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Three-dimensional free vibration analysis of solid circular cylinders using the B-spline Ritz method
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This paper presents the three-dimensional free vibration analysis of solid circular cylinders
with any lengths and arbitrary boundary conditions using the B-spline Ritz method based on
the theory of elasticity. The proposed method is formulated by the Ritz procedure with the

double series of B-spline functions as amplitude displacements and the Fourier series.

To

demonstrate the convergence and accuracy of the present method, several examples are
solved, and the results are compared with other published solutions by the Ritz method with
global functions based on the theory of elasticity. Rapid, stable convergence and excellent
upper bound solution are obtained by the present method. Moreover, the effects of
length-radius ratio and circumferential wave number on frequency parameters of solid
circular cylinders having clamped and stress free boundary conditions are also investigated.
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F-1 HEVWHBEBEOQ OINEMICEZ AT 0¥

£-2 EVHEEROQ OIWKMEICH 2 5T OFE .

2. L/R,=2,C-C L/R, =10, C-C
n r Modes n r Modes
1st 2nd 3rd 4th 5th 1st 2nd 3rd 4th 5th
A S A S A A S A S A
0 10> 25516 3.7342 3.9429 4.7942 4.9895 0 10° 050986 1.0131 1.5010 1.9592  2.3653
10* 25790 3.7484 3.9554 4.8128 5.0176 10* 051117 1.0157 15047 1.9636  2.3699
105 25793 3.7485 3.9555 4.8131 5.0179 10° 051119 1.0157 15047 1.9637  2.3700
10° 25793 3.7485 3.9555 4.8131 5.0179 10° 051119 1.0157 15047 1.9637 2.3700
10° 25793 3.7485 3.9555 4.8131 5.0179 10° 051119 1.0157  1.5047  1.9637  2.3700
S A S S A S A S A S
o' 10> 15648 3.1296 4.6943 5.3687 6.0140 o' 10° 0.31392 0.62784 0.94175 1.2557  1.5697
10* 15707 3.1415 4.7122 5.3705 6.0203 10* 0.31416 0.62831 0.94247 1.2566  1.5709
105 15708 3.1416 4.7124 5.3705 6.0203 10° 0.31416 0.62832 0.94248 1.2566  1.5709
10® 15708 3.1416 4.7124 5.3705 6.0203 10° 0.31416 0.62832 0.94248 1.2566  1.5709
10 15708 3.1416 4.7124 5.3705 6.0203 10" 0.31416  0.62832 0.94248 1.2566  1.5709
S A S A A S A S A S
1 10> 14217 2.6523 3.1914 3.2694 4.2159 1 10> 0.15462 0.36558 0.62155 0.90109 1.1961
10* 14313 2.6652 3.1953 3.2906 4.2288 10* 0.15530 0.36687 0.62326 0.90302 1.1981
10°  1.4314 2.6653 3.1953 3.2908 4.2290 10° 0.15531 0.36689 0.62328 0.90305 1.1981
108 14314 2.6653 3.1953 3.2908 4.2290 10®  0.15531 0.36689 0.62328 0.90305 1.1981
10 14314 2.6653 3.1953 3.2908  4.2290 10" 0.15531  0.36689 0.62328 0.90305 1.1981
S A S A A S A S A S
10 10° 10.710 10.948 11.339 11.848 11.943 10 10° 10.633 10.641 10.656 10.676  10.702
10* 10711 10.952 11.346 11.856 11.949 10* 10.633 10.641 10.656 10.676  10.702
10° 10711 10.952 11.346 11.856 11.950 10° 10633 10.641 10.656 10.676  10.702
10° 10711 10.952 11.346 11.856 11.950 10° 10.633 10.641 10.656 10.676  10.702
10°  10.711 10.952 11.346 11.856 11.950 10° 10.633  10.641  10.656  10.676  10.702

t stands for torsional mode.

WRTDHE, Q OMHEEKLZRNL—EMH K
LTW5%. £/, T =10° Ll Eicks e Q Dffic
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bHHENDND.
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AFRHTIE D fF DU A & MRFTREEE 1, 34T B4R
SRR AR T 20k O Ritz kL2720,
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1) OMAEDLEDOH TR, RFTEEZHBRT S
Km0 me x my & ZOREIZH K KTFET
% . KREFHTIEORHEIL, EYICRE L2 HA0W
Bh BRI EERGROBERIETHZ &
I & o T, fEDINACIRRECHRNT RS B 2 S T & 5 45,
SR @R E CREMT 20BN 20O T, #Er
WZELTWDOENET NS, L Lenb, X
SR DOBLE N E — U DEONAFIRFEIC G- 2 D 2
IZOWTIE, RERBFI CTh oz, LER-T, i
BT A—ZQ OWHAIREE L X3 mDOF m:x m,
BIORGEORENAY = OB ERDZ &
%, RENTIEOREZET S L CTHEETHD. =
T CUE, REETIEDFRDRNEIZ 52 5 K57 M DHK
Mmexm, &ZDELE /S — A DV THNR, AT

t stands for torsional mode.
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A WTHEREE RSN R SN D720, —KIZ,
NFHEREFMEEZ W SR b nE 5 7%
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ZEBRTREND. I T, REENTIEDREOILHTIR
FRDIT BTV, BESRGAT D T AR BE I ST
ENFRBERFMECER SN DRV ARG (L
IR, =10, C-F) ZfllCED. 723, ¢ HInOERHE
(C=1) ITHHTHDLDOT, K/ mids% ki
L, EEmOFE ((KARIXROMIMEDRE) 2517
% & HMOXy RO EIL shifted Chebyshev-
Gauss-Lobatto points'® (DLF, RERMEEE) & L
o, TNHOXROREI, KR 0.5 (2
KU CHRFPRICELE S 4L, £70, RERBALEIL, 55
AT TR NI E SN D.

#£-3 121X, C-F THLHEWVWHFER (L/R, = 10)
D Q ODUKRMEICE 22 me x me & K53 DORE
RE = DEBRRLTHD. I 2T, ARfEHTE
DFFDULHIRRE & 15 5 2 IR AEIZ DV TREHS
HZEEAMELTVWDDT, mexmy X, HFIC
11 x 11 7% 51 x 51 FTCEfLIETWB. F£i,
%4l LIZ ARSI — FIiL, longitudinal / radial
mode (n = 0), bendingmode (n=1) L n DRKX
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£-3 ROHEERD Q OGS Z D mexm, EREASAY — 0 DR

Spacing Modes
n me X my
pattern 1st 2nd 3rd 4th 5th 6th 7th 8th
Uniform 0 11 x 11 0.25456 0.76032 1.2549 1.7266 2.1564 2.5200 2.8095 2.9468
21 x 21 0.25449 0.76011 1.2546 1.7261 2.1558 2.5185 2.8016 2.9453
31 x 31 0.25447 0.76006 1.2545 1.7260 2.1557 2.5184 2.8015 2.9453
41 x 41 0.25446 0.76004 1.2544 1.7260 2.1557 2.5184 2.8014 2.9453
51 x 51 0.25446 0.76003 1.2544 1.7259 2.1556 2.5183 2.8014 2.9453
1 11 x 11 0.027958 0.15614 0.38274 0.65105 0.94232 1.2433 1.5461 1.8235
21 x 21 0.027940 0.15605 0.38254 0.65078 0.94200 1.2427 1.5437 1.8161
31 x 31 0.027935 0.15602 0.38248 0.65072 0.94192 1.2426 1.5436 1.8160
41 x 41 0.027933 0.15601 0.38246 0.65069 0.94189 1.2426 1.5436 1.8160
51 x 51 0.027932 0.15600 0.38245 0.65067 0.94188 1.2425 15436 1.8160
10 11 x 11 10.298 10.633 10.641 10.655 10.674 10.699 10.731 10.769
21 x 21 10.067 10.633 10.640 10.654 10.673 10.697 10.728 10.765
31 x 31 10.029 10.633 10.640 10.654 10.672 10.697 10.728 10.764
41 x 41 10.024 10.633 10.640 10.654 10.672 10.697 10.728 10.764
51 x 51 10.023 10.633 10.640 10.654 10.672 10.697 10.728 10.764
Non-uniform* 0 11 x 11 0.25447 0.76007 1.2545 1.7263 2.1596 2.5502 2.9060 2.9683
21 x 21 0.25445 0.76001 1.2544 1.7259 2.1556 2.5183 2.8016 2.9453
31 x 31 0.25445 0.76000 1.2544 1.7259 2.1556 2.5183 2.8014 2.9453
41 x 41 0.25445 0.76000 1.2544 17259 2.1555 2.5183 2.8014 2.9453
1 11 x 11 0.027936 0.15602 0.38250 0.65088 0.94398 1.2596 1.5902 1.8922
21 x 21 0.027930 0.15599 0.38243 0.65064 0.94185 1.2425 15437 1.8162
31 x 31 0.027929 0.15599 0.38242 0.65063 0.94184 1.2425 15436 1.8160
41 x 41 0.027929 0.15599 0.38242 0.65063 0.94183 1.2425 15436 1.8160
10 11 x 11 10.038 10.633 10.640 10.654 10.673 10.698 10.731 10.789
21 x 21 10.023 10.633 10.640 10.654 10.672 10.697 10.728 10.764
31 x 31 10.022 10.633 10.640 10.654 10.672 10.697 10.728 10.764
41 x 41 10.022 10.633 10.640 10.654 10.672 10.697 10.728 10.764

a: Shifted Chebyshev-Gauss-Lobatto points

7% breathing mode (n =10) & L7z.

#=-3 L0, KORORENRZ— I nb 6T,
mexm, OFERIZE gy, Q 1 E—EE~m7 5 I
RHEZRLTEBY, KARITEOROIUIRIEIE, B
HThs. T, fROIHARAE, IUHRAE & Xy a8
DB — 2 OBRIZHOWTHED 5 &, RERIE
FLE T, n DI 53, mexm,=31x31
bz & Q OB ER R ok sd. L
72D o T, mexmy=31x31 ([T XDRERIT, 1ZIFW
HETHD LB TE L. ZoRIcx L, %M
FRBLE I, INREZ G2 720I2iX, IEFICEZ D
X ROBBRMETHY, £72, n DEIZH1D L
T, Qe TIHICREASEOLNTE 6T, 712, n=1
D Qg 1B Qs DfEIE, H2IEF 4, 5 H7H TE
L&Y, mexmy=51x51 &nREITKy %
FELTHLNEMICIEE > Ty, LR -T,
APEMTIE DO AIREEIL, n & X3 OB E ¥
— N6, BAFTIE®H 55, RNEM MR E
ZRAWAUE, FHREEE LD DRV RO T
IWNHEZ G5 Z DN TE D728, RO R

- -
— —

Thbd. ok, MEOES EFIE L, FHOARE
B (LIR,=2) IZOWT HRERDMF 21T > THh
v, INACREEIE, BOVARIKEIY b RAFT, fOR
WIRHRREN S DN TWAS Z L 2fER L TV 5.

3.3 REITIED ER oK R BERILEHE

32 OFER LY, RENTIEL, K3 RO m:xm,
R SENIE, EBE ST A —2Q Ol BRI
PRULHCIRBEAN G B AL, £7-, REBREEZ Hvin
1E, IREB AT A—FQ OWHERZRAELEDS
NHEZEBRHBLMMERoTZ, LLERERD, EEH
FHCMEI 72 BT PR ORI, WD X 5 7e i
WERTFEEE Cd B BT 72 <, Bl 20, INHEIZ %
LTTLEMICHFRSINIBEEZELTERKETOHN
o Thsd. £, & FHmE ¢ HRICHECED
Ko REARET D BREHENRE 20, £H L
DRENTZHEEDB AN L HEFE L bR
5. T TR, REEHTIE O FEBEREIERNT ~DISH %
UCE X, LIS Xy S 2 SRR R E L2 BR I
BONDIEEE T A—2Q DEDOFEH E+55 7
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T4 EOIEEO Q ORGREICEZ S me O

5 9

22 my=9,L/R, =10, C-F
Modes
n m§
1st 2nd 3rd 4th 5th 6th 7th 8th
0 7 0.25467 0.76066 1.2555 1.7280 2.1702 2.6226 2.9396 3.1683
9 0.25460 0.76044 1.2551 1.7269 2.1575 25293 2.8664 2.9533
11 0.25456 0.76032 1.2549 1.7266 2.1564 2.5200 2.8095 2.9468
o' 7 0.15708 0.47124 0.78540 1.0998 1.4180 1.7548 2.1647 2.9859
9 0.15708 0.47124 0.78540 1.0996 1.4140 1.7305 2.0577 2.4062
11 0.15708 0.47124 0.78540 1.0996 1.4137 1.7281 2.0439 2.3655
1 7 0.027993 0.15631 0.38308 0.65194 0.94982 1.2966 1.6540 1.9124
9 0.027970 0.15620 0.38286 0.65123 0.94285 1.2469 1.5680 1.8624
11 0.027958 0.15614 0.38274 0.65105 0.94232 1.2433 15461 1.8235
5 7 53858 57549 57585 5.7669 5.7834 5.8156 5.8870 6.1584
9 5.3255 5.7549 5.7585 5.7668 5.7827 5.8093 5.8524 5.9287
11 5.2950 5.7549 5.7584 5.7667 5.7825 5.8086 5.8473 5.9025
10 7 10.447  10.633 10.641 10.656 10.676 10.704 10.743 10.949
9 10.376 10.633 10.641 10.655 10.675 10.701 10.734 10.779
11 10.298 10.633 10.641 10.655 10.674 10.699 10.731 10.769
13 10.226  10.633 10.641 10.654 10.674 10.699 10.730 10.767
15 10.166  10.633 10.641 10.654 10.673 10.698 10.729 10.766
17 10.122 10.633 10.641 10.654 10.673 10.698 10.728 10.765
t stands for torsional mode.
-5 BVHARIGO Q OWFMEICEG 225 me O m:=17,L/R, =10, C-F
Modes
n m;
1st 2nd 3rd 4th 5th 6th 7th 8th
0 7 0.25450 0.76016 1.2546 1.7262 2.1559 2.5187 2.8017 2.9454
9 0.25450 0.76016 1.2546 1.7262 2.1559 2.5187 2.8017 2.9454
11 0.25450 0.76016 1.2546 1.7262 2.1559 25187 2.8017 2.9454
o' 7 0.15708 0.47124 0.78540 1.0996 1.4137 1.7279 2.0421 2.3563
9 0.15708 0.47124 0.78540 1.0996  1.4137 1.7279 2.0421 2.3563
11 0.15708 0.47124 0.78540 1.0996 1.4137 1.7279 2.0421 2.3563
1 7 0.027944 0.15607 0.38258 0.65084 0.94206 1.2427 15438 1.8161
9 0.027944 0.15607 0.38258 0.65084 0.94206 1.2427 1.5438 1.8161
11 0.027944 0.15607 0.38258 0.65084 0.94206 1.2427 1.5438 1.8161
5 7 5.2724 5.7549 5.7584 5.7667 5.7825 5.8085 5.8465 5.8980
9 52723 5.7549 57584 57667 5.7825 5.8084 5.8465 5.8980
11 52723 5.7549 57584 57667 5.7825 5.8084 5.8465 5.8980
10 7 10.123 10.634 10.641 10.655 10.674 10.699 10.729 10.766
9 10.122  10.633  10.641 10.654 10.673 10.698 10.728 10.765
11 10.121 10.633 10.641 10.654 10.673 10.698 10.728 10.765

