BELFWXE Vol. 46A(200054 3 A)

TRFES

BANEZR T SERTEOBRGIRBENICE B4 5 T— REMICRT 5 —28%

MODAL COUPLING ON NATURAL VIBRATION ANALYSIS OF STRAIGHT GIRDER
BRIDGES WITH THIN-WALLED CROSS SECTION
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A study of the coupled frexural-torsional vibration of asymmetric thin-walled beams is presented. The
effects of warping and Saint-Venant torsional rigidities are taken into account in the formulations based on
the finite element method. A thin-wailed beam element with seven degrees of freedom at each node is
adopted, and three different mass matrices of order fourteen are shown in this study. Three-dimensional
vibration analysis of straight girder bridges having an asymmetric cross section is characterized by the
coupling of flexural and torsional modes. The generalized stiffness and mass matrices which take into
account a distance of eccentricity of the centroidal axis with respect to the shear center axis are derived by
applying the transformation of coordinate system. A numerical example is shown to illustrate the
applicability of the lumped, consistent and continuous mass methods, and the calculated results are given in
tabular form. The convergence and accuracy of natural frequencies by using these mass matrix methods are
investigated, and the coupling effect due to non-coinciding centers of geometry and shear is discussed.
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Mode 3 WO= 1.75056+2 FC= 2.7860E+1 Mods 3 WO=  1.2158E+2 FC= 1.9351E+1

Mode 4 WO=  1.7962E+2 FC= 2.8587E+1 Mode 4 1.2166E+2 FC= 1,9363E+1

Mode § WO=s  3.4652E+2 FC= 5.5150E+1 Mode § WO= 1.4307E+2 FC= 2.2TNE+1

Mode & WO=  4.0953E+2 FC= 6.5179E+1 Mode & WO= 2.7387E+2 FC= 4.3588E+1

Mode 7 WO=  4.2088E+2 Mode 7 WO=  3.2206E+2 FC= 5.1257E+1

FC= 6.6985€+1

K—5 PASEESMTOBEREE— R K—-6 PBEEWTOEARE:E—R
F—2 FABSEERNTOEFRSK H)

Lumped Mass Method Consistent Mass Method Continuous
Mode order N=6 N=8 N=10 = = N=10 Mass Method
1 V1 ||8.493 8.515 8.524 8.592 8.571 8.559 8.541
-(0.561) -(0.301) -(0.203) (0.589) (0.346) (0.212)
2 H1 |{17.323 17.409 17.449 17.522 17.521 17.521 17.521
-(1.128) -(0.638) -(0.409) (0.006) (0.002) (0.001)
3 V2 1]26.717 27.204 27.433 27.887 27.867 27.860 27.851
-(4.071) -(2.326)]. -(1.500) (0.127) (0.056) (0.030)
4 T1 ({28.269 28.406 28.470 28.592 28.588 28.587 28.795
-(1.828) -(1.352) -(1.131) -(0.708) -(0.719) -(0.725)
5 T2 |{52.950 53911 54.328 55.340 55.223 55.327
-(4.296) -(2.559) -(1.805) (0.024) -(0.187) -(0.319)
6 V3 1159.238 61.681 62.879 65417 65.233 65.179 65.134
-(9.052) -(5.302) -(3.462) (0.434) (0.152) (0.069)
7 L1 ||64.953 65.783 65.992 68.378 67.468 66.985 66.342
' -(2.094) -(0.843) ~(0.527) (3.069) (1.697) (0.969)
8 H2 3 2 68.969 70.181 70.126 70.110 70.098
-(4.343) -(2.490) -(1.610) (0.118) (0.040) (0.018)
9 T3 ||78.347 81.882 83.560 - |86.676 86.646 86.636 87.243
-(10.197) -(6.145) -(4.222) -(0.650) -(0.684) -(0.696)
10 V4 |[97.346 105.018 - 1108.803 116.875 116.333 116.160 116.291
-(16.291) -(9.694) -(6.439) (0.502) (0.036) -(0.013)
11 T4 [[101.959 109.908 113.647 122.165 121.332 121.055 121.349
-(15.978) -(9.428) -(6.347) (0.672) -(0.014) -(0.243)
12 L2 ||107.289 118.986 123.329 133.029 131.247 130.293 128.710
-(16.642) -(7.555) ~(4.181) (3.356) (1.971) (1.230)
13 TS5 |}116.491 134.569 141.513 157.906 156.158 155.492 155.722
-(25.193) -(13.584) -(9.125) (1.402) (0.280) -(0.148)
14  H3 }}119.326 147.325 152.067 158.429 157.905 157.779 157.693
-(24.330) -(6.575) -(3.568) (0.467) (0.134) (0.054) )

