, a right
triangular plate can be considered finally as a kind
of rectangulaf plate with non-uniform thickness and
point supports. The thickness of the additional part is
extremely thinner than that of the original part. The
boundary conditions along the original hypotenuse
are enforced by the appropriate use of some inter-
mediate point supports. Therefore, the free vibration
characteristics of any right triangular plate are ob-
tained by analyzing an equivalent rectangular plate
with non-uniform thickness. The characteristic equa-
tion of the free vibration is obtained by using Green
function, which is the discrete-form solution %) for
the deflection of the plate with a concentrated load at
each discrete point. The frequencies and their mode
shapes are shown for some triangular plates with vari-
ous aspect-ratio and variable thickness. The efficiency
and accuracy of the numerical solutions by the present
method are investigated.

2. Discrete Green Function

The coordinate system for an anisotropic plate used
in the present study is shown in Fig. 1. The zyz
coordinate system is assumed to have its origin at the
corner of the middle plane of the plate. The surfaces
of the plate are at z = +h/2 and h is the thickness
of the plate. 1-, 2- and 3-directions are principal axes
in the longitudinal, transverse and normal directions,
respectively. The differential equations of the plate
with a concentrated load P at point (24, ) and point
support at each discrete point (z.,yq) are:
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Fig. 1 Coordinate system for an anisotropic rectan-
gular plate
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where Q, and Q, are the transverse shear forces, M,
and M, are the bending moments, M, is the twist-
ing moment, ?16(1 is vertical reaction, I_Dgcd, ﬁgcd are
moment reactions around z-, y-axes, k = 5/6 is the
shear correction factor, d(z — z4) and d(y — y,) are
Dirac’s delta functions, A;; is the extensional stiffness
(4,7 = 4,5), D;; is the bending stiffness (i,j = 1,2, 6).

A;j, D;j can be obtained by the following expres-
sions. '

Ay =Quh, Dy=Quh°

Q11 = Quc® +2(Qi2 + 2Qes)c’s* + Qaas*
Qiz = Qua(c* + s*) + (Qu1 + Q22 — 4Qe6)c*s%,
Q16 = (Qu — Q12 — 2Qe6)c®s — (Q22 — Q12 — 2Qes)cs
Q22 = Quis" +2(Q12 + 2Qe6)c%s® + Qoc?
Qa6 = (Qu1 — Q12 — 2Qe6)cs® — (Q22 — Q12 — 2Qe6)C’s
Qes = (Qu1 + Q22 — 2Q12 — 2Qes)c?s* + Qes(c* + %)
Qus = Quac® + Qs55°%, Qus = (Q55 — Qua)cs

Qs5 = Qaas® + Qssc?, c=cosh, s=sinb
El E2
Qu=7———, Qn=—"
1 —wvigvn 1 — viovgy
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_ vieky
Qiz=7—""—, Qu=G2
1= wviovy

Qs5 = G31, Qes = G2

where E; is the axial modulus in the 1-direction, Es
is the axial modulus in the 2-direction, v12 is the Pois-
son’s ratio associated with loading in the 1-direction
and strain in the 2-direction, v4; is the Poisson’s ratio
associated with loading in the 2-direction and strain in
the 1-direction, G2, G2z and G3; are the shear mod-
uli in 1-2, 2-3 and 1-3 planes.
By using the non-dimensional expressions

a?

— vi2v21)
e
Do(1 — v1gv21)

o= 2], = (B4

[leX?} = [vaQm]

Do(1

[XS» X41X5] = [szaMvax]

where Dy = Eyh3 /12(1—v1av21) is the standard bend-
ing rigidity, ho is the standard thickness of the plate.