t stands for torsional mode.

FRNTHS FE 215 5 72 OIS B 72 K 4y s B 9 2 Bk
b2 A MERE OBREZERE L S>omHEtT 2.
22T, 32 THRLAAFERBEE) DX KO
Bomexmy=41 x 41 OFER (B H HEEIL 5676)
ZWARMEE L, ZORFRMEICH L TRZENL % L
W7 DR 2 M B e AT (LUF, 4>
IRAER) LEFRT D, AT, BUEMITIC LD
3 WL I IS S HEERO LY IE#E7Z2 B R iR
BAFEOMEZ B E LT D0, FRMES

Kk
1% DINEHBr L. £7°, ¢ HFRoXg ok
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m, ZEEL, fife &M XSROE m: DB
FRIZOWTHR, & HROXpmOFm, ZkET
L. WIZ, WELR & FHMDOXIr RO me % [E
EL, BICHELR ¢ HRORGEOE m, &
BB ST, Mo LBEREMN, ¢ HRoXsy
RO m, ZPE L, W ORFD O il 72 BEEE
KMEzET 5.

£-4.12, C-F THHEVHENER (L/R,=10) @
Q DOIHEMEIZ G Z 28T W D X5 D% me D
BhoapLlz, 22T, me=9 IZEEL, me 1% 7



F-6 A RHARIEOMTIREIET— NICB$T 25 Q ORSE LB & PG :n=1, C-F

. Modes
L/R, Solution Methods
1st 2nd 3rd 4th 5th

2 Present 0.50492 1.4434 2.5869 2.8538 3.3461
Simple-Ritz'? 0.506 1.444 2.588 2.854 3.346
1-D Exact® 0.70868 4.4412 12.435 24.369 40.283

6 Present 0.075079 0.36399 0.81798 1.2955 1.7718
Simple-Ritz!? 0.07517 0.3643 0.8186 1.2961 1.7729
Chebyshev-Ritz'¥  0.0751 0.3640 0.8180 1.2955 1.7718
1-D Exact 0.078742 0.49347 1.3817 2.7076 4.4759

10 Present 0.027929 0.15599 0.38242 0.65063  0.94184
Simple-Ritz!? 0.02797 0.1562 0.3828 0.6512 0.9432
Chebyshev-Ritz*¥  0.0279 0.1560 0.3824 0.6507 0.9419
1-D Exact 0.028347 0.17765 0.49742 0.97474  1.6113

40 Present 0.0017727 0.011017  0.030448 0.058588  0.094704
Simple-Ritz!? 0.001778 0.01105 0.03054 0.05876  0.09527
Chebyshev-Ritz*¥  0.0018 0.0110 0.0304 0.0586 0.0947
1-D Exact (0.0017717)  0.011103  0.031089 0.060921 0.10071

80 Present 0.00044322  0.0027717 0.0077350  0.015084 0.024782
Simple-Ritz!? 0.0004449 0.002782  0.007764 0.01514  0.02498
1-D Exact (0.00044292) 0.0027757 0.0077722  0.015230 0.025177

a: Bernoulli-Euler beam theory

5 17 FTESETWD. ok, FHO bold
LFNE, ORI L EERT S,

kY, n=025 n=10 FTCOEFEBHE—F
ERHBLE L, Qg D Qg OINAFIREITZREFTH
L%, n OENAKE 725G (n = 10) OREARIREEL
DOWHIREETORBWFER L 25TV D, 72, n
Db BT Qg D Qe O+ 7RFEREHSD
DI ER me O¥IE 17 THDH. B, HH
AR (LIR, =2) IZ oW T H RO 21T/ > T
BV, m=7 VL, FORBEEAE LD
TEERERLTVD.

