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ANALYTICAL STUDY OF FORMATION OF DISCONTINUTY SURFACE IN
ELASTO-PLASTIC MATERIALS
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It has been acknowledeged that when quasi-brittle solids are deformed into the plastic region,
the materials exhibit the strain localization. The present paper describes mathematical formu-
lation for its localized condition utilizing the localization tensor. This representation has often
been directed toward detecting the onset of strain localization as a condition of discontinuous
bifurcation within the solids. We applied this condition to elasto-plastic materials based on
Drucker-Prager criterion.

We also carried out the eigenanalysis of localization tensor to determine the orientation of the
discontinuous surface and motion of discontinuity, i.e. the mode of localized deformation. In
addition, we extended the localization condition to analyze the post-bifurcation behavