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This study presents the numerical procedure for static and seismic stability analyses of
slope based on the shakedown theorem in plasticity”). The stability of slope has been
defined as a reduction coefficient in shear strength for the limit state of slope mass.
Firstly, the applicability of proposed method to the static slope stability analysis was in-
vestigated. The obtained factors of safety were compared with those of the conventional
methods. It was clearly shown that the proposed method could evaluate the stability of
slope properly. Secondly, the seismic stability of slope was investigated against sine wave
accelerations excited at the bedrock of subsoil. The proposed method was shown to esti-
mate the factors of safety by taking account of the effects of frequency in enforced accel-
eration and vibration properties of slope mass as damping and resonance.. The obtained
factor of safety for low frequency wave acceleration coincided with that of pseudo-static
stability analysis and, on the other hand, the factor of safety approached that of static
stability analysis for high frequency wave acceleration. Thirdly, the combined stability
method!®) which composed of deformation and stability analyses was conducted. The
comparison between combined stability and proposed methods in cases of natural slope
and embankment was investigated. It was found that the minimum factor of safety for
natural slope obtained by the conventional method, however, gave an almost coincident
factor of safety by the proposed method. But, the significant difference appeared in case
of embankment problem. The possible engineering meaning of time dependent factor of
safety obtained by the combined method was clarified.
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creasing in one direction.

JSCE

rather than monotonically and proportionally in-

The assessment of slope stability for the static
and seismic conditions has been an important
task in geotechnical engineering. The static
slope stability has been generally evaluated with
the limit equilibrium method as the circular arc
method, the slice method and others, which in-
troduce the specific failure mode into the anal-
ysis. The seismic stability. of slope, therefore,
has been estimated by the pseudo-static concept
which originally comes from concepts of static
slope stability. However, the earthquake ground
motion is usually variable repeated in nature

To assess the seismic stability of structure in
more realistic manner, the seismic loading should
be treated in the same nature with the earth-
quake ground motion. Shakedown analysis deals
with variable repeated loading like the one gener-
ated by earthquake ground excitation. Therefore,
in this study a new seismic stability assessment of
slope is proposed based on the shakedown anal-
ysis technique. It is also exhibited that the pro-
posed method can take the vibration properties
of slope into consideration.
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Recently, the static slope stability analysis is
conducted by the following two methods. One
is the stability analysis which directly deals with
the limit state at failure such as the limit equi-
librium method or the limit analysis. The other
is the deformation analysis based on the finite el-
ement method. Duncan® gave a comprehensive
review on both methods for slope stability as-
sessment. Besides two methods, the experimen-
tal studies are also conducted. For static slope
stability, the shakedown analysis falls into limit
analysis that has been used in the conventional
methods. Therefore, in this study the compari-
son between them will be exhibited.

In seismic stability assessment, the applica-
tion of deformation analysis is more conspicuous.
Newmark!?) and Seed!¥) proposed the methods
of analysis to predict the permanent displace-
ment of earth structure against earthquake. It is
because the permanent displacement of structure
caused by earthquake is important in design, and
the conventional stability analysis based on the
pseudo-static concept contains a drawback due
to lack of earthquake nature. Toki et al.!®) con-
ducted the stability analysis employing both the
limit equilibrium analysis and the deformation
analysis. The stability of slope could be eval-
uated by considering the effects of earthquake
record and vibration properties of slope mass.
However, the factor of safety was obtained as
time dependent and varied in time correspond-
ing to the earthquake excitation. It could not
give any direct information on the total stability
of slope against the earthquake loading. The rela-
tionship between time dependent factor of safety
and total stability of the slope is desired to be
clarified. Ohtsuka et al.!?) proposed the seis-
mic stability analysis for embankment based on
the shakedown theorem. They gave the seismic
stability of earth structures dependent on both
earthquake record and vibration properties of soil
structures. However, the stability of slope was
evaluated in terms of load factor while the fac-
tor of safety is generally defined as a reduction
coefficient in shear strength for the limit state of
slope mass at failure.

This study proposes a numerical procedure by
means of shakedown analysis technique to assess
the static and seismic stability of slopes where
the factor of safety can be newly estimated as

a reduction coefficient in shear strength. Firstly,
the applicability of proposed method to the static
slope stability analysis is inquired through the
comparison with the conventional methods. Sec-
ondly, the seismic stability of slope is investi-
gated against sine wave accelerations excited at
the bedrock of subsoil. The effects of frequency
in enforced acceleration and vibration properties
of slope mass as damping and resonance are dis-
cussed in detail. Thirdly, the combined stabil-
ity method of deformation and stability analy-
ses is discussed in comparison with the proposed
seismic stability analysis. The possible engineer-
ing meaning of time dependent factor of safety
obtained by the combined method is taken into
consideration.