WAZ, Bl 7 R IF MO K5y 805 my 1220 T
a9 5. ®-5121%, C-F THHEWHERK (L/R,
=10) ® Q OWHMIZH X 2 R SF MO X7 H D
B}om, OWBPRLTHL., 22T, K4 OfFR
B, me X 17 ZEEL, m 2 7 b 11 T
Tl EETWN A,

£-5 LV, m 2RI ENE, Q OffIE—E
EA~TA70 9 ZE LIINAREEN G L TEY, m,

7 RIS RERNEOND 2 ERDND.

£7-, HOHEER (L/R,=2) THIREEEDRE R
LTS, Lo T, RIENIETIE, 2<L/R,
<10 O#EFHTHE, KrmoBmxm =17 x7
DAL DEDN, n ODEIZHPIPDLT Qg 1D
Qgn ETOTFRMEREGD Z LB TE DR
BBt cd s, T2, ZOROHEBERIE,
longitudinal / radial mode <TiX 360, torsional mode
TIX 180, n>1(y=0,1) Y EOEEET— FTIX

_97_

540 TH Y WHEZ RO HEEOHHEED 10 %
BRELNRVDRVCVEBHRERCRIREREZED
TENTELHDT, KTIEL, BHHIC, ER
<, RN AR TH D LI cE LS.

DItk OBAEFHFF T, AT E 2 @ 572912,
3.2 OFERDBHIWr LT, KA mDE mex my=31 x
31 L, & FMIIIAERBEE, ¢ Frilid%s
MRRALIE 2 W 5.

3.4 FROREELLER & BERTE

T, REFTIEIC I RS SN LM (1RIFIL
WAH) OMNTREER LO MY Bis & oM
BAZOWTHATT 5. &®6 121X, C-F THHHM
EoOIFIE#HET—F (n=1) 1T Q OFSERL
e & BRI AR L ChDH. T 2T, LIR, X 2 (J
WHTER) D 80 (e BEWVHEIR) £ T&1 L
S, OO HIZ, 3 Rz o<
Leissa- So™ ' o Ritz # (Simple-Ritz) ¥ X U8 Zhou
5 ¥ o Ritz 1% (Chebyshev-Ritz) 12 X % 5 flfig & Hf
LTHD., b, HiIy HimosERE (1-D
Exact) 1%, XV OoMFIRENCE T 280 A%
FRBICEWT-RERCTH D, 2 2T, 3 RN
(3-D) & 1 WkoTfiEtr (1-D) Ik 2 AREAE%E 10 %
AP & fllr U, B3 0 35 o fS B o> bold 713,
TFRBAEMFACTH D Z &%, FHEIMNO bold #71%
MENTAFTATHDZEE2ERTS. B, IR
A, XL ICESVWTHRHBLE.



=-7 FEMEIRD Q ORSEHR © C-F
L/R,
n Modes 2 4 6 10
Present  Ritz*? | Present Ritz Present Ritz Present Ritz
0 1st 1.2851 1.286 0.63942 0.640 0.42516 0.425 0.25445 0.255
2nd 2.9600 2.960 1.8581 1.859 1.2593 1.260 0.76000 0.761
3rd 3.1675 3.169 2.7820 2.783 2.0289 2.030 1.2544 1.255
4th 4.1815 4.182 2.9506 2.951 2.6390 2.641 1.7259 1.727
5th 4.2947 4.297 3.3447 3.346 2.9435 2.944 2.1556 2.163
o' 1st 0.78540  0.785 0.39270 0.393 0.26180 0.262 0.15708 0.157
2nd 2.3562 2.356 1.1781 1.178 0.78540 0.785 0.47124 0.471
3rd 3.9270 3.927 1.9635 1.963 1.3090 1.309 0.78540 0.785
4th 5.1953 5.195 2.7489 2.749 1.8326 1.833 1.0996 1.100
5th 5.4978 5.498 3.5343 3.544 2.3562 2.363 1.4137 1.418
2 1st 2.1618 2.162 2.1321 2.132 2.1312 2.131 2.1312 2.132
2nd 2.5181 2.518 2.3500 2.350 2.3406 2.341 2.3263 2.326
3rd 3.4475 3.449 2.5023 2.503 2.3559 2.356 2.3309 2.331
4th 3.7598 3.760 2.8465 2.847 2.4748 2.475 2.3464 2.346
5th 4.3464 4.347 3.2905 3.292 2.7000 2.702 2.3769 2.378
5 1st 5.2698 5.271 5.2696 5.276 5.2696 5.290 5.2696 5.363
2nd 5.8128 5.813 5.7631 5.763 5.7572 5.757 5.7549 5.755
3rd 6.1487 6.150 5.8108 5.812 5.7717 5.772 5.7584 5.759
4th 6.5814 6.584 5.9317 5.935 5.8094 5.813 5.7667 5.769
5th 6.9740 6.978 6.1360 6.141 5.8805 5.885 5.7824 5.786
t stands for torsional mode.
12 12
104 o 104 ¥
e &
a v
8- H/,‘/ 8 o A
. 64 e - 64 O
o) e —mL/R,=2 ¢ /v/ —mL/R,=2
4l e -~ L/R,=6 4l o ~®L/R,=6
/‘ L/R,=10 V/ L/R,=10
S R A7 R
b "/ - /
o= OO0 R =
0