SN -EEIRES (Hz) = B U TR - 2., BT
MUTER- IR, 2B, ( NOEEIIEFEERIC
K DRD SNEFREFICH LT EFEEEBIN

BAEEEICL R SN -EERERE OBREEES
BTERLEDBDTH D, Ei-, HPOLE v idghEh
VIEEL. H Ik TRES) T 130 0iRE). L I3HERE)
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%3 BWEESHOETREIR )

Lumped Mass Method Consistent Mass Method Continuous
Mode_order =6 N-=8 N=10 N=6 N=8 N=10 Mass Method

1 T1 {|4.791 4.8 .846 4.846 4.846 5.153
-(7.020) (6.559) (6.344) -(5.954) -(5.957) -(5.958)

2 V1 ||5.628 5.656 5.669 5.692 2 5.692 5.692
-(1.128) -(0.638) (0.409) (0.005) (0.002) (0.001)

3 H1 |}18.518 18.877 19.352 1 19.351
-(4.303) -(2.446) (1.561) (0.005) (0.002) (0.001)

4 T2 |{19.132 19.227 19.377 19.366 1 20.588
-(7.071) -(6.610) (6.395) -(5.882) -(5.934) (5.948)

5 v2 {21777 22.199 2.787 4 22.769
-(4.357) -(2.501) (1.616) (0.081) (0.026) (0.011)

6 T3 ||39.516 41.191 .621 3.588 46.325
-(14.698) -(11.083) (9.306) (5.587) -(5.837) -(5.908)

7 V3 |[46.468 8.438 51.295 51.257 51.229
-(9.293) -(5.449) (3.560) (0.395) (0.129) (0.053)

8 H2 1165.454 0.224 2.648 77.422 77. 77.402
-(15.437) -(9.274) -(6.143) (0.081) (0.026) (0.011)

9 T4 ||74.030 75.467 76.151 78.282 77.678 77.502 81.102
-(8.720) -(6.949) -(6.104) -(3.477) -(4.222) -(4.439)

10 L1 [{76.991 0.858 81.054 82.367 81.952 81.763 82.607
-(6.797) -(2.117) -(1.880) -(0.290) -(0.792) -(1.021)

11 V4 ||80.444 82.611 85471 92.151 91.434 91.225 91.074
- -(11.672)) - -(9.293) -(6.153) (1.182) (0.395) (0.166)

12 TS5 |{93.868 104.264 109.753 124.205 122.116 121.472 128.656
-(27.040) -(18.960) -(14.693) -(3.460) -(5.084) -(5.585)

13 V5 }{110.395 122.623 129.079 146.081 143.623 142.865 142.304
-(22.423) -(13.830) -(9.293) (2.655) (0.927) (0.395)

14 L2 {|122.319 141.367 151.807 170.220 166.933 165.414 162.732
-(24.834) -(13.129) -(6.714) (4.601) (2.582) (1,648)

NXEHEEZSNSE— RBIREERL. IN508ES
IR BRI SR T RAEEER TS, S5 N
SERSETH S,

PERDEH EHEIGE S L N B G OE A IREE
FERN S, —RICEPERFRICK VRSN EER
BEIIBRERICON L T VMER, BEEERICK A3
FREESZ D ZEPASNTNS WD, Lal, &—
2+F - 3OFEMK/RELD, BRERRIZL DR EN
TEE RSB OBEIINT LS EFMEE 525 SRS
W ENHMD, B2, AU DRI 2EERENK
DIETEGE BRI L DI D BEITNI WS> T
Wa, ZOEHEELT, BEHEREIE— RITOWTRIGR
Nz kDIZ, KbEBAMLE DR k288
T, SHERIRERNREANR AU DiREIE— RIZHR
NEbDEEZENS,