2. Shakedown Analysis of Slope
Based on Shear Strength Reduction
Method

The first general shakedown theorem for the
admissible stress field in a three dimensional
body was developed by Melan, and the second
theorem for the admissible kinematic field was
developed by W.T. Koiter”). The shakedown the-
orems directly define the stability of an elasto-
plastic body against the repeated loads which
vary arbitrary in a prescribed domain. When
the effect of repeated loads which may alter-
nate in magnitude and direction is not negli-
gible, then the structures may undergo failure
although the static collapse conditions are not
attained!). Thus, an assumption as monotoni-
cally load for earthquake excitation may trigger
an instability of structure. With advantages of
shakedown analysis, the static and seismic sta-
bility of slopes will be investigated through the
assessment of their factors of safety. The factor
of safety is estimated as a reduction coefficient
in shear strength. Since the shakedown analysis
falls into conventional method for static loading,
the comparison between them can be well inves-
tigated. It is expected that both analyses will
give the similar results.

2.1 Lower Bound Theorem in Shakedown
Analysis

The first general shakedown theorem of Melan

is also known as the lower bound method. The

body is modeled into an elasto-perfectly plastic

material. There, the stress o (¢) is assumed as the
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addition of the initial stress o ,, the elastic stress
o¢(t) and the residual stress ¢7(t). The elastic
stress o¢(t) is uniquely determined by the exter-
nal force and the residual stress o (t) is defined
to cause corresponding to the plastic deforma-
tion. The residual stress is self-equilibrate and re-
mains in the body even if the external force is re-
moved. The lower bound theorem of shakedown
analysis states that the behavior of the structure
will finally settle into an elastic response against
the external force through some repeats of ar-
bitrary load in the prescribed load domain (to
be shakedown) if any time independent residual
stress distribution " can be found everywhere

in the structure which obeys the following yield

function”)

os(t) =0, +%(t)+7", flot))<0 (1)
where f denotes a yield function of soil. The
stability of structure is defined against the pre-
scribed load domain.

On the shakedown analysis, the failure crite-
rion of structure is referred to whether the struc-
ture to be in shakedown condition or not. When
the structure falls into shakedown condition, then
the structure behaves elastically. It means that
the plastic flow can not develop anymore. Since
the stability of structure is reflected by the factor
of safety, its value refer to shakedown condition.
If the factor of safety less than one, the struc-
ture is said as failure due to that the shakedown
condition can not be attained.

2.2 Finite Element Analysis with Linear
Programming

The lower bound theorem in shakedown analy-
sis falls into the maximization problem of the fac-
tor of safety. Maier?) has been applied the linear
programming technique to solve the maximiza-
tion problem based on the lower bound theorem.
By combining the linear programming technique
and the finite element analysis, this study pro-
poses a new method to assess the factor of safety
in slope stability problem.

The yield function is modeled into the piece-
wise linear function such as

flo)=Nlo - K, <0, (2)
where N, is an assembly of the outward normal
vectors to the yield function and K., an assembly

of yield limits corresponding to outward normal
vectors. As shown in Fig. 1, by handling NV,

and K. in the piecewise linear yield function,
the yield surface can be well approximated. The
circumscribed piecewise linear yield function was
adopted for Drucker-Prager type yield function,
in this study.

Circumscribed
piecewise linear

N4 Rs

Fig. 1 Piecewise linear yield function.

2.3 Shakedown Analysis Based on Shear
Strength Method
In slope stability analysis, the shear strength
criterion of Mohr-Coulomb has been widely em-
ployed as

T=c+ogtan¢ (3)

where ¢ and ¢ indicate the cohesion and the an-
gle of shear resistance, respectively. The factor
of safety for slope is commonly defined as a re-
duction coefficient G in shear strength as shown
in Fig. 2 such that

c tan ¢

= — =¢é+optand 4
T=gton—g n tan ¢ (4)
T
A
tan ¢
(tan ¢)/B
[+
Tes8
>» o

Fig. 2 Definition for factor of safety.

which constitutes the limit state that the slope
undergoes failure. The strength parameters ¢ and
¢3 for active shear strength are, therefore, func-
tions of factor of safety and an iterative proce-
dure to determine the factor of safety has been
employed in the conventional methods of various
limit equilibrium methods. It is worth noting
that the factor of safety obtained in this paper
deals with a global factor of safety.
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The Drucker-Prager criterion is employed to
assess the factor of safety for slope under the
three dimensional condition such that

flo)=VI—aly -k (5)

where Jy expresses the second invariant for devi-
atoric stress and I;, the first invariant of stress.
The parameters of o and k can be expressed by
the parameters of & and ¢ in Eq. (4) such as

3 tan$ 3¢

= k= = (6)
V9 + 12tan? ¢ 9+ 12tan? ¢

under the plane strain condition?). In the analyt-
ical procedure, the Drucker-Prager yield criterion
is approached by the circumscribed piecewise lin-
ear yield function as shown in Fig. 1.