5 6 7 8
Circumferential wave number n

(@) C-C

9 10 11

B-2 MEED Qg 15 %2%5n & LIR, D

Error[%] _ 10 =8 g
Q3—D

£-6 L, RFIEIZLVEKRDE Q Off &
Leissa + So* 2 35 LT Zhou & ' Df5 R & & ik
T5E, LIR, I bHd, RX/NSHDETE
<—HL TR, RENIEOHITEE X, BRiFTH
L EHWTE Lo WIS, HMLPHERIC X DR &
SWICFRITIZ L DFERZ T D L, Qe DD Qs
FORHFRBAEICNEDDIE, LIR, =40 LI ETH
0, ¥, Qg OAIZEBTIUL, LIR, =6 LLE
THDH. Qg < & LIR, <10 O#&FHTIE, Q @

(21)
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11
Circumferential wave number n

(b) C-F

./
W

7

ENFFRBEZE 10% 2 KIBICEZS. LR -T,
L/R, <10 O#iPH TIX, 3 WITHMERRIZIEDS < f#HT
MULETHY, LIR>40 DX 57/ BVWHE
KT, FRBREN10% THDZ LI ETIIL,
WIS TN FRETH H. T & IFIFE
[FAE DR FT % Leissa - So™ &3/ L TW5HA, XX
Bk 11) TiEL, Q PPGRETIZZR WD, FRENS
KRB/ NS WEER & 22> TR Y, BiEHER O IEfE X
DOETHETRER S S EBbhs. )y, KimXT
%, Q OIHIEIC L 2 EFME OB R TH 570,
ZORRIE, FRICEETELZLOTHS.

-1 121%, C-F THLHMARKRD Q O



£-8 tHxIT 2 2 WAEESNT-HBEEROXFE— K (S) 12T Q &n BEIUL/IR, DR : C-C

R,
n Modes
2 3 4 6 8 10 20
0 1st 4.6663 3.7485 3.0620 2.4393 1.6758 1.2657 1.0149 0.50808
2nd 8.7371 4.8117 4.0485 3.5990 2.9190 2.3791 1.9621 1.0092
3rd 9.0708 5.6149 4.1789 3.8284 3.5289 3.0787 2.6974 1.4940
4th 10.833 6.6766 5.0181 4.2430 3.7271 3.5323 3.1631 1.9475
o 1st 3.1416 1.5708 1.0472 0.78540 0.52360 0.39270 0.31416 0.15708
2nd 6.0203 47124 3.1416 2.3562 1.5708 1.1781 0.94248 0.47124
3rd 8.9844 5.3705 5.2360 3.9270 2.6180 1.9635 1.5708 0.78540
4th 9.4248 6.9700 5.2413 5.1953 3.6652 2.7489 2.1991 1.0996
1 1st 3.0073 1.4309 0.89636  0.62482  0.35420 0.22571  0.15501  0.043357
2nd 4.1935 3.1953 2.7648 1.9949 1.2266 0.84689  0.62249  0.20808
3rd 6.7617 4.3452 2.9803 2.8552 2.2197 1.5840 1.1970 0.44698
4th 7.5051 4.8737 3.7027 3.1345 2.5214 2.2359 1.8078 0.72414
2 1st 3.7275 2.6823 2.4573 2.3825 2.3410 2.3335 2.3306 2.3181
2nd 5.3317 4.4500 3.3765 2.8762 2.5081 2.3926 2.3524 2.3277
3rd 8.1760 4.7509 4.2075 3.7773 2.9967 2.6399 2.4801 2.3435
4th 8.8727 5.5272 4.6580 4.0512 3.4681 3.0671 2.7442 2.3528
3 1st 4.5939 3.8189 3.6720 3.6276 3.6063 3.6033 3.5995 3.5923
2nd 6.6340 5.1911 4.2634 3.9217 3.6925 3.6284 3.6117 3.5989
3rd 9.1873 5.8563 5.0931 4.6217 3.9926 3.7649 3.6720 3.6060
4th 9.2703 6.4734 5.6554 4.8544 4.4428 4.0363 3.8248 3.6130
4 1st 5.4899 4.8725 4.7638 4.7328 4.7182 4.7161 4.7159 47138
2nd 7.9697 5.9720 5.2227 4.9599 4.7871 4.7390 4.7231 4.7155
3rd 9.6302 6.7447 5.9837 5.5230 5.0124 4.8418 47736 47175
4th 9.9785 7.8389 6.3685 5.7734 5.3975 5.0436 4.8856 4.7247
5 1st 6.3959 5.8831 5.7969 5.7723 5.7593 5.7562 5.7552 5.7542
2nd 9.2015 6.8268 6.1932 5.9729 5.8280 5.7863 5.7707 5.7563
3rd 10.208 7.5926 6.9133 6.4524 6.0178 5.8766 5.8192 5.7625
4th 10.705 8.8138 7.1725 6.7467 6.3433 6.0434 5.9137 5.7755

t stands for torsional mode.

