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Rectangular, or quasi-rectangular tunnels have become popular recently due to their advantages of re-
ducing the excavation volume, effectively utilizing the underground space, and smaller impact on the ex-
isting structure in proximity. To clarify the difference of the stresses distribution between the quasi-rectan-
gular tunnel and the circular tunnel in sandy soils, an experimental study using the aluminum bars and three 
tunnel models with cross-section shapes of circle, quasi-rectangle with long-axis in the horizontal direction, 
and quasi-rectangle with long-axis in the vertical direction are conducted in this research. Discrete element 
method (DEM) is used to obtain the stress distribution around the three tunnels with different cross-section 
shapes. The numerical study is verified by the displacement fields observed in the experimental study. A 
parametric study of the width to height ratio of the tunnel cross-section is performed. By combining the 
displacement fields obtained from the experiment test, and the stress distribution around the tunnel obtained 
from the numerical study, the effect of cross-section shape of tunnel in sandy soils is investigated. 
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1. INTRODUCTION

When constructing an subway tunnel with a shield
machine, the tail gap between the soil and lining in-
duced by overcutting will allow surrounding soil par-
ticles to move towards the lining. Such convergence 
of the soils will cause a decrease of the earth pressure 
acting on the crown of tunnel lining and form a loos-
ening zone in adjoining soils, reflecting the soil arch-
ing effect. It is observed from field measurements 
that the vertical pressures acting on the tunnel lining 
are reduced by 20-60% of the overburden earth pres-
sure in sandy soils1).  

Peck2) showed that the surface settlement distribu-
tion induced by ground loss of tunnel construction 
could be considered as a Gaussian curve. Wu3) pro-
posed an analytical solution to establish a relation-
ship between ground loss and arching effect in tun-

neling. However, only circular shape tunnel was con-
sidered in their reseraches. 

Recently, the construction of rectangular or quasi-
rectangular tunnels have increased due to their ad-
vantages of reducing excavation and efficient use of 
the underground space4). For the circular tunnel, 
many researchers have conducted a large amount of 
theoretical research3), model tests5), and numerical 
analyses6) on investigating the soil arching effect in-
duced by tunnel excavation. However, not so many 
researches on the stress distribution of quasi-rectan-
gular tunnels have been performed so far.  

Due to the irregular shape of a quasi-rectangular 
tunnel, the movement of surrounding soils and 
ground settlement will appear differently from those 
of circular tunnels, which may influence the for-
mation of loosening zone and stress redistribution 
around the tunnel7). Therefore, it is crutial to investi-
gate the influence of the tunnel shapes on the stress 
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distribution around the tunnels. 
To clarify the tunnel shapes effect, an experimental 

study using aluminum bars and models of three tun-
nels with cross-section of circle, quasi-rectangle with 
long-axis in the horizontal direction, and quasi-rec-
tangle with long-axis in the vertical direction are con-
ducted in this research. 

A simplified two-dimensional plane strain DEM 
(discrete element method) model with the same di-
mension as the experiment is established, and the 
stress distribution around the three different shapes of 
tunnels are examined. Finally, a parametric study of 
the rectangular tunnels with various width to height 
ratio are performed to further investigate the tunnel 
shape effects, and the reduction of stress in soil 
around the tunnels are compared with Terzaghi’s 
lossening pressure to check the validaity of the nu-
merical model. By analyzing the amount of soil dis-
placement in the experiment and stress distribution 
from numerical DEM model, it was found that for a 
same amount of volume loss, a larger width to height 
ratio of the tunnel tends to have a smaller vertical 
stress reduction on the tunnel crown and a larger hor-
izontal stress reduction at the spring line of the tunnel. 

2. EXPERIMENTAL STUDY

(1) Apparatus of the experimental model
As a first part of this study, in order to examine the

effect of various cross-section shapes of tunnel on the 
displacement distribution and stress release in soil 
around tunnel after shield machine pass, a shield tun-
neling modeling device was prepared and then series 
of experimental tests were performed. In this part, de-
tails of physical model as well as shield tunneling 
modeling device are introduced in details and then 
experiment cases are explained, and finally the re-
sults are presented.   