From the definition on factor of safety, N, and
K, in Eq. (2) are defined as the functions of
reduction coefficient as Ng(8) and K¢(8) in the
same way with Egs. (5) and (6). In the finite el-
ement technique, the stresses vector o are trans-
formed into discretized stresses vector ¥ defined
in the whole structure. The yield function for the
whole structure is, therefore, expressed in terms
of discretized stress vector such that

N@BTES-K(B) <0 (7)

where N(B) and K(B) are the assemblage ma-
trix and vector of N.(83) and K (), respectively.
The stability analysis will be conducted by using
a linear programming method to solve the max-
imization problem. The reduction coefficient
is a subject of maximization. In the process of
maximization of 3, the initial value of 3, is as-
sumed temporarily. The stability analysis in the
first iteration can be expressed as follows:

o =

s N(B,)Tx,
fi=maz{s| +N(B)TE < K(B,) (8)
BTY =0

In the above equations, ¥, and X7 express the
initial and constant residual discretized stress
vectors of the whole structure. The first equa-
tion denotes the yield function for the load factor
s against the initial stress equilibrating with the
gravity force and the second equation, the self-
equilibrium condition on the residual discretized
stress vector. A value of f; indicates the margin
of structure for the limit state at failure under the
assumed shear strength parameters of é(5,) and

~

#(B,). The second iteration will be conducted by

replacing B, by 61 = f1- B, in Eq. (8), f2 can be
obtained in the same way. In the nth iteration,
taking Bn—1 = fn-1- fa-2 - f1- Bo, the stability
analysis constitutes a form as,

$ N(Ba-1)"Z,
+N(ﬂn—1)T§T
< K(Bn—l)

BT =0

(9)

fan=maz (s

When the value of f, converges to 1.0, the re-
duction coefficient of 8,_; coincides with 3, and
the structure attains to the limit state under the
employed shear strength parameters of é(8,) and
é(ﬂn). From the definition of slope stability, the
factor of safety is given by the reduction coeffi-

cient as F's = f3, finally.

2.4 Static Slope Stability Analyses
Shakedown analysis comes down to limit anal-
ysis in stability evaluation against a monotonous
load application. Whereas, the limit analysis
has been widely employed in the conventional
slope stability analyses. It is important to ver-
ify the applicability of proposed method based on
shakedown analysis through the comparison with
the conventional method. The limit equilibrium
method which is based on limit analysis has been
most widely employed in static slope stability as-
sessment. In the early development, Taylor!%) in-
vestigated the stability number for simple slope
under various soil constants with the use of a cir-
cular arc method (after Nash'®). Chen® con-
ducted the upper bound solutions based on the
limit analysis and compared his results to Tay-
lor’s. The stability number is a non-dimensional
number and describes the stability of general
slope for a specific slope angle. Therefore, the
factor of safety can be derived from the stabil-
ity number through an iterative procedure. In
the present paper, the factors of safety obtained
by shakedown analysis for simple slope are com-
pared among Taylor!®) and Chen® methods.
Investigation on the factor of safety for simple
slope was done by using soil parameters shown
in Table 1. The slope angle, § and the angle of
shear resistance, ¢ are treated as variable. The
height of slope was kept constant as 10.0 m. The
results on the factor of safety are shown in Ta-
ble 2. In the same geometry of slope, by using
the stability numbers proposed by Taylor'® and
Chen®, the factors of safety can be found. The
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results are also shown in Table 2 for comparison.
It is readily seen that the proposed method gives
the almost same factor of safety with the conven-
tional methods. The proposed method affords a
little larger factor of safety in comparison with
the conventional methods. It is because the pro-
posed method employs the circumscribed piece-
wise linear yield function of the Drucker-Prager
criterion with comparatively small number of
piecewise linearization as shown in Fig. 1. If the
number of piecewise linearization increases, then
the circumscribed piecewise linear yield function
approaches the Drucker-Prager yield function. It
means that the obtained factor of safety will be
decreased, such that the factors of safety by the
proposed and conventional methods to be more
closer.
Table 1 Soil parameters.

