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Representation of Boundary Conditions and Frequency Equations in Timoshenko Beam
Theory only in terms of Total Transverse Displacement

K.Akiyama member Hachinohe Institute of Technology
M.Kuroda Seikei University

1. Introduction
In Huang's theory, boundary conditions and frequency equations are expressed by the use
of total transverse displacement and bending slope. [1]
In this paper, they are given by only total transverse displacement.

2. Equation of motion and Eigenfunction
Governing equation for total transverse displacement y is as follows; [2]
3* y ( pEI) d'y p’[ dy
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where y(x,1)= total transverse displacement, x= axial directional coordinate, r=time, p=

density of bar, A= area of cross-section, E= modulus of longitudinal elasticity, G=
modulus of transverse elasticity, I=second moment of area of cross-section, k= coefficient
of shear deformation, = angular frequency, i =+/—-1.

Let y(x,t) be

y(x,t) = Y(x)exp(iax). )
Substituting equation (2) into equation (1) yields
d'y Xt d¥y (X)“
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where X4=£A-Z;—I—If—, a=;EG—, =£ f &=, L =length ofbar.
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In case of a(g) -1<0;
H

Y =C,sina& + C, cos a& + C;sinh & + C, cosh &, Y
where
=T—‘/(a+1)+ (a—1)2+4(§) , 6)]
1 X 2 H\*
=55 -(a+1)+,/(a-1) +4(}—) : ©)

C,C,,C,,C, = integral constants.

3. Boundary conditions
Boundary conditions in four cases [2] are expressed only in terms of Y as follows;
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(1) Supported: ¥ = j;, =0 )



H? aX*\dY

(2)C1amped:Y=(a +H2/§E=O (8)
d’y ax* 4% X’
(B)FI‘QEZ E;+%—Y=;§;+(a+1)—§z~j—};=0 (9)
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(4) Rotation restrained : % = Z—; =0 (10)

4. Frequency equations

: . x\*
Frequency equations are classified into ten cases. In case of a (E) -1<0,

(1) Supported-Supported : sina =0 an
(2) Clamped-Supported : sinacosh 8+ K, cosar = 0 (12)
(3) Rotation Restrained-Supported : cosacoshf =0 13)
(4) Supported-Free : ud sinacosh 8 - K, cos asinh 8= 0 14

(5) Clamped-Clamped : 2 - 2cos a¢cosh § + (K3 - KL

3

)sinasinhﬁ= 0 (15)

(6)Clamped-Free :

Ku-Ko+ (,uéK3 ~K,)cosacosh B + (KSK4 + ud)sinasinh f = 0 1e6)

(7) Clamped-Rotation Restrained : cos asinh 8 - K,sinacosh =0 amn

(8) Free-Free : 2~2cosacoshff + (E - ~K—4) sinasinh 8 =0 (18)
K, ué

(9) Rotation Restrained-Free : ud cos asinh  + K, sinctcosh 8 =0 19

(10) Rotation Restrained- Rotation Restrained : sina =0 20

where K, =(K,-H*/a)/(u(K, + H*/a)), K, =(K - X' /H*)/(K, + X" /H),
K=a -aX'|H, K,=p +aX'/H', u=p/a, d=K/K,

5. Conclusion
Eigenvalues obtained from frequency equations only in terms of total transverse
displacement have completely coincided with those obtained from frequency equations
given by Huang.
This implies that both boundary conditions and frequency equations introduced above are

exact.
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