The physical model consists of two wood columns, 
stacks of aluminum bars, and a shield tunnel model-
ling device, as shown in Fig. 1. The wood columns 
are located on both sides with a spacing of 338 mm. 
The shield tunnel modelling device is placed in be-
tween and the lower middle of the two wood columns. 
The aluminum bars are stacked horizontally in paral-
lel around the tunnel model. The overburden height 
of the tunnel model is 310 mm. 

The shield tunnel modeling device consists of a 
metal axis with screw threads, two cones made of 
polymer, and a rotating handle as shown in Fig. 2. It 
is used to simulate the convergence of soil towards 
the lining after the shield machine has passed. By ro-
tating the handle, cones are separated and aluminum  

Fig. 1 Front view of the experimental apparatus. 

stacks moves gradually toward the cone center (tun-
nel center). By rotating an angle of 120°, the cones  
are separated by 4 mm, and aluminum bars move to-
wards the tunnel model by 1 mm. The handle is ro-
tated at a rate of 120° per min, and stops for each ro-
tating in order to take a photo of the state of alumi-
num bars. By rotating of handle, aluminum bars can 
move radially by maximum amount of 9 mm. Be-
cause of followed procedure, the experiment is re-
ferred to quasi-static conditions. Then the photos are 
analyzed by particle image flow (PIV) program to ob-
tain the displacement fields of the aluminum bars. 

As shown in Fig. 3, there are three types of tunnel 
models with the same cross-section contraction pat-
terns adopted in this study. The invert of the tunnel 
models is fixed. The circular tunnel model has a max-
imum radius of 31.8 mm. The quasi-rectangular tun-
nel model with a long axis in the horizontal direction 
has a maximum cross-section of 66 mm × 55 mm and 
a width to height ratio of b/a = 6/5. The quasi-rectan-
gular tunnel model with a long axis in the vertical di-
rection has a maximum cross-section of 55 mm × 66 
mm and a width to height ratio of b/a = 5/6. 

The maximum inward aluminum bars movement 
of the three tunnel models is 9 mm. The design of the 
quasi-rectangular tunnel models are based on the 
cross-section of a real metro tunnels with long axis in 
horizontal direction and another tunnel with long axis 
in vertical direction in Tokyo metropolitan area. All 
three models have identical cross-sectional area. 

Tunnel volume loss is defined as the ratio of soil 
loss volume to total excavation soil volume per unit 
tunnel length, 𝑉!, which can be expressed as: 

𝑉! =
𝜋(𝐷" − 𝐷#")

𝜋𝐷"
(1)
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Fig. 2 Shield tunnel modelling device. 

Fig. 3 Cross-section of the circular tunnel model, quasi-rectangu-
lar tunnel model with a long axis in the horizontal direc-
tion and quasi-rectangular tunnel model with a long axis 
in the vertical direction. 

Fig. 4 Volume loss of the circular tunnel. 

where 𝐷  is the excavated diameter of tunnel; 𝐷# 	is 
the external diameter of tunnel lining ring, as shown 
in Fig. 4. In this study, 𝑉! is considered as the ratio of 
the reduced cross-sectional area to the initial cross-
sectional area of the tunnel model. 

(2) Material properties of aluminum bars
The material properties of aluminum bars are

shown in Table 1. The aluminum bars used in the ex-
periment are a mixture of 1.6 mm and 3.0 mm in di-
ameter and are in the ratio of 2:1 in mass, which are 
determined by the particle size distribution curve of 
standard Toyoura sand8). The length of the aluminum 
bars are 50 mm, and the unit weight of the aluminum 
bars mass is 20.4 KN/m3. The internal friction angle 
of the aluminum bars mass is 25° which is obtained 
from the laboratory tilt test, as shown in Fig. 5. The 
coefficient of restitution is the ratio of relative veloc-
ity after collision to relative velocity before collision 
of the material. In this paper, the coefficient of resti-
tution, Young’s modulus and Poisson’s ratio of the 
aluminum bars are decided by the material properties 
of aluminum. 

Fig.  5 Laboratory tilt test of the aluminum bars 

Table 1 Material properties of the aluminium bars. 

Parameters Values 

Young’s modulus (GPa) 71 

Poisson’s ratio 0.34 

Coefficient of restitution 0.1 

Internal friction angle (°) 25 

Fig. 6 Vertical displacement contour of the circular tunnel. 