E 40MPa v 16.0kN/m?
ve 98kN/m® v 0.4
c 175 kPa ¢ 7.5°

3. Seismic Slope Stability Analysis
Taking Account of Earthquake
Motion

It is well understood that the earthquake mo-
tion has some important characteristics. In the
slope stability analysis, many efforts have been
spent to take all of these characteristics into con-
sideration. The present paper is an effort in this
track. One of the important characteristics of
earthquake motion is that the earthquake motion
behaves as variable repeated loading. Unfortu-
nately, in the seismic stability analysis this char-
acteristic is usually ignored. Therefore, it is ben-
efit to evaluate the seismic stability of slope by
taking account of (1) variable repeated loading of
enforced acceleration time history, (2) frequency
property of earthquake, (3) vibration property of
slope mass and (4) resonant effect. The items
from (2) to (4) have been well known in the
dynamic analysis. Many researchers have con-
ducted the assessment of seismic slope stability
by combining deformation and limit equilibrium
analyses where the items from (2) to (4) included
in their analyses. However, the factor of safety is
given as a function of time and it does not cer-
tainly give a direct information on the stability of
slope against the whole dynamic load itself. Oht-
suka et al.’? proposed the seismic stability anal-

ysis on the embankment problem by introducing
the failure definition against the dynamic load
based on the shakedown concept where the load
factor was treated as safety factor. The factor of
safety for slope is, however, commonly defined as
the reduction coefficient in shear strength against
the limit state at failure. Thus, this paper is pre-
sented with this common definition of factor of
safety.

Table 2 Factor of safety in comparison with conven-
tional methods.

Factor of safety, F's
B ¢ Taylor Chen Proposed
Method!®) | Method®) | Method
30°( 0 0.701 0.605 0.714
5° 0.996 0.999 1.023
10° 1.252 1.274 1.301
15° 1.476 1.500 1.567
20° 1.752 1.768 1.816
25° 2.008 2.017 2.109
40° 1 0 0.658 0.605 0.654
5° 0.877 0.890 0.909
10° 1.064 1.085 1.136
15° 1.253 1.276 1.347
20° 1.426 1.453 1.536
25° 1.619 1.616 1.740
50° | 0 0.618 0.604 0.620
5° 0.792 0.800 0.837
10° 0.940 0.953 1.013
15° 1.087 1.102 1.181
20° 1.232 1.247 1.368
25° 1.376 1.393 1.520

3.1 Slope Stability by Seismic Coefficient
Method

Seismic stability of slope against earthquake
has been estimated based on the pseudo-static
concept (e.g., Sarma!®), Chang et al.?). It is
also known as seismic coefficient method. This
method is generally simple, but the effect of alter-
nating direction of horizontal excitation in earth-
quake nature is not introduced into stability anal-
ysis. The inertia force caused by horizontal seis-
mic coefficient is taken into account by replacing
the initial stress vector ¥, in Eqs. (8) and (9)
by (2, + X¢), where 3¢ denotes the elastic dis-
cretized stress vector against the enforced iner-
tia force. In the seismic coefficient method, the
stress vector X¢ is the response against the en-
forced inertia force which acts in one direction
only, i.e., toward slope surface. However, the
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horizontal excitation of earthquake is naturally
acting in both sides as variable repeated force.
Thus, it is interesting to investigate how the ef-
fect of repeated force affects the stability of slope.

With the use of superior property of shake-
down analysis, the effect of alternating horizontal
excitation on the slope stability is investigated.
The equivalent force vector £2(f3) corresponding
to the variable load F' in the prescribed load do-
main A, i.e., the possible alternating horizontal
excitation, is introduced after Maier®) such that

Q(f) = maz { N(B)T (B0 +3¢) |BTSS = F }

F is variable in A
(10)

X¢ is uniquely determined for the variable load
F. The vector () is obtained by maximization
of each component for possible load F' in the load
domain A.

The basic equation of Eq. (9) in the iterative
procedure is replaced by the following equation.

S Q(,Bn—l) +
fa=maz{s| N(Ba1)TZ < K(Bn-1)p (11)
BTE =0

where f, indicates the margin in shear strength
for the limit state at failure under the as-
sumed shear strength parameters of é(f,—1) and
#(Bn-1). The factor of safety is determined by

Fs = (3, when (3, converges as 8, = Bn—1 in the
iterative procedure.

=
7
2Ll Illll i T
Tl 150 m
50m
a2

—30.0m —#—200m —H¢—500m —

Fig. 3 Boundary condition for case study.

Fig. 3 shows the boundary condition of slope
employed for the case study. The soil param-
eters are the same with Table 1. The factor
of safety under the static condition is compared
among the conventional and proposed methods
in Table 3. The computed results are found to
be a little larger than those of the conventional
methods. It might be partly due to the effect
of the boundary condition at bedrock. The pro-
posed method employs the continuity assumption
and the finite element discretization so that the

computation accuracy might be much affected in
the case of base failure mode.