The differential Eqgs.- (1) ~ (8) can be rewritten as

8
X,
Zj {Fus +Fm‘9377 + Fa X, }
3 m n
+3 N> Pread(n — ne)5(¢ — Ca)dye
f=1¢=0d=0
+P8(n —1g)8(¢ — )01 =0 (t=1~8)(9)

where [P, Picg, Pacd, Pscd] = [Pa, P1cd@, Pacd, —Pacd]
/Do(l — v12v21); 8¢ is Kronecker’s delta, Fiys, Fos
and F3, are given in Appendix A.

By dividing a rectangular plate vertically into m
equal-length parts and horizontally into n equal-
length parts as shown in Fig. 2, the plate can be
considered as a group of discrete points which are
the intersections -of the (m+1)-vertical and (n+1)-
horizontal dividing lines. In this paper, the rectangu-
lar area, 0 < < n;, 0 < ¢ < (j, corresponding to the
arbitrary intersection (i,7) as shown in Fig. 2 is de-
noted as the area [z, j], the intersection (%, j) denoted
by O is called the main point of the area [, j], the
intersections denoted by o are called the inner depen-
dent points of the area, and the intersections denoted
by e are called the boundary dependent points of the
area.

By integrating the equation (9) over the area
[¢, 7], the following integral equation is obtained.
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Fig. 2 Discrete points on a rectangular plate
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ZZZPmu 1 = ne)u(¢ — Ca)dse
=1c
Pu(n -

) (C - (r)‘slt =0
u(¢ — Ga), u(n —ng) and u(¢—¢r) are

the unit step functions.

Next,
method, the simultaneous equation for the unknown
quantities Xs;; = X,(7:,(;) at the main point (i, 5)
of the area [i, j] is obtained as follows.

(10)

where u(7 - 7c),

by applying the numerical integration

8 %
Z{ Flts Zﬂik(xsk]’ - XskO)
s=1 k=0
J
+Fos Z Bt (Xsat — Xsot)
=0
+Fsts Z Z ﬂzkﬂ]txskt}
=0 =0
.3 m n
+ Z Z Z Pfcd’u,icu]'d(ng + Puiquj,.éu =0
f=1c=0d=0

(11)
where S = aw/m, B = aji/n, g = 1 — (dox +
dik)/2, a;p=1-— (601 + (51'1)/2, t=1~8,i=1~ m,
j=1l~n.
The solution X,;; of the simultaneous equation (11)
is

— &ix))]

8 i '
Xpij = Z{z BikApt [ Xtko — Xerz (1
t

=1 “k=0

7
+3" BBy [Xuor = Xeaa(1 — 651)]

1=0

i J
+ Z Z Bik Bt Cpth1 Xert (1 — 6ik6jl)}

k=01=0
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m n
- Z Z Z Ypf Prcattictija — Apr Puiqujr

f=1¢=0d=0
(12)

where p =1 ~ 8, Ay, By, Cpert and vy are given in
Appendix B.

In the equation (12), the quantity X,;; at the main
point (i,7) of the area [i, ] is related to the quanti-
ties X¢ko and X, at the boundary dependent points
of the area and the quantities Xyr;, Xii and Xyg
at the inner dependent points of the area. With the
spreading of the area [¢,j] according to the regular
order as (1,1], 1,2], --+, [1,n], (2,1], [2,2], - -+, [2. 7],
oy [my 1], [m, 2], - -+, [m, n], a main point of a smaller
area becomes one of the inner dependent points of the
following larger areas. Whenever the quantity Xp;;
at the main point (%, j) is obtained by using the equa-
tion (12) in the above mentioned order, the quantities
Xikj» Xiat and Xypy at the inner dependent points of
the following larger areas can be eliminated by sub-
stituting the obtained results into the corresponding
terms of the right side of equation (12). By repeating
this process, the equation X,;; at the main point is
only related to the quantities X, (r=1,3,4,6,7,8) and
Xsor (s=2,3,5,6,7,8), which are six independent quan-
tities at the each boundary dependent point along the
horizontal axis and the vertical axis in Fig. 2, respec-
tively. The result is

6 i J
Xpij = Z{Z apijfdXrso + Z bpijdeSOg}

d=1\f=0 9=0
3 m n
+ Z Z Zafpijchde + qpi; P (13)
F=1c=0d=0

where @pijrd, bpijgds Tspijed 0d Tp;; are given in Ap-
pendix C.