WRLTHD. 22T, LIR, I 2,4,6,10 & L,
RO D712, 3 RITHMERIZEES < Leissa -
S0 @ Ritz B L 2 EKMEMR LR L THD.
INED, n(EEHETE—R) & LIR, IZ02b b
T, ARFHTIEIC L VRO Q OUUHARIL, Leissa *
S0 O Ritz 15T & DEMEARE L 0 (00N SO DIE
TRL—HLTEY, LvEBEOEW EROENRE
bR TW5. A, MEo#HA& EEZE LR, Zh
ETIHEE DD W - DL EF Th DI
KIZOWTH ORI A FhE L TR Y, [[kkD
FERENMEOLN TS, LR - T, AfiEfTEIC LR
X, BEREME, n O LIR, bbb, K
BEDEWETRE RPN GE DD LRl cE L 9.

35 EEmEL BHEA AT 5 HEEDEAF RS
W5 2 5 R SHAEEEHBEFROKREDORE
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RESZ2FTHHEERD Qe & n OBRZR~, &
NOEARBENZ SOV TREFTT 2.

-2 (a), (b) (21X, 224, FEHREMERN C-C B
L C-F THHHBEKRD Quq 12525 n & L/
R, DEEENRLThD. =771, @ HiEE £ —
F (n=0) 1%, longitudinal / radial mode (w=0) % xf
g2 L L, torsional mode (w=1) 1%, FE L TR,

INEY, EREEE LIR, bbb T, ki
INOEAIRESE 72501, HFESHE—F (0 =
1) TH5DH. £, n OERRELRDHE, Qg D
EIZEARICHEMT 5. & 512, EFICEVHER
(L/Ry>20) IZ72% &, HIXIFRIRENE— F (n = 0)
EHTIREIE—F (n=1) © Quq OEEHL T
<D, BEREMDN g 1052588 L LTI, C-C
THLHHEMEETIE, n>5 12725 &, LIR, IZh
HHT, Qg OEIZERNE SN DM, C-F
THLHEMERTIE, n>4 12725L, LIR,>20 @
M) ROHRERD Qi OfEA, LIR, <10 OH
RRD Qg DI HREL 2D, Al, ZOK



Fz-9 MHxIT 5 2 HABEE S NZMEEOHERIFRE— R (A) 12725 Q &n BELOL/IR, DEAR : C-C

R,
n Modes
2 3 4 6 8 10 20
0 1st 5.2299 2.5782 1.7159 1.2851 0.85434  0.63942  0.51076  0.25445
2nd 5.9010 3.9555 3.5339 3.1675 2.3982 1.8581 1.5035 0.76000
3rd 7.2587 5.0178 4.0849 3.7108 3.2745 2.7826 2.3680 1.2544
4th 8.3916 6.1829 4.8244 4.2536 3.6712 3.3234 2.9523 1.7259
o 1st 6.2832 3.1416 2.0944 1.5708 1.0472 0.78540 0.62832 0.31416
2nd 8.1150 6.0203 4.1888 3.1416 2.0944 1.5708 1.2566 0.62832
3rd 10.504 6.2832 5.5463 4.7124 3.1416 2.3562 1.8850 0.94248
4th 12.566 8.1150 6.2832 5.3705 4.1888 3.1416 2.5133 1.2566
1 1st 5.3359 2.6653 1.7273 1.2470 0.75695  0.51064  0.36629  0.11312
2nd 5.9015 3.2895 2.5684 2.2620 1.7134 1.2073 0.90216  0.32106
3rd 6.9230 4.2289 3.4871 2.7932 2.0612 1.9279 1.5004 0.58219
4th 6.9569 5.5256 3.8451 3.1954 2.7416 2.0084 1.9192 0.87104
2 1st 5.5309 3.3064 2.7416 2.5268 2.3788 2.3384 2.3269 2.3179
2nd 6.3355 4.0719 3.5096 3.2443 2.7119 2.4897 2.3972 2.3293
3rd 7.7237 5.3595 4.2063 3.4577 3.1717 2.8346 2.5963 2.3398
4th 7.9793 6.1083 4.7483 4.3019 3.3628 3.1273 2.9184 2.3778
3 1st 5.9798 4.2287 3.8462 3.7095 3.6222 3.6020 3.5977 3.5925
2nd 6.9120 4.9288 4.4899 4.2148 3.8128 3.6792 3.6289 3.5979
3rd 8.6873 6.3378 4.9064 4.4192 4.2103 3.8841 3.7371 3.6073
4th 9.0739 6.7575 5.7331 5.1170 4.3042 4.2080 3.9346 3.6172
4 1st 6.6301 5.2165 4.9105 4.8022 4.7352 4.7197 4.7156 4.7136
2nd 7.5604 5.8400 5.4984 5.1984 4.8782 4.7786 47413 4.7159
3rd 9.7482 7.0163 5.7425 5.4504 5.1879 4.9300 4.8214 4.7188
4th 10.189 7.6917 6.5790 5.9393 5.3743 5.1814 4.9665 4.7339
5 1st 7.4094 6.2043 5.9333 5.8393 5.7810 5.7655 5.7600 5.7549
2nd 8.2653 6.7958 6.5117 6.1772 5.9061 5.8225 5.7898 5.7587
3rd 10.853 7.7362 6.6530 6.5038 6.1640 5.9500 5.8602 5.7680
4th 11.296 8.5271 7.4409 6.8063 6.4519 6.1570 5.9802 5.7853

t stands for torsional mode.