Table 3 Factor of safety under static condition.

Method Factor of safety, F's
Taylor!®) 1.214
Chen®) 1.217
Kuroda® 1.130
Yamagami et al.1?) 1.207
Proposed Method 1.258

In the seismic coefficient method, the magni-
tude of inertia force is denoted by the seismic co-
efficient as kp = gn/g. The horizontal excitation
working for leftward in Fig. 3 is defined as pos-
itive and vice versa. The conventional method
usually deals with the positive seismic coefficient
only. However, the earthquake motion may alter-
nate from positive to negative directions. There-
fore, it is important to examine the effect of al-
ternating earthquake load.

0-81 ' ) ] T I T l LJ

k= 0.204 <—o0—>k,’

<
d

0.79

0.78

Factor of safety, Fs

0.77

L I | I 1 l 1 l L
0'760 005 0.1 0.15 02 0.25

Seismic coefficient, k)
Fig. 4 Effect of alternating load for slope stability.

The effect of alternating horizontal excitation
on slope stability is evaluated with the proposed
method as shown in Fig. 4. For numerical ex-
ample, the seismic coefficient k,=0.204 is con-
sidered. By conventional method, the factor of
safety is obtained as F's = 0.801. This is indi-
cated in Fig. 4 for k; = 0, i.e., no alternating
load. The domain for seismic coefficient in alter-
nating load is arranged as k; < kj < 0.204 and
k), is varied to change the domain for possible
seismic coefficient. The figure shows that the fac-
tor of safety deteriorates with increasing k; . It
directly indicates that the repeated alternating
seismic coefficient affects the stability of slope.
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However, the degree in effect seems not so large
in comparison with that for embankment prob-
lem reported by Ohtsuka et al.}?). It is because
the possible failure mode is strictly restricted to
the prescribed direction (leftward in Fig. 3) in
the case of natural slope so that the effect of al-
ternating seismic coefficient appears lower. Nev-
ertheless, the reduction in factor of safety attains
to 5% at most and it is still necessary to take ac-
count of the effect of possible change in horizontal
excitation. It is noted that the effect of alternat-
ing seismic coeflicient will get greater with both
the expansion in possible seismic coeflicient do-
main and the increasing in ¢.
3.2 Seismic Stability Analysis with
Shakedown Theorem

Although the shakedown concept was firstly
developed for static or quasi-static loading, fur-
ther developments have brought out the dynamic
shakedown concept into view. It assures that the
structures may attain to the shakedown condition
against dynamic loading. Ho® and Ceradinil)
have shown the proofs of dynamic shakedown.
Ohtsuka et al.'?) proposed the failure definition
of structure based on the shakedown concept by
referring whether the structure reaches an elastic
response to the prescribed dynamic load through
some repeats of the dynamic load as shown in
Fig. 5. The repetitive prescribed dynamic load
is developed in the computation in order to find
out the limit state of structure. It means that the
obtained factor of safety is only due to the pre-
scribed dynamic load without any repetition. In-
troduced definition of stability was proved based
on the dynamic shakedown by Ho®). The stabil-
ity analysis for the dynamic load could be formu-
lated by means of a linear programming method.

Virtual reloading

Acceleration

Sufficient time

Fig. 5 Imaginary repeats of dynamic load.

Taking the dynamic load as a successive load
application, the effect of dynamic load is trans-

formed into the following equivalent force vector

_ in the same way with Eq. (10) such that

Q(6) = maz {N(8) (o + (1)) |BTE(t) =
F(t) - CU(t) - MU(t), 0<t<T} (12)

in which the reduction coefficient § for shear
strength parameters is employed. The condi-
tional equation indicates the equation of motion
for the prescribed dynamic load of F(t) (0 <
t < T). The notation of C and M denote the
damping and mass matrices, respectively. 3¢(t)
is a discretized stress vector dependent of time.
Q(0) is obtained by a maximization of each com-
ponent in Eq. (12). Q(f) denotes the equiva-
lent force vector to the dynamic load with regard
to the yield limit. It reflects the loading history
F(t) and the vibration property of ground. Fi-
nally, the factor of safety can be assessed for the
dynamic load with an iterative method such as
shown in Eq. (11).

3.3 Seismic Stability of Natural Slope for
Sinusoidal Acceleration Wave

The earthquake ground motion is naturally
considered as a dynamic loading, where the fre-
quency of motion plays an important role. So
that, the stability of natural slope against earth-
quake should be affected by the frequency of
earthquake itself. In order to clarify the applica-
bility of the proposed method to assess the seis-
mic stability of slope where the effect of frequency
of motion can be taken into account, a sinusoidal
acceleration wave is used instead of earthquake
motion.