The equation (13) gives the discrete solution of the
fundamental differential equation (9) of the bending
problem of a plate under a concentrated load, and the
discrete Green function is chosen as Xg;;/[Pa/Do(1 —

V12V21]‘

3. Equivalent Rectangular Plate of a
Triangular Plate

An idea of equivalent rectangular plate is intro-
duced to solve the bending problem of anisotropic
right triangular plates. A right triangular plate is
" quite different from uniform rectangular plates, but
it can be translated into equivalent rectangular plates

with non-uniform thickness (shown in Fig. 3). In
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Fig. 3 Triangular plates and their equivalent rect-

angular plates (C: clamped edge; S: simply
supported edge; F: free edge)

order to ensure half part of the equivalent rectan-
gular plate has the same boundary and load condi-
tions as the original triangular plate, some point sup-
ports shown by (------ ) at discrete points along the
hypotenuse are used to enforce the boundary condi-
tions along the original hypotenuse, the another half
part of the equivalent rectangular plate with two free
edges has very thin thickness and there is no load on
it. The values of three reactions Picd, Pacd, Picd at
each point support can be determined by the following
conditions.

6 =6, =w=0,
M,=6;,=w=0,

if original hypotenuse is fixed.
if original hypotenuse is simply
supported.
Pyca = Pyeg = P3eq = 0, if original hypotenuse is free.
The conditions §; = 8, = w = 0 mean that the
slope around the tangential axis of the line of point
supports, the slope around the normal axis of the line
of point supports and the deflection at each point sup-
port are zero. The conditions M,, = , = w = 0 mean
that the bending moment around the tangential axis
of the line of point supports, the slope around the
normal axis of the line of point supports and the de-
The conditions
Picq = Pyg = Py = 0 mean that there is no point

flection at point support are zero.

support along the hypotenuse.

The thickness of the actual part of original right
triangular plate is expressed by h, the thickness of
additional part of the equivalent rectangular plate is
expressed as h; and the thickness at a point on the
border line between the actual part and the additional
part of the equivalent rectangular plate is taken as
(h+h)/2. The fixed, simply supported and free edges
are denoted by the symbols C, S, F, respectively and
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shown by thick solid line , solid line and
dotted line ———. The first symbol indicates the con-
ditions at £ = 0, the second at y = 0 and the third at
the hypotenuse.

4. Characteristic Equation of Free Vi-
bration of Rectangular Plate with
Non-uniform Thickness

By applying the Green function w(zo, ¥o,z,%y)/P
which is the displacement at a point (zo, o) of a plate
with a concentrated load P at a point (z,y) and point
support at each discrete point (z.,yq), the displace-
ment amplitude W(zo,yo) at a point (zo,yo) of the
rectangular plate during the free vibration is given as

b ra
u‘)(zo,yo)=/0/0 phuwiis(z, y)w(zo, yo, z,y)/Pldzdy

(14)

where p is the mass density of the plate material. -
The non-dimensional expressions are used as,

how?a?d (x y) h(g: y)
ao phoa g ey 2 PZY) MY
Do(1 = viav21) (7€) 20 Fo
w(z,
WWKVLJIQ
¥ + ] D 1 -_
G(n0,¢0,m,¢) = w(Zo, Yo, £, y) Do(1 — vizva1)

a Pa
here po is the standard mass density.