SEHERKICK VBSOS NEEAREEIL. TN TR
BRI L ERREROMEL D /NS <, ERESBE
IS 2I2ONT, [CRTBEmMRE SN, —4.
BOEERIC KD EEIN/AEITIRE (VB L KT
HI TR OEEIREENS. EREREL D HOVAE
DOEEREZ, FUERSENTHL T, £PEEERLD
HEVWREETHEINS I ENBRTES, LML, A
COERFEITHPCRMERE D ED LN EIZER NI &
Wins,

5. 3 E—RH#pitt
ZEPERTTE 2E 3 SERTORL S EARTHILE
DRLEEZEBICAN BRI ZT5 & TR

B0 U D IRE) &SRR L /- s EA IR — RS
n3, M- 5BLU0K -6 ITRTEAEHE—RNSD
bhakHic. ZEERIREERE TR B RS
E-RZHET 2 ENEERBENDH D, £IT, £
— RERRRIRAHET ZEEE LT, Hiice— Rk
HENWSBEFERZIRT S, B— RER S, 168
7 HHEZE T A REHEST— ROF T, ZhTho
EAIRENEAEOEIRIBOBHICN L TED 588 %
BERICERT NI A—FTH D, KRk >TERIN
3, IR Bi KEGRET— RO x BiUFREMOT
— REREIRD XS ITREINS,

by = Jg\/gz_ /<I>
d>=j§-1(\/;,-j3 +\/;? +\/;§,-2 +@ +\/By? +‘/¥ + Bwijz)(32b)

ZZIT, NZEHRETH D. EI2 up vy wip O Oy
O 0,135 i KEAEREIE— ORI IXBTB x y
z BUARIOEAARIE. x. y. z BHEID OEERA OIRIES L
TR U DROEETH S,

F— 413, FIWTRERTZ 10 ERSEICEAERIKIC
X Ok SNEHRBIE— RIS LT, R@2)ick>T
SHE SN RERILOESROMEERT, RHOH
WREE. T FEREOBENRK E/2D LA ERL
T3, BLERABPLEDMRBLERIZED. WTho
REE— RicBNTH, TOERSIRISEMIELS
2 TNS T ENOND, TOFT, SMEVTIRENL 2 17
BhLg, &y BED OEMEA ¢, AIREL ., KFHTHRE)

(322)

—456—



%y HIEEERLpy & 2 BIEID DEEM g, EORAIE  AECAMFLEBEDEREANSbOETS, T,
HTH DI EAEMTES, —F. PUVEMS x BiE  ERHERIL 10 295,
D DEEES g, BLL DHg,, OBRET, KL F-5EE— 6 ICTNTHRN LOBERLB LT
DIEBIE— | Z &IOS SR LT GANRLE LS EOBEREROEE R, &5
WBTEBbN D, WENOEHESTE— RicBTh, OB, -3 SHET5 &2 D BEEORD L
BRE—RIRBIZONT, B REREOEMNEET AL sETORRIS2H00. HEREOEEES
LHE HENR SN, BOBIELNT WS, —FH, TABTLERNT L0
“HEEFTEOSE, ROSBANRLOMENR AL U-Ba0EERBICOVNTRS L, SRR
BBTEMS, M LOGSORAMRICED, OB  ILDELNEESESICHL T, SPRRkcES
BEEIENRSS T EATRING, 20T, Kb MITRMERSR. BATMEEC LRI LRHE 52
EABTELORUEEE S > & bASVBEELSNE  52&hbhs, s AUERSEBICH LT, %8
KHELT, BOBECEAMPLERN LOMREL HiREC L SRIETHEEEC L SR HEL T, B3
FBEOEEEIF . T RERHOEERCS D LVEECEAEIESEL TN b0 EEA 5
WTEET B, L. TOEE, (v,2) B LOS 5,