A simple slope as shown in Fig. 3 instead of
natural slope is subjected to sine wave acceler-
ation which acts horizontally at the bedrock of
subsoil. The parameters of soil are given in Ta-
ble 1. The amplitude of sine wave acceleration
is taken as a; = 200 gal. The Rayleigh damping
model is employed in the elastic dynamic defor-
mation analysis, such that matrix C in Eq. (12)
can be expressed as

C =aM +bK (13)

The Rayleigh damping model assumes that a
damping is proportional to mass M and stiffness
K of the structure. The parameters of a and b
are coefficients for the Rayleigh damping model.
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Christian et al.9) proposed the relationship be-
tween the coefficients of @ and b and the damping

ratio as
a bwi

hi = QZ): -+ "2—
where h; and w; are the damping ratio and fre-
quency at mode i, respectively. The parameters
a and b for specific damping ratio could be deter-
mined by assuming the fundamental natural fre-
quency of slope w, governs the major behavior.
If h is the desired damping ratio, it is reasonable
to make h; = h at w,. This can be achieved by
setting

(14)

=L

Wo

a=hw, and (15)

For example, let the desired damping ratio h =
10%, the fundamental natural frequency of slope
w, = 10.275 rad (1.64 Hz), then the parameters
a = 1.0275 and b = 0.0097. It is worth noting
that the parameters a and b can be given to de-
termine the damping ratio h.

Fig. 6 shows the relationship between the ob-
tained factor of safety and frequency in sine wave
acceleration. The obtained factor of safety was
computed by using the Eqgs. (11) and (12), where
the dynamic load was given by sine wave acceler-
ation. The damping ratio is taken from h = 10%
to 50% in order to examine the effect of damping
on the seismic stability. In the figure, the factor
of safety for static condition and by seismic coef-
ficient method are illustrated with dotted lines.
It is noted that the factor of safety obtained by
seismic coefficient method is computed for inertia
force corresponding to the maximum amplitude
of enforced acceleration which acts alternately in
range —0.204 < k;, < 0.204 (kp = 0.204 corre-
sponds to a; = 200 gal).

It is readily seen from the figure that the ob-
tained factor of safety approaches that of static
condition at high frequency in enforced acceler-
ation and, on the other hand, it coincides with
that seismic coefficient method at low frequency.
It seems quite natural that the effect of dynamic
load on the stability is lower at high frequency.
On the contrary, the seismic coefficient method
gives a good approximation to the motion of soil
mass in slope at low frequency. Taking notice of
the change in factor of safety with frequency, the
factor of safety firstly decreases with the increas-
ing in frequency, but it turns to increase after the
frequency of about 2 Hz is achieved. Moreover,

the fundamental natural frequency of slope was
found as w, = 1.64 Hz prior to computation of
safety factor. The minimum factor of safety is
obtained at frequency which is very close to the
fundamental natural frequency. Therefore, it is
reasonable to conclude that the minimum factor
of safety is triggered by resonant phenomenon.
It is important to note here that the frequencies
which are near to resonant frequency afford the
factors of safety which are lower than that ob-
tained by the seismic coefficient method. The
similar trend was found for the seismic stability
of embankment in term of load factor that was
reported by Ohtsuka et al.!?),

1.4 —rrrrm
1.2
1
0.8
0.6
0.4

0.2
0 ool

v l"ll"l LI lllllll

Factor of safety, Fs

Ll lllllll

L1 I'llllll

0.01 0.1 1 10
Frequency (Hz)

Fig. 6 Effect of frequency in sine wave acceleration.

In the same figure, the effect of damping ra-
tio is clearly exhibited. At the damping ratio of
h = 10%, the factor of safety seems drastically
falling into a minimum value at resonance fre-
quency, but, at A = 50% such performance is not
discernible. It indicates that the effect of damp-
ing works properly.

The effect of vibration property of slope on the
seismic stability is examined in the same way as
before. Taking the damping ratio as h = 10%,
the elastic modulus of slope that reflects its vi-
bration property is changed to see its effect to
distribution of safety factor. Fig. 7 illustrates
the relationship between the obtained factor of
safety and frequency by enforcing the sine wave
acceleration. It can be seen that the frequency
on the minimum factor of safety is shifted accord-
ing to elastic modulus. If the elastic modulus of
system is changed, then its fundamental natural
frequency is also changed. For elastic moduli of 1,
5 and 40 MPa, the fundamental natural frequen-
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cies are 0.26, 0.47 and 1.64 Hz, respectively. The
figure clearly shows that the resonance frequen-
cies follow the fundamental natural frequencies
of slope according to their elastic moduli. It con-
firms that the developed method could evaluate
the seismic stability rationally.
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Fig. 7 Effect of vibration property of slope.