By using the numerical integration method, equa-
tion (14) is discretely expressed as

m n
kWit =Y > BmiBni HijGriys Wi, k =1/(uA?)
i=0 j=0
(15)
From equation (15) homogeneous linear equations in
(m+1)x (n+1) unknowns Wyo, W1, - -,Won, Wio,Wi1
- Win, - Wino Wi, - -,Winn are obtained as

m n
Z Z(ﬁmiﬂnjHiijuj — kb 6;0)Wi; =0

i=0 j=0

(k=0,1,---,m,1=0,1,---,n) (16)

The characteristic equation of the free vibration of
a rectangular plate with variable thickness is obtained
from the equation (16) as follows.

Koo Ko1 Koz Kom
Kio Kunn Ki2 Kim
Koo K21 Koo K2m =0 (17)
Kno Kmi Kme Kmm

where
[ BroHoGiojo — kdij Br1 Hj1Goj1
BroH 0G50 Bn1H;1Gi1j1 — kds;
Kij = B BroH;0Giz2j0 Bn1H;1Gi2;51
BroHj0Ginj0 Bn1 Hj1Ginj1
Br2H;2Gio0j2 BranHinGiojn
Bn2H;2G 50 BanHjinGirjn

Br2H;2Giaj2 — ks BrnHinGi2jn

Br2H;j2Ginjo

5. Numerical Results

The results for the isotropic and anisotropic right
triangular plates are given to show the convergence
and accuracy of the numerical solution obtained by
the present method. For the isotropic plate, the
Poisson’s ratio » = 0.3. For the anisotropic plate,
the graphite/epoxy material is used. Its properties
are given as E/Ey = 17.57,G12/E; = G13/E3 =

0.7, G23/E2 = 05, Vi2 = 0.28.

5.1 Convergence of Solution

In order to examine the convergence, numerical cal-
culation is carried out by varying the number of divi-
sions m and n. The lowest eight natural frequency pa-
rameters of isotropic isosceles CFF plate are shown in
Fig. 4. Fig. 5 is used to determine the suitable thick-
ness ratio h/h, of the original and additional parts.
Fig. 6 and Fig. 7 show the convergence for the or-
thotropic CFF plate. It can be noticed that conver-
gent results can be obtained for CFF plate when m
and n are not smaller than 10 and it is sufficient to set
the thickness ratio h/h; > 5. So, for CFF plate, the
thickness ratio h/h; = 5 is used and the convergent
values of frequency parameter are obtained by using
Richardson’s extrapolation formula for two cases of
divisional numbers m (=n) of 10 and 12. By the same
method, for SSC and SSS plates, the thickness ratio
h/hy = 5 is also used but the convergent values of
frequency parameter are obtained by using Richard-

ﬂnnHjnGinjn - k‘sij |

son’s extrapolation formula for two cases of divisional -

numbers m (=n) of 14 and 16.

5.2 Accuracy of Solution

To investigate the accuracy of the results obtained
by the present method, frequencies and their mode
shapes of isotropic and anisotropic triangular plates
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Fig. 4

Fig. 5

Fig. 6
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Convergence of natural frequency parameter
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3¢ 3¢ 3¢ 8th
ol (a3 X

6th

—X S5th

-
n
T

-...'
o
T

X

Frequency
&
F

X

™
T

o
@

10 12
Number of division m(= n)

Natural frequency parameter A versus the
number of divison m(= n) for isotropic CFF
isosceles right triangular plate

T T T T T T
Convergence of natural frequency parameter
of cantilever isosceles right triangular plate

(m=10,12)

-
Y
T
1

s
T T
)fﬁ
K
K
K
~ @
FF
L

Frequency
w®
T

2 | He—— PP ——H——K 15t
0 _l L 1 L 1 1
0 1 2 3 4 S 6
h/hy

Natural frequency parameter A versus the
thickness ratio h/h, for isotropic CFF isosce-
les right triangular plate

T T T T
Convergence of natural frequency parameter

of cantilever isosceles right triangular plate

made from graphite/epoxy. (h/h=5.0) -

————————%—— yan
L X7
s X ——————— X g
= * * 3 X 5th
= 12 |
g gy
CE 3rd

Number of division m(= n)