K—4 HAWHEHERHOE— FERLE (%)

Mode order ¢ x by | q>z | ¢ax oy | b0z | Sow Total J
1 V1 2.6 0.5 87 | 0.1 0.5 100.0
2 H1 01 | 0 1 0.0 9.8 0.0 100.0
3 V2 20.1 . 2 04 13.1 0.1 0.4 100.0
4 T1 10.9 16.5 { 607 1.2 1.2 6.4 100.0
5 T2 6.2 32.8 4.1 1.7 89 100.0
6 V3 623 | 06 18.7 0.1 0.6 100.0
7 L1 2 19.9 12.9 5.1 15 5.1 100.0
8 H2 5.4 0.6 16.2 0.6 100.0

9 T3 | 235 7.4 3.0 2.4 13.8 100.0

10 v4 || 74 29 20.5 1.3 7.6 100.0
11 T4 22.9 3.2 11.1 1.2 7.1 100.0
12 12 || 519 | 1.8 17.2 10.8 5.9 2.1 11.2 100.0
13 T5 25.3 7.2 128 | 26 12.1 3.0 12.8 100.0
14 T w3 | 24 § 689 17 | 21 13 | 226 | 10 100.0
x—5 MLICHET3EERSK W) F—6 WANPLICETSEEREE Hz)
Lumped Consistent Continuous Lumped Consistent Continuous
Mode order{| Mass Method | Mass Method | Mass Method Mode order|| Mass Method | Mass Method | Mass Method
1 T1 4.881 4,901 5.211 1 T1 5.128 5.149 5.149
-(6.343) -(5.958) -(0.409) (0.001)
2 \%2! 5.669 5.692 5.692 2 Vi 7.782 7.814 7.814
-(0.409) (0.001) -(0.414) (0.001)
3 H1 19.271 19.351 19.351 3 H1 19.391 19.471 19.471
-(0.409) (0.001) -(0.411) (0.001)
4 T2 19.041 19.355 20.578 4 T2 20.256 20.591 20.589
-(7.471) -(5.943) -(1.616) (0.011)
5 V2 22.401 22.771 22.769 5 V2 21.763 22.100 22.098
-(1.616) (0.01D -(1.516) (0.011)
6 T3 42.055 43.630 46.368 6 T3 44.673 46.347 46.322
-(9.300) -(5.904) -(3.560) (0.053)
7 V3 49.406 51.257 51.229 7 V3 51.248 53.109 53.076
-(3.560) (0.053) -(3.445) (0.062)
8 T4 72.216 76.619 79.428 8 L1 64.662 65.864 65.722
-(9.080) -(3.536) -(1.612) (0.216)
9 H2 76.151 77.411 77.402 9 H2 76.515 77.887 77.871
-(1.616) (0.011) -(1.740) (0.021)
10 | L1 81.332 82.498 84.141 10 | T4 77.282 82.485 .82.349
-(3.339) -(1.952) ' -(6.153) (0.166)
11 | v4 85.471 91.225 91.074 11 | v4 96.037 101.326 101.027
-(6.153) (0.166) -(4.940) (0.295)
12 | TS 109.684 121.347 128.464 12 | V5 116.712 128.768 127.934
. -(14.619) -(5.540) -(8.772) (0.652)
13 | V5. 129.079 142.865 142.304 13 | T5 120.487 129.177 128.669
-(9.293) (0.395) -(6.359) (0.395)
14 | L2 151.831 165.223 162.647 14 | 12 156.705 166.909 165.390
-(6,650) (1.584) -(5.251) (0918)
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-7 HLETSZE—FERIE (%)