4. Consideration on Conventional
Seismic Stability Analysis with
Dynamic Response Analysis

In the conventional seismic stability analyses,
two methods are usually conducted. One is the
seismic coefficient method, which is based on
pseudo-static concept. This method takes the
loading as time independent. The other is dy-
namic response analysis, where the loading is
time dependent. However, both methods have
no different in the principle of loading. In other
words, both methods enforce load to structure
for specific instant only. Therefore, both meth-
ods could not give a satisfied answer with regard
to question about how the stability of structure
against the load in entire time domain. The pre-
sented paper proposes a new perspective to over-
come the problem by means of shakedown anal-
ysis technique.

Apart from conventional seismic stability anal-
ysis, the shakedown analysis could consider the
load in entire time domain. In the conventional
dynamic analysis, the obtained factors of safety
change from moment to moment, but, in shake-
down analysis, the factor of safety is a single
value which represents the stability against load
in total time. In the conventional method, the
minimum factor of safety during loading is usu-

ally adjusted as the total stability. Based on the
circumstances, it is interesting to investigate the
comparison between conventional and proposed
methods.

4.1 Time Dependent Slope Stability by
Combined Analysis

The combined analysis is intended to predict
the seismic stability of slope by means of dy-
namic deformation and stability analyses simul-
taneously. By conducting the dynamic deforma-
tion analysis, the stress distribution in slope can
be estimated for every moment according to the
dynamic load by taking account of loading his-
tory and vibration property of slope. The factor
of safety is, therefore, defined for every moment
by performing the stability analysis against the
specific stress distribution in slope.

As before, the boundary condition of Fig. 3
and soil parameters in Table 1 are used for case
study to perform the combined analysis. The ob-
tained factor of safety in time is illustrated in
Figs. 8 and 9 for periods of sinusoidal wave
acceleration T = 0.25 s and 0.75 s, respectively.
Both figures illustrate the periodic change in fac-
tor of safety, however, the change process in time
is apparently different. The factor of safety for
T = 0.25 s almost forms a sine wave, but that for
T = 0.75 s does not. In the case of T = 0.75 s the
behavior of factor of safety seems much compli-
cated, however, it settles to the specific pattern
with time. The minimum factor of safety dur-
ing the excitation is obtained as F's = 0.801 and
0.473 for T = 0.25 s and 0.75 s, respectively. The
fundamental natural period of slope is 0.61 s so
that the factor of safety obtained for T' = 0.75
s changes more largely than that for T = 0.25
s, since the excitation period is more closer to
fundamental natural period.

The feature of this method is to take account
of loading history of enforced acceleration and vi-
bration properties of slope mass, such that the
history of safety factor is also clearly shown.
However, the factor of safety is obtained as a
function of time, which does not directly afford
any information on the stability of slope against
the entire acceleration load. Moreover, the com-
bined method further requires numerous times of
computation to obtain a time dependent factor
of safety.
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4.2 Comparative Discussion with Shake-
down Analysis

It has been shown that the proposed method
can evaluate the seismic stability of slope by tak-
ing account of dynamic properties of earthquake
and slope mass. However, the combined method
of deformation and stability analyses could also
consider the similar aspects of dynamic proper-
ties in safety factor assessment. In order to inves-
tigate the relationship in factor of safety between
the proposed and combined methods, a compar-
ison between them is conducted.

Table 4 shows the comparison in factor of
safety between two methods. The damping ratio
is taken as h = 10% and 20%. In the combined
method, the minimum factor of safety in overall
time duration is assumed as the total factor of

safety as shown in the table. It is readily seen
that the proposed method gives the lower fac-
tors of safety in comparison with the combined
method for both time periods of T = 0.25 s and
0.75 s. It is because the combined method can
not consider the overall time duration factor of
safety directly. Besides the effect of alternating
magnitude and direction in excitation is negligi-
ble. However, the difference in factor of safety be-
tween these methods is found not so large. Con-
sidering the effect of alternating acceleration on
factor of safety is at most 5%, it can be said that
the combined method gives a good estimation on
factor of safety in case of natural slope.

Table 4 Comparison between combined and shake-
down analyses for slope stability.