Natural frequency parameter A versus the
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Natural frequency A versus the thickness ra-
tio h/h; for orthotropic CFF isosceles right
triangular plate

1 Natural frequency parameter A for isotropic
CFF isosceles right triangular plate

Mode sequence number

References 1 2 3 4 5
Present

10 x 10 2498 4860 5850 7.466 9.059
12 x 12 2507 4.875 5.833 7.502 8.997
Ex. 2.527 4.908 5.796 7.585 8.856
Kim 7 2.542 4.959 5.852 7.672 8.951
Lam 'V 2540 4.957 5.858 7.873 -

Table

Ex.: Richardson’s extrapolation results.

2 Natural frequency parameter A for isotropic
SSC isosceles right triangular plate

Mode sequence number

References 1 2 3 4 5
Present

14 x 14 8.667 12.132 13541 16.112 17.143
16 x 16 8.590 11.924 13.355 15.661 16.727
Ex. 8.340 11.244 12.747 14.188 15.368
Kim 7 8.305 11.267 12.726 14.378 15.575

are presented. Plates with uniform and variable thick-

ness are analyzed for two cases of thin and moderate

thickness.

(1) Right Triangular Plate with Uniform

Thickness

Tablel ~ Table 4 give the numerical solutions for
the lowest five frequencies of isotropic CFF, SSC, SSS
and orthotropic CFF plates (b/a =
ness ratio h/a is equal to 0.01. The mode shapes of
isotropic CFF, SSC and orthotropic CFF plates with
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Table 3 Natural frequency parameter A for isotropic

S8S isosceles right triangular plate

Mode sequence number

INNENCN N Y

st 2nd a4

{a) isotropic CFF

References 1 - 2 3 4 5
Present _

14 x 14 7.430 10.757 12;221 14.534 15.628
16 x 16 7.384 10.620 12.086 14.213 15.325
Ex. . 7.234 10.175 11.646 13.165 14.333
Kim 7 7193 10174 11.608. 13.314 14.490

NN

{b) isotropic SSC

Table 4 Natural frequency parameter A for or-

—_ :\ __'é\ — L _§\ b\_
3rd ath sth

st 2nd
(c) orthotrpic CFF

thotropic CFF isosceles right triangular - Fig. 8 Nodal patterns for isosceles right triangular

plate _
- Mode sequence number

References 1 . 2 3 4 5
Present ' .

10 x 10 4.631 7.236 10.355 10.075 13.266
12 x 12 4.630 7.250 10.331 11.042 13.227
Ex. 4628 7.283 10.277 10967 13.139
Kim 7 4.659 7.350 10.398 11.091 13.313

Table 5 Natural frequency parameter X for isotropic
CFF right triangular plate (b/a = 1.5)
Mode sequence number

References 1 2 3 4 5
Present

10 x 10 2.432 4.298 5.614 6.283 8.006
12 x 12 2.437 4.308 5589 6.311- 7.992
Ex. 2.447 4.333 5532 6.374 7.959
Kim 7 2.464 4.372 5588 6.449 8.072

Table 6 Natural frequency . parameter A for or-
thotropic CFF right triangular plate (b/a =

1.5)
Mode sequence number

References 1 2 3 4 5
Present

10 x 10 4.486 6.459 8.768 10.765 11.128
12 x 12 4483 6.457 8.732 .10.652 11.036
Ex. 4.476 6.454 8.652 10.396 10.826
Kim 7 4501 6.506 8.730 10.561 10.896

aspect ratio b/a = 1 are shown in Fig. 8. The mode
shapes of SSS is the same as those of SSC. Table 5
and Table 6 give the natural frequency parameters of

plate
\ \ \ \ \
\\ \\ \\ /\\ D
\ N \ \ _)\
L _ A= L_ M\ = LZa
15t 2nd 3d 4th sth
(a) isotropic CFF
N \ \ \
\ \ \ \ \
\\ \\ \\ ﬁ —\
L N= B LN LA
1st 2nd 3rd 4th Sth

(b) orthotropic CFF

Fig. 9 Nodal patterns for CFF right triangular plate
(b/a =1.5)

isotropic and orthotropic CFF plates with aspect ra-
tio b/a = 1.5, respectively. The mode shapes of them
are shown in Fig. 9. The present results are com-
pared with those obtained by Kim and Dickinson &
and Lam, Liew and Chow ). They are in close agree-
ment.

