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Analytical Study on Torsional Vibration of Thin-Walled Straight Beams
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Three different mass matrix methods for determining natural frequencies of thin-walled
continuous beams are presented. One method is the exact method based on a general
solution of the differential equation of motion for torsional vibration, and it is called the
continuous mass method. The other two matrix methods are the lumped and consistent
mass methods based on the approximate finite element approach. The mathematical
relationship between the exact and approximate methods is discussed. The numerical
results computed by the lumped, consistent, and continuous mass methods are given in
tabular form, and the accuracy of natural frequencies obtained by these mass matrix

methods is investigated.
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IMode Lumped Mass Method Consistent Mass Method Continuous
order| N=6 N=8 N=10 N=12 N=6 N=8 N=10 N=12 | MassMethod
1 28.273 28.415 28.481 28517 28.598 28598 28.598 28.598 28.598
-(1.136) ~(0.640) -(0.410) —(0.285) (0.000) (0.000) (0.000) (0.000)
2 55.030 56.143 56.665 56.950 57.605 57.603 57.603 57.603 57.603
-(4.466) —-(2.534) -(1.629) ~-(1.134) (0.003) (0.001) (0.000) (0.000)
3 78.870 82516 84.246 85.200 87.438 87.419 87.414 87.412 87.411
~9.771) -(5.600) -(3.621) -(2.529) (0.031) (0.009) (0.003) (0.001)
4 98.596 106.899 110.910 113.145 118.573 118.453 118.422 118.411 118.402
—(16.728) ~(9.715) —(6.327) —(4.440) (0.144) (0.043) (0.016) 0.007)
S| 113.140 128.713 136.330 140.626 151.613 151.147 151.016 150.970 150.930
~(25.038)|  —(14.720) -(9.673) -(6.827) (0.453) (0.144) (0.057) (0.026)
6 147423 160.173 167.454 186.011 185.603 185.453 185.319
-(20.449) -(13.569) -(9.640) (0.373) (0.153) (0.073)
7 162.359 182.107 193.411 223.651 222.625 222.230 221.860
-(26.819) -(17.918) —(12.823) (0.807) (0.345) (0.167)
8 201.777 218.258 262.581 261.688 260813
-(22.635) -(16.316) (0.678) (0.335)
9 218589 | 241.735 305.992 304.245 302.403
-(27.716) —(20.062) (1.187) (0.609)
10 263535 350.351 346.825
-(24.015) [QKAN)]
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2 ERTERT O C D EEREE (Ho)

IMode Lumped Mass Method Consistent Mass Method Continuous
orderf] N=12 N=16 N=20 N=24 N=12 N=16 N=20 N=24 | MassMethod
1 28.273 28.415 28.481 28,517 28.508 28598 28.598 28.598 28.598
—{1.136) —0.640) ~0.410) -(0.285) (0.000) (0.000) (0.000) (0.000)
2 29.084 29.150 29.178 29.193 29.436 29.346 29.303 29.279 29.242
—-(0.539) —0.313) —0.218) —(0.166) (0.665) (0.356) (0.208) (0.128)
3 55.030 56.143 56.665 56.950 57.605 57.603 57.603 57.603 57.603
—(4.466) ~(2.534) ~1.629) —(1.134) (0.003) (0.001) (0.000) (0.000)
4 56.500 57.550 58.028 58.287 59.296 59.111 59.024 58.977 58.902
—(4.078) ~(2.295) —(1.484) -(1.044) (0.669) (0.355) 0.207) (0.128)
5| 78870| 82516| 84246| 85200| 87.438| 87.419| 87.414| 87.412 87.411
—9.771) —(5.600) —3.621) -(2.529) (0.031) (0.009) (0.003) (0.001)
6] 80716| 84474| 86215| 87167 ©90045| 89.718| 89576 89503 89.387
-(9.701) —(5.497) —(3.549) ~(2.484) (0.736) (0.370) 0.211) (0.130)
7 98.596 106.899 110.910 113.145 118.573 118.453 118.422 118.411 118.402
~(16.728) ~(9.715) —6.327) —(4.440) (0.144) (0.043) (0.016) 0.007)
gl 100446 | 109247 | 113400| 115693 | 122242 | 121610 121.368 | 121253 | 121.085
—(17.045) -9.777) —6.347) —(4.453) (0.956) (0.434) (0.234) (0.139)
gff 113.140 128.713 136.330 140.626 151.613 151.147 151.016 150.970 150.930
-(25.038) -(14.720) —-(9.673) ~-(6.827) (0.453) (0.144) (0.057) (0.026)
10| 114.565 131.273 139.236 143.696 156.546 155.272 154.811 154.612 154.354
-(25.778) |  -(14.954) ~(9.794) -(6.905) (1.420) (0.594) (0.296) 0.167)
#%3 3 EREGHTOR L D EFREE Hz)
Mode Lumped Mass Method Consistent Mass Method Continuous
order N=18 N=24 N=30 N=36 N=18 N=24 N=30 N=36 |MassMethod
1 28.273 28.415 28.481 28.517 28.598 28.598 28.598 28.598 28.598
—-(1.136) -(0.640) -(0.410) -(0.285) (0.000) (0.000) (0.000) (0.000)
2 28.674 28.778 28.826 28.851 29.012 28.968 28.946 28.935 28.917
-(0.841) -(0.478) -(0.315) -(0.226) (0.328) (0.176) (0.103) (0.064)
3 29.507 29532 29539 29.544 29.873 29.735 29.668 29.632 29575
-(0.229) —(0.144) -(0.119) —-(0.105) (1.010) (0.541) (0.315) (0.194)
4 55.030 56.143 56.665 56.950 57.605 57.603 57.603 57.603 57.603
-(4.466) -(2.534) -(1.629) -(1.134) (0.003) (0.001) (0.000) (0.000)
5 55.759 56.841 57.340 57612 58.442 58.350 58.307 58.284 58.247
-4271) | -(2414)| -(1556) | —(1.089) (0.334) 0177) (0.103) (0.064)
6 57.259 58.277 58.732 58.977 60.175 59.892 59.758 59.687 59.572
~-(3.882) ~-(2.174) -(1.410) -(0.998) (1.013) (0.537) (0.313) (0.193)
7 78.870 82516 84246 85.200 87.438 87.419 87414 87.412 87.411
-(9.771) -(5.600) -(3.621) —(2.529) (0.031) (0.009) (0.003) (0.001)
8 79.793 83.491 85.226 86.179 88.734 88.562 88.489 88.452 88.394
-(9.730) -(5.546) —-(3.583) -(2.506) (0.385) (0.190) (0.108) (0.066)
9 81.654 85.477 87.226 88.176 91.396 90.904 90.689 90.578 90.402
-(9.676) -(5.448) ~-(3.513) —-(2.462) (1.099) (0.555) (0.317) (0.195)
10 98.596 106.899 110.910 113.145 118.573 118.453 118.422 118.411 118.402
—-(16.728) ~(9.715) -(6.327) -(4.440) (0.144) (0.043) (0.016) (0.007)
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