Factor of safety, F's

Shakedown Analysis | Combined Analysis
T(s) [R=10%] h=20% | h=10% | h=20%
0.25 0.754 0.857 0.810 0.902
0.75 0.434 0.536 0.473 0.560

It is important to note, even though the ef-
fect of alternating acceleration is not significant
in case of natural slope, such effect appeared sig-
nificantly in case of embankment problem, as re-
ported by Ohtsuka at al.'?). It is easy to un-
derstand why such effect does not appear signif-
icantly in case of natural slope, since the defor-
mation due to excitation is restricted to one side
only (toward slope surface). But, on the embank-
ment case, the deformation is freely oscillated to
the both sides of slope.

In order to make clear the effect of alternat-
ing acceleration on the embankment problem, the
combined analysis was applied to assess the seis-
mic stability of embankment in the same case
study with Ohtsuka et al.!®. By taking damp-
ing ratio h = 10%, the obtained factor of safety
in time domain is shown in Fig. 10 for pe-
riod T = 8 s. The minimum factor of safety
was obtained as F's = 1.621. Since the funda-
mental natural period of embankment is 8.1 s,
this factor of safety is expected to be near with
the resonant condition. For the same case study
of embankment, the comparison between shake-
down and combined analyses is shown in Table
5. This table indicates that both analyses as-
sess the different factors of safety. It confirms
the significant effect of alternating acceleration
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on the stability of embankment, since the factor
of safety obtained by shakedown analysis are far
lower than combined analysis.
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Fig. 10 Time dependent factor of safety for time pe-
riod, T =8 s.

Table 5 Comparison between combined and shake-
down analyses for embankment.

Factor of safety, F's
Shakedown Analysis | Combined Analysis
T(s) [h=10% | h=20% | h=10% | h = 20%

4.0 3.600 4.860 4.150 5.204
8.0 1.104 2.166 1.621 3.127

5. Conclusions

This study proposed the new procedure for
static and seismic stability analysis of slope based
on the shakedown theorem in plasticity. In slope
stability assessment, the conventional factor of
safety has been defined as a reduction coefficient
in shear strength against the limit state at fail-
ure. The proposed procedure could evaluate the
factor of safety in the same way with the conven-
tional way.

The following results were obtained in this
study:

1. The applicability of the proposed stability
analysis was firstly examined through the
comparison with the conventional methods
of Taylor'®) and Chen® under the static con-
dition. The factor of safety was investigated
for various conditions of geometry and soil
parameters for slope. The obtained results
were fairly coincident with those of the con-
ventional methods.
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2.

The seismic stability of slope has been eval-
uated based on the pseudo-static concept.
With the superior property of shakedown
theorem, the effect of repeated alternating
magnitude and direction in possible seismic
coefficient on the slope stability was taken
into consideration. Ohtsuka et al.'? re-
ported that this effect was significant and
attains to at most 30% of factor of safety
for embankment problem. The computed re-
sults for natural slope, however, remained al-
most the same factors of safety (at most 5%)
with the conventional methods. It was be-
cause the natural slope usually failed down-
ward, which made the effect of alternating
seismic coefficient as lower. It is still noted
that this effect will get greater as the expan-
sion in possible seismic coefficient domain.
The seismic stability analysis of slope was
developed with strength reduction method.
It could estimate the factor of safety by tak-
ing account of earthquake record and vi-
bration property of slope mass. The appli-
cability of the proposed method to seismic
stability assessment was examined through
the case study for various frequencies in sine
wave acceleration excited at bedrock of sub-
soil. The factor of safety was obtained de-
pendent of frequency and varied from that
of pseudo-static stability analysis to that of
static stability analysis.

. The applicability of combined method was

investigated through the case study. The
combined method gave the time dependent
factor of safety, the meaning of which had
been left to be clarified. However, in com-
parison with the proposed method, the min-
imum factor of safety by combined method
in overall time duration was found to give a
good estimation on seismic factor of safety
in case of natural slope. But, in case of em-
bankment problem, the factor of safety ob-
tained by the proposed method was far lower
than the combined method. It confirms that
the combined method ignored the effect of
alternating loads, which may generate on the
embankment during an earthquake.

In case of natural slope, even though the
combined method gave the almost same fac-
tor of safety with the proposed method, it



is still a distinguishing of computation time
between them. The combined method con-
ducts the computation of safety factor for
every moment in the time duration of exci-
tation to find a minimum safety factor for
one period of excitation. It means that the
computation of safety factor should be done
in hundreds times for only one period of ex-
citation. Meanwhile, the proposed method
conducts the computation of safety factor
once only for one period of excitation. Thus,
the proposed method saves the computation
time much more than the combined method.
The change in stiffness and damping ratio of
soils during the excitation should be intro-
duced into the proposed method to assess
more realistic stability of soil structures. It
is left to the further subject of this research.
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