Fig. 10 ~ Fig. 12 show that the variation of the
lowest three frequencies of isosceles right CFF, SSC
and SSS plates with fibre orientation. As the angle
of fibre orientation @ increases from 0° to 45° the
frequency decreases for CFF plate but increases for
SSC and SSS plates. As 6 increases from 45° to 90°,
the frequency decreases for all the plates. The first
frequency reaches a maximum at § = 0° for CFF plate
and 8 = 45° for SSC and SSS plates.

(2) Right Triangular Plate with Variable
Thickness
In this paper, for the plate with variable thickness,
its thickness varies linearly along the z-axis according
to the equation h(z,y) = ho(1 — azx/a).

—-177—



T T T T T 1 T

12 'I} +  Kin7) 1 Table 7 Natural frequency parameter A for isotropic
2 —p¢— present

CFF isosceles right triangular plate with
variable thickness (a = 0.5)
Mode sequence number

References 1 2 3 4 5
Present
10 x 10 2471 4520 5.340 6.812 8.098
12 x 12 2.486 4.529 5339 6.816 8.023
. F 1 Ex. 2.519 4.549 5.337 6.826 7.854
Liew % 2.582 4.636 5.479 6.906 8.002

10

Frequency

0 15 30 45 60 75 90
0 (degrees)

Fie. 10 Thel ¢ three f . the fib Table 8 Natural frequency parameter A for isotropic
ig. e
& owest Lhree frequencies versus the fibre CFF isosceles right triangular plate with

ientation f . .
orientation for anisotropic CFF plate variable thickness (o = 0.5, b/a = 1.5)

' ot o ' Mode sequence number
¥ present References 1 2 3 4 5
ol | Present
M 10 x 10 2.401 4.039 5.050 5.809 7.292
A EEN PNINDN x| 12x 12 2411 4.050 5033 5816 7.251
] P N Ex. 2.436 4076 4.996 5832 7.157
" Table 9 Natural frequency parameter A for or-
or ’ thotropic CFF isosceles right triangular
plt—tt plate with variable thickness (@ = 0.5)
Por 25 (dugi(l)ms) o Mode sequence number
References - 1 2 3 4 5
Fig. 11 The lowest three frequencies versus the fibre - Present
orientation for anisotropic SSC plate 10 x 10 4575 6.873 9.520 10.008 12.164
: : . : : : 12 x 12 4588 6.891 9.472 9.994 12.091
+ Lani i) Ex. 4616 6931 9361 9963 11.922
—%—present
e 1
% 16 -m:— Table 10 Na.tural' frequen.cy pa.relxmeter A for f)r-
g_. e = thotropic CFF right triangular plate with
&

*/"/N-‘_'**? N | ' : " :
b DA DA [\Z\_\. i E\A D\ variable thickness (o = 0.5,b/a = 1.5)
*A/x/”/“\"\%\’f ‘ Mode sequence number

1 References 1 2 3 4 5

Present _

10 x 10 4.442 6.145 8.211 9.585 10.384

T w v o e 12x12 4450 6153 8157 0.517 10.223
8 (degrees) Ex. 4.470 6.173 8.036 9.361 9.859

12

s | .