Mode order o x doy gz O ow Total
1 T1 0.2 1.4 3.8 45 100.0
2 V1 0.0 9.1 0.0 0.0 100.0
3 H1 0.0 0.0 9.9 0.0 100.0
4 T2 3.6 2.4 6.7 8.0 100.0
5 V2 0.0 16.6 0.0 0.0 100.0
6 T3 3.5 33 9.2 11.1 100.0
7 V3 23.1 0.0 0.0 100.0
8 T4 3.0 8.5 10.2 100.0
9 H2 0.0 18.0 0.0 100.0
10 L1 1.5 4.0 47 100.0
11 V4 28.5 0.0 0.0 100.0
12 5 || 4.6 12.7 15.3 100.0
13 | vs 33.3 0.0 0.0 100.0
14 L2 06 | 15 1.8 100.0
R—8 TAMP.OICETBE— RERIE (%)

Mode order bx by - bz $ow Total
1 Tl 0.0 0.0 00 | 99 100.0
2 Vi 2.9 3.1 0.4 0.0 100.0
3 H1 1.3 | & . 9.4 0.0 100.0
4 T2 0.0 0.0 0.0 0.0 18.0 100.0
5 V2 20.7 0.1 13.2 0.0 0.0 100.0
6 T3 0.0 0.0 0.0 0.0 24.7 100.0
7 V3 19.1 0.7 . 18.4 0.1 0.0 100.0
8 L1 187 , 10.9 25 0.0 100.0
9 H2 ] ] 4.4 13.6 0.0 100.0
10 T4 || 0.0 0.0 16 00 | 00 30.4 100.0
11 V4 28.2 4.2 . 18.8 0.9 0.0 100.0.
12 V5 || 3% 2.5 0.0 19.6 0.9 0.0 100.0
13 T5 0.0 E ad6 | 0.0 0.0 35.4 100.0
14 L2 19.4 0.0 14.3 6.5 0.0 100.0

Kiz, KAl af@ir Lofims L=Eao 6. HEhE
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EOERTE S, ZOZ & AL DRENTE AN
e, pifIRENIRIOEZ BN B Z &gk, ToHE
BENREDRET D EMNTEDDDEEZBNS, iz,
H27). RE0)BLUORG)IT & B WP DR Sl
FRIICEL K ETENTVWAH L EHERTH I EMNT
ElbDEEZ B EINTES,

AR, CEEETREANTE 2 T S ERITOES
REMEITZAT 5 72012, BILERAMPLEDRLER
ZR L - ERTE AN O BEE I & > TIET 54
BEIIOWTREL., FEIN-EAER - EFIET
— ROEREICDODNWTERL DD TH D, TITHEDS
N BLUOSEROMFERECDNTELDB LT
DXDITiB,

FEAMATE R SR OMmSiE_E DR A ZH L WLEiR
ETB LIRS M) 7 A BB Ny
ZEORUTz, D& D EMER O E THE iR
ERIIBIEICED, ERGDOEOFRERNSZ LN
TE. HALMEROESIREMITICER T2 Z &%)

- BETHDEEZSND,

EhEERIC X MR I N - HAERT OB F RENK
IHEGEEEIC X VRO SN/-MIT L T, BN
VMEE 525, —5, BREERCKVBLIVEEFR
B R RIRIC K AR L T, BiIC LR EE S
AB LRSI EbhoTz. TOEBEL T,
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TWa,

X5, BT Lo AR AL E LRSI
U DEINIMBOHTIREB X UHHES & HER TS5 T
E7a<, RN L -/ CEAIREIE— RAERI N
B, Lvd, TOBSITIETHERERIC L S IERE

BIRC L DR S EFREEICE L TTMEZ 5 A

BEERRIC LI LFMEZRZ 525 Z &b o Tz,
F7-, AUERSEEICBWTIE. BAEERICL DM
FEPERERIC L BBITHEL T, 20 KWBETHE
BRI ESETZSHDEEZLZ NS,

B - EEREE R RSP T, ZEHRES
FET— R2HETZ—DOEIZEL LT, & FERlt
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515,
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