K& R 221X E S 72> 7273, Leissa - S0
B2 &5 M OFEREZ —H R LTV 5.
(2 C-C ThrMfE#ED Q & n L/R, DEER
x4 % 2 maEE S zMEERO B hESRM
FEZ D o T2 13 7 < DO 20y
FCh, ®GMAICIE Y OFEAREEZRKET S finite
layer V12 & D #5910 13, fRIC T Y 28 Rz
b, F7z, 3WoTHMER TIXER S s
FIBE RS (OW [ox 72 &) & & de - O O EME
WCRITDEDRH D X DB, R EERE 72
WA RIML TS EBbns., ZZTiE, C-C T
HHMEED Q Ln BLOL [ R, DR A
WCHRET L, RN EwR e Ed 5.

K-8 BLOK-9 121X, #hEFh, XFRE—F
(S) BLOWHFHE—F (A) IC/HL TEIE L
C-C THhHHMFEKED Q L n BLW L/IR, DEIE
DRLTHD. 22T, LIR, 1Z, 3.4 OFEEND
HIWF L, 3WRICHMERICIE ST AL ETH D &
EzbND 1 b 20 FTERMNONSEE Lz,

ZhE&v, C-C ThHL2MAEAKDOEIREE— KD
Qi 706 Quy DIEIE, HHRE— R EWIHE— R
Wb 63, LIR, DHRIZE B2, BT %,
F72,L/IR,=20 OMHFEAED n>2 LI EOESH T —
RTCIE, Qg 25 Quyy DIEOZENIEFIT/NHE L,
LTS, MEROBIREIT— RO Qg ITF
H35&, LIR, =1 Ol FRIEET— K (n = 0)
TIE, WHRFFE— RO Qg OIEXY LXHFE—R
D Qg DEDFB/INIWND, LIR,>2 LLEIZ7 5
&, KHE—FD Qg DL Y bEFE— RO
Qe DIEDH /NS BRDFHED B 5. ZOfhd i
CHEEBE— K (n = 0Y), HhiFIREHE—FK (n = 1)
X n>2 L EOE#T— RTIX, —#ERWT, i
KIFFRE—FD Qg DIEL Y HBAHFE— D Qg
DIEDFHTHB/NE W,

4. HEHE

AL TIE, B-splineRitz i5& 2L, Zh i
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WC, 3 REHMERRIC S < HEMFEAR O B RiRSE)

ML ERE LT ARE 0BRSS 2 AT 5 HEN

fafR D 3 Wt A M IREWFEAT ~ O A FENTIE O H O

AIREME S L OV 22 BERU L SRR Ic DWW TR L, &

7o, BB RS D 2 L NN E T & B B A

AT 5MBEEOEARBHICE 22K SRR

M JE 5 I O DB DWW T BT L, By

IRIERIZOWTHEBL L 72 R L TR Db R %

OB E, UTFTOLEBYTHS.

(1)  AMEHTETIE, n OfE 0<n<10) £ L/R,
Wb b3, =10 Z v k.

(2)  AIEATEDOMOINAREEIL, n Off 0<n<
10) EXGROBENY —1IZhnbbT,
RBiFCoH 5, NEMBBALEZHW U, %
FRRALE XV bW RO me x my =
31x31 THMDOINKEZEDLZLNTED.

(B) 0<n<10 72> 2<L/R,<10 OHFIFAD Qg
Mo Qg £TC, +0RERERD DT
B ARIRHTIE O B i 7 BEBU LSRRI, K0 R
D mexmy=17x7 DA EGDLETH 5.

(4) AR L VRO Q O, SRS,
n OESS LIR, (2233 &8, K D @ kG
ERfEons.

(6) HEEmEBHEEATHABETE, FRSE
fEE LIR, 2o 63, I/ h DA IREN KL
DO, P IREE—F (n=1) THD

(6)  FHXIT 2 2 W A3 EE S A7z PR R O S IRE) T
— RD Qg 26 Qun DIEIE, XFFRE— R &
WXIFRE— RIZh»d 5T, LIR, DHEKIC
Ehwn, BT 5.

B1%I2, AL TR LEROIRIH AT A =420
DB % A PR E F oM OB E TR DX T~ —
77xh Wi CHITITEWTH S, 5%, FIE

T 2 L OV EMFE RO B BIREM T
IS B IRAT ~ DO ARFENTIE DO IZ OV THRFT L,
ZOBEEEEZH LN LTI PETH 5.

BEE . ORWFZEIL, N AL 18 AR H AR
IR RIRT SR B E OB 2 5% 1 TIT - 1=
HLOTHD. ZZIZ, it L CEBREESNMIEHFORE
ERLET.
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