1 1 Il Il I 1 L

Fig. 12 The lowest three frequencies versus the fibre

orientation for anisotropic SSS plate
P P Table 7 ~ Table 10 give the natural frequency pa-

rameters of CFF right triangular plate with variable
thickness (@ = 0.5) for aspect ratio b/a =1 and 1.5.
The thickness ratio hp/a is equal to 0.01. Isotropic
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Fig. 13 Nodal patterns for isotropic CFF right tri-
angular plate with variable thickness (o =

0.5)
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Fig. 14 Nodal patterns for orthotropic CFF right
triangular plate with variable thickness (a=
0.5)

and orthotropic cases are considered. The results

of isosceles right triangular plate for isotropic case
are compared with those obtained by Liew, Lim and
Lim 9 and it shows that they agree closely. The five
mode shapes of these plates are shown in Fig. 13 and
Fig. 14.

(3) CFF Right Triangular Plate with Moder-
ate Thickness

Numerical solutions for the lowest five frequencies
of isotropic and orthotropic CFF moderately thick
plates with uniform and variable thickness ( = 0.4)
are shown in Table 11 ~ Table 14.. In this analy-
sis, the aspect ratio b/a = 1 and ho/a = 0.006 are
used. By comparing the present results with those of
McGee 19 it can be seen that a close agreement has
been achieved. The mode shapes of these plates are
similar to those of the plates with thin thickness.

6. Conclusions

An approximate method has been used for the free
vibration of isotropic and orthotropic right triangular

Table 11 Natural A for
isotropic CFF moderately thick triangu-
lar platé with uniform thickness

frequency parameter

Mode sequence number

References 1 2 3 4 5
Present

10 x 10 2496 4805 5.729 7.357 8.830
12 x 12 2.494 4816 5.720 7.381 8.790
Ex. 2,487 4.841 5.700 7.433 8.697
McGee 19 2541 4.964 5871 7.689 8.997

Table 12 Natural frequency parameter A for

isotropic CFF moderately thick tri-

angular plate with variable thickness

(a =04)

Mode sequence number

References 1 2 3 4 5
Present
10 x 10 2477 4.562 5.364 6.879 8.165
12 x 12 2.487 4.575 5.353 6.904 8.137
Ex. 2511 4.603 5.328 6.960 8.074
McGee 19 2569 4.713 5580 7.095 8.242

Table 13 Natural frequency parameter A for or-
thotropic CFF isosceles right triangular
plate with uniform thickness

Mode sequence number

References 1 2 3 4 5
Present

10 x 10 4561 7.006 9.907 10.368 12.409
12 x 12 4552 7.023 9.818 10.362 12.384
Ex. 4.537 7.052 9.661 10.351 12.338

Table 14 Natural frequency parameter A for or-
thotropic CFF isosceles right triangular
plate with variable thickness (a = 0.4)

Mode sequence number

References 1 2 3 4 5
Present

10 x 10 4524 6.769 9.418 9.785 11.863
12 x 12 4.532 6.788 9.291 9.776 11.733
Ex. 4546 6.822 9.066 9.760 11.501

plate with various aspect ratios and variable thick-
ness. An equivalent rectangular plate is used to re-
place the right triangular plate. Point supports are
introduced in the fundamental differential equations
and used to enforce the boundary condition along the
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hypotenuse. Green function, which is the solution
for the deflection, is used to obtain the characteris-
tic equation of free vibration. Some frequency pa-
rameters and their mode shapes are shown in Tables
and Figures. It can be seen the boundary condition,
aspect ratio, the variation of thickness and the an-
gle of the fibre orientation have great effects on the
frequency parameters. Boundary condition also af-
fects the trend of the variation of the frequency with
fibre orientation. For the plates with different bound-
ary conditions, the angle of the fibre orientation at
which the first frequency reaches a maximum may be
quite different. The results by the present method
have been compared with those previously reported.
It shows that the present results have a good conver-

gence and satisfactory accuracy.
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Appendix A