(3) Results
In order to compare the extent of loosening zone

area under arching effect in three tunnel cases, verti-
cal displacement are obtained by partice image flow 
(PIV) program. The vertical displacement contour is 
generated by setting the vertical displacement at the 
value of 1.8 and 2.7 mm, which are 20% and 30% of 
the maximum inward aluminum bars movement (9 
mm). The vertical displacement contour height is the 
distance from the crown of the tunnel to the top of the 
displacement contour. Fig. 6 shows an example of the 
vertical displacement contour height obtained from 
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the DEM program for circular tunnel. The red area 
shows soil loosening zone generated by the effect of 
radial particle movements toward tunnel center. The 
white zone is the location of the tunnel. Due to the 
rectangular shape and larger size of the mesh, the 
white zone is in rectangular shape and occupy a larger 
area than the tunnel. 

Fig. 7 shows the the vertical displacement contour 
height evolution in the case of vertical displacement 
of 1.8 mm (a), and 2.7 mm (b) for the three tunnels 
with different cross-sectional shapes. The abscissa 
represents the volume loss of tunnel by percentage 
for each 1 mm inward movement of the aluminum 
bars, and the ordinate shows the values of vertical 
displacement contour height. 

In Fig. 7, for both cases of (a) and (b) and for iden-
tical amount of volume loss, the circular tunnel has a 
larger vertical displacement contour height than the 
other two quasi-rectangular tunnels. The quasi-rec-
tangular tunnel with width to height ratio of 6/5 has 
the smallest displacement contour height. This phe-
nomenon indicates that a larger loosening zone is 
formed in the case of circular tunnel. 

3. NUMERICAL STUDY

The discrete element method (DEM) was devel-
oped by Cundall and Stack9) as a method for analyz-
ing the motion of discontinuous particles such as rock 
and sand.  

In the experimental study, stress distribution 
around the tunnel model unable to be obtained. To 
obtain the stress around tunnels and to investigate the 
deformation mechanisms of granular materials, a 
two-dimensional numerical model is built by using 
DEM code on the basis of the linear spring-dashpot 

contact model10. 

(1) DEM model for the circular and quasi-rectan-
gular tunnel

The DEM model has the same dimension as the
experimental model. The particle mass is a mixture 
of large and small particles with diameter of 1.6 mm 
and 3 mm. There are in total 5278 large particles and 
37344 small particles used in the DEM model, which 
are decided by the mass ratio of the aluminum bars 
mass.  

The cross-section of tunnel models are the same as 
those used in the experimental study, as shown in Fig. 
3. When conducting the numerical simulation, the
cross-sectional area of the tunnel model is reduced
proportionally. The maximum soil inward movement
of the tunnel is 10 mm. For every 1 mm inward soil
movement, the aluminum bars around the tunnel will
converge and move towards the tunnel ring, in order
to simulate the experiment procedure.

(2) Mechanical parameters of the DEM model
Based on the linear spring-dashpot contact

model10), for the two-dimensional model, the normal 
stiffness coefficient between particles 𝑘$% , and the 
normal stiffness coefficient between particles and the 
wall 𝑘$& are: 

𝑘$% =
𝑅' ∙ 𝐸∗

𝑅' + 𝑅"
(2a) 

𝑘$& = 2 ∙ 𝐸∗ (2b) 

where 𝑅' is the smaller radius of the aluminum bars, 
𝑅" is the larger radius of the aluminum bars, and 𝐸∗ 

Fig. 7 Evolution of the vertical displacement contour height for three tunnel shapes in the case of the vertical dis-
placement of the aluminum bars is 1.8 mm (a), and 2.7 mm (b). 

(a) (b) 
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is the effective modulus of the contact defined by 
Mindlin12), which can be obtained by followed equa-
tion: 

1
𝐸∗

=
1 − 𝑣'
𝐸'

+
1 − 𝑣"
𝐸"

	 (3) 

where 𝐸',	𝐸" are Young's modulus and 𝑣',	𝑣"	are the 
Poisson's ratio of the contacting particles. 

Based on the elastic solid mechanics analysis of 
Mindlin (1949), the shear stiffness 𝑘)  can be ob-
tained by:	

𝑘)
𝑘$

=
1 − 𝑣
1 − 0.5𝑣

(4) 

where  𝑘$ is the normal stiffness, and	𝑣 is the Pois-
son's’ratio of the contacting materials. 

It is proven by Lommen (2014) et al. that 𝐸∗ in the 
range of 1 × 105– 1 × 1011 Pa has no significant in-
fluence on the mechanical behavior of the simulated 
particles. Due to this fact and to save the calculation 
time, the value of normal contact stiffness coefficient 
is set at 1 × 104 N/m. Additionally, the Young's mod-
ulus of the wall is assumed equal to that of the alumi-
num bars. 

The friction coefficient of the contact is decided by 
the internal friction angle of the aluminum bars, and 
the damping ratio 𝜁 of the contact is decided by the 
coefficient of restitution 𝑒  of the aluminum bars, 
which is: 

ζ = −
𝑙𝑛𝑒

√𝜋" + 𝑙𝑛"𝑒
(5) 

By substituting the material properties of alumi-
num bars into Eq. 2a, 2b, 3, 4 and 5, the mechnical 
parameters of the DEM model are obtained and listed 
in Table 2. 

Table 2 Mechnical parameters of the DEM model. 

Mechnical Parameters Values 
Normal stiffness coefficient of the contact be-
tween particles, 𝑘!", (N/m) 1×104
Shear stiffness coefficient of the contact between 
particles, 𝑘#" (N/m) 0.8×104 
Normal stiffness coefficient of the contact be-
tween wall and particles, 𝑘!$ (N/m) 3×104 
Shear stiffness coefficient of the contact between 
the wall and particles, 𝑘#$ (N/m) 2.4×104 

Friction coefficient of the contact, 𝜇 0.5 

Damping ratio, 𝜁 0.6 

(3) Verification and validation of the numerical
simulation

Fig. 8 shows the vertical displacement fields of the 
DEM and experimental model when the maximum 
inward radial movement of the circular tunnel is 9 
mm. From this figure, it can be seen that for the range
of vertical displacement from 1.5 to 5 mm, the results
of DEM and experiment considerably match with
each other.

Fig. 9 (a), (c) and (e) show the variation of loosen-
ing height by volume loss in the case of 1.8 mm ver-
tical displacement contour for three tunnel shapes. 
Similarly, Fig. 9 (b), (d) and (f) show the variation of 
loosening height by volume loss in the case of 2.7 
mm vertical displacement contour for three tunnel 
shapes. 

For the circular tunnel and the quasi-rectangular 
tunnel with width to height ratio of b/a = 6/5, the 
DEM results match the experiment results well, while 
in the case of quasi-rectangular tunnel with width to 
height ratio of b/a = 5/6, the experiment results dem- 

Fig. 8 Vertical displacement fields of the aluminum bars experiment (a), and DEM model (b). 

(a) (b) 
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Fig. 9 Variation of loosening height by volume loss in the case of 1.8 mm vertical displacement contour for three tunnel 
shapes, (a), (c) and (e). Variation of loosening height by volume loss in the case of 2.7 mm vertical displacement 
contour for three tunnel shapes, (b), (d) and (f). 

(a) (b) 

(c) (d) 

(e) (f) 
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onstrates higher lossening heights. By employing the 
current DEM parameters, fair degree of matching can 
be seen between numerical DEM results and alumi-
num bars experiment output. 

(4) Comparison of the stress distribution among
three tunnels with different shapes

Fig. 10 (a) shows the variation of vertical stress on 
the crown of the tunnels by increase of volume loss 
for three tunnels with different cross-section shapes. 
For a same amount of volume loss, the circular tunnel 
experiences the most significant reduction of vertical 
stress compared with the other two tunnel, and the 
quasi-rectangular tunnel with width to height ratio of 
b/a = 6/5 has the least significant reduction of vertical 
stress.  

Fig. 10 (b) shows the variation of horizontal stress 
on the left and right spring line of the tunnel (the re-
sults of the left and right spring line of the tunnel are 
almost the same) by increase of volume loss for three 
tunnels with different cross-section shapes. As shown 
in this figure, for a same amout of volume loss, the 
circular tunnel has the largest reduction of horizontal 
stress compared with the other two tunnel shapes, and 
the quasi-rectangular tunnel with width to height ra-
tio of b/a = 5/6 has the smallest reduction of horizon-
tal stress. When the value of volume loss reaches 
27%, the horizontal stress of tunnel with width to 
height ratio of b/a = 6/5 almost remain unchanged, 
and the the horizontal stress of tunnel with width to 
height ratio of b/a =5/6 decreases sharply in compar-
ison with case of b/a = 6/5.  

In Fig. 10 (a) and (b), it is shown that the decrease 
of vertical stress at tunnel crown and horizontal stress 

at tunnel spring lines tends to level off when the vol-
ume loss exceed a certain, in this case, around 30%, 
which coincides with the analytical solution by Wu3). 

4. SENSITIVITY ANALYSIS

(1) Comparison of the stress distribution among
rectangular tunnels with various width to
height ratio

In the engineering practice, a rectangular shield 
tunnel may be designed to have a vertical section for 
single track, or a horizontal section for double or mul-
tiple tracks, which causes the width to height ratio 
varying in a certain range. In this study, with the 
DEM model, the stress distribution around tunnels 
when width-to-height ratio from 3/4 to 5/3 is investi-
gated. 

To further investigate the influence of tunnel 
shapes on the stress distribution around the tunnel, a 
parametric study of the rectangular tunnels with a 
same height and various width to height ratio (b/a = 
3/4, 1, 4/3, and 5/3) are performed are performed. The 
height of the rectangular tunnel is taken to be 60 mm, 
and the mechanical parameters of the DEM model are 
the same as the previous numerical study. 

Fig. 11 shows the variation of vertical stress on the 
crown of the tunnel as the volume loss increases for 
the tunnels with different width to height ratio of b/a 
= 3/4, 1, 4/3, 5/3. It can be observed that the tunnel 
with a smaller width to height ratio have a larger de-
crease in vertical stress. 

Fig. 12 shows the variation of horizontal stress at 
the left and right spring line by changes of volume 

Fig. 10 Comparison of variation of vertical stress on the crown of the tunnel by volume loss among three tunnels with 
different cross-section shapes, (a). Comparison of variation of horizontal stress at the spring line of the tunnel 
by volume loss among three tunnels with different cross-section shapes, (b). 

(a) (b) 
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loss for the tunnels with different width to height ra-
tio. It indicates that the tunnel with a larger width to 
height ratio tends to have a larger decrease in hori-
zontal stress. However, compared with the case of 
vertical stress, the difference in horizontal stress dis-
tribution among tunnels with different width to 
height ratio is relatively small.  

Fig. 13 shows the variations of 𝐾 (ratio of horizon-
tal stress to vertical stress = 𝜎*/𝜎+) by volume loss 
at the tunnel spring line for different shapes of tunnels. 
It can be seen that the 𝐾 ratio is almost unchanged 
after volume loss of 10% among all tunnel cases.  

(2) Comparison between the Terzaghi’s loosening
pressure and numerical results

Terzaghi method11) is the most acknowledged so-
lution to estimate the loosening earth pressure on 
deep buried tunnels. For deep buried tunnels, the 
pressure on the crown of the tunnel can be obtained 
by:

𝜎+ =
𝛾𝐵'

𝐾	𝑡𝑎𝑛𝜙
∙ D1 − 𝑒,-	/0$1∙3%/5%E

+ 𝛾𝐷"𝑒,-	/0$1∙3%/5%
(6) 

where 𝜎+ is the loosening earth pressure on the tunnel 
crown, K is the ratio of horizontal earth pressure to 
vertical earth pressure, 𝜙 is the internal friction angle 
of soils, 𝛾 is the unit weight of soil, 𝑐 is cohesion of 
soil, 𝐷' is the height of the loosening zone,	𝐷"	is the 
distance from the top of the loosening zone to the 
ground surface	and 𝐵' is the yielding strip of tunnel. 
Terzaghi proposed that the yielding strip 𝐵' was: 

𝐵' = 𝑅6 ∙ cot	(
𝜋/4 + ∅/2

2
) (7) 

which is much wider than that observed in model 
tests (Lee 2006). In this part, 𝐵' is taken to be .uiva-
lent to initial with of the rectangular tunnel. The val-
ues of the other parameters are shown in Table 3, 
which obtained based on the physical and material 
properties of the aluminum rods. 

By applying all the parameters of Table 3 into Eq. 
6, Terzaghi’s loosening earth pressure is obtained and 
compared with the vertical stress obtained by DEM 
model when volume loss of the tunnel is 31% (Based 
on Wun’s study3, the decrease of loosening pressure 
on the crown of the tunnel is relatively small when 
the volume loss is larger than 31%), as shown in Fig. 
14. The abscissa represents the vertical stress reduc-
tion versus initial vertical stress (7&%,7&'

7&(
%), and the

ordinate is the width to height ratio of the rectangular 
tunnels. From Fig. 14, it can be seen that in the case 
of the tunnel width to height ratio are b/a = 3/4 and  

Fig. 11 Comparison of vertical stress on the crown of the tunnel 
among three tunnels with width to height ratio. 

Fig. 12 Comparison of horizontal stress at the left and right spring 
line of the tunnel among three tunnels with width to 
height ratio. 

b/a = 5/3, the loosening earth pressure of the DEM 
model is almost the same as the Terzaghi’s loosening 
earth pressure, while in the case of the tunnel width 
to height ratio are b/a = 1 and b/a = 4/3, the loosening 
earth pressure of DEM model is larger than Ter-
zaghi’s loosening earth pressure. 

Nevertheless, both Terzaghi’ solution and DEM 
simulation results show that a tunnel with smaller 
width to height ratio has a larger loosening pressure 
on the tunnel crown.  
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Fig. 13 Comparison of ratio of horizontal stress to vertical stress 
K at the left and right spring line of the tunnel among 
three tunnels with width to height ratio. 

Fig. 14 Comparison of the vertical stress reduction on the crown 
of the tunnel between Terzaghi’s solution and DEM sim-
ulation. 

Table 3 Parameters of the Terzaghi’s loosening earth pressure 

Parameters Values 

𝐵)	(m) 71 

Unit weight of soil, 𝛾 (N/m3) 969.3 
Ratio of horizontal earth pressure to 
vertical earth pressure, K 0.83 

height of the loosening zone, 𝐷) (m) 0.09 
distance from the top of the loosening 
zone to the ground surface, 𝐷* (m) 0.19 

Internal friction angle (°) 25 

5. CONCLUSIONS

The shape effects of tunnel in sandy soils is studied
both experimentally and numerically. The relation-
ship between the stress around the tunnel and volume 
loss of tunneling was established based on the results 
obtained by the experimental and numerical model. 
Variations of loosening heights with volume loss for 
three types of cross-sectional dimension ratio were 
performed. The main conclusions are summarized as 
follows: 
1) In the experimental study, the shape effect of tun-

nels is carried out by comparing the loosening
heights of the three different shapes of tunnels.
The values of loosening heights among three tun-
nel cases are: circular tunnel > quasi-rectangular
tunnel of b/a = 5/6 > quasi-rectangular tunnel of
b/a = 6/5.

2) The verification of DEM model is conducted by
using the loosening heights observed in the ex-
periment test. In the case of vertical displacement
contour of 1.8 and 2.7 mm, the DEM computed
results agrees fairly with the results observed in
the experimental study.

3) In the numerical study, the stress distribution
around the three tunnels with different cross-sec-
tion shapes are obtained. The numerical results
show that the relation of the vertical stress reduc-
tion on the crown of the tunnel among three tun-
nel cases are: circular tunnel > quasi-rectangular
tunnel with long axis in the vertical direction >
quasi-rectangular tunnel with long axis in the
horizontal direction. In the case of the horizontal
stress reduction at the spring line of the tunnel
among three tunnel cases are: circular tunnel >
quasi-rectangular tunnel with long axis in the
horizontal direction > quasi-rectangular tunnel
with long axis in the vertical direction.

4) The sensitivity analysis shows the width to height
ratio of the tunnel will affect the extent of arching
effect. The results show that a larger width to
height ratio of the tunnel will lead to a smaller
vertical stress reduction at the tunnel crown and
a larger horizontal stress reduction at the spring
line of the tunnel. In addition, the amount of ver-
tical stress reduction ratio is fairly close to that
obtained by Terzaghi method.
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