Fin=Fiz=Fag=1,

Fi4¢ = D12, Flar = D16

Fis6 = Do, Fis7 = Fie6 = Dis,

Fig7 = Deg, Firs = kAaq Figs = kAys

Foy2 = Fags = Faszy = pt, Fasg = Faer = uDie,
Fa47 = D11 Fas = pDae, Fas7 = p, D12,
Fres = pDes Fars = Fog0r = Fi1006 = pkAss,
Fagg = Fag7 = pkAss,

Fip = Fagy = —p, Faas = Fas4 = Fagz = —puD
Fsn1 = Fagp = —uDT

otherFi, =0
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Appendix B

Ap = Y1, Apz = 0, Apz = 2,

Aps = Yp3, Aps =0,

Aps = D127¥pa + D22Yps + Dasps,
Ayr = Digvpos + D267p07 + DeeYpos.
Apg = k(Asavp7r + AasYps)

By =0, By = pyp1,Bps = pyps,

Bp4 = 0, Bps = KUYp2, qu”c‘i

Bys = 11(D167pa + D267ps + DesVps),

B,z = u(D11¥pa + D127¥ps + Di67ps),

Bpg = ﬂk(z457p7 + Zss’)’ps),

Cpikt = pYp3 + BDT k7,

Crokl = UYp2 + ﬂﬁfkl'yps’

Cyakt = D rivps,

Cpakt = D ¥pr,

Cpsit = uDkivpa,

Coskt = —pk(Aaavpr + AtsVps,

Cprrt = —pk(AasVpr + AssVps), =
Dpij

CpSkl =0 'h’pt] = [ptp]_l’

pu = Biiy pr2 = —1Bji, p22 = —1Bij,

p23 = PBis, p2s = 1Bij, p31 = — i,

p33 = uBij, p3a = Bii, pas = —pBi; Dij,

pas = D128 + pD16Bij, par = DiefBis + nD11Bj;,
psa = —uBi; Dij, pse = D22Bsi + uD26Bj5,

ps7 = DagfBis + uD12Bj4, pes = —uBij Dij,

pess = D268 + 1DesBij, per = DesBii + uD16Bi;,

pn1 = —uBi;j Dij, pre = ukAaBij,

prr = pkAusBij, prs = k(AsaBii + nhAasBys),
ps2 = —1Bi; Dij, pse = mkAysBij,

par = pkAssBij, pss = k(Assfii + pAssBijs),
other pyp =0 :

Appendix C

01i0i01 = 03i0i02 = 04i0i03 = 1

G6i0i04 = G7i0i05 = A8ioioe = 1,
baojjo1 = baojjo2 = bsojjos =1
beojjoa = brojj0s = bsojjos =1,
b3oooo2 = 0

13, i
Apijfd = Z{Z Bik Aptlackofd — akjra(l — Oki))

t=1 k=0

i
+ ZﬂﬂBpt[atOIfd — asirfa(l — 6i5))
1=0

i
+3° " BuBjCoriarkisa(l — 5ki5tj)}

k=0 1=0

13 1
bpijfd = Z{Z Bik Apt[bikoga — bekjgd(1 — k)]

t=1 “ k=0
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J
+ > BjtBpt[brotgd — britga(1 — 815)]
1=0

i J
+ 3> BikBtCoikibuiga(l — 5ki5tj)}

k=01=0

8 i '
Z{Z ﬂikAPC[q-fekOCd - afekjcd(l - 6’“)]

e=1 “k=0
J
+ ) Bt Bpelleotca = Treitca(l = 015)]
1=0
i 7 )
+3> " BikBitCoeisertea(l — 5ki5lj)}
k=0 1=0
— Yps Wik UgrUskl

13, i
= Z{Z Bir AptToko — Tui (1 — Oki)]

t=1 k=0

J
+ Z Bji Botl@uor — Trar(1 — 615))
=0
i g : ‘
+ Z Bik BjtCptkt — Ap1UiqUjr
k=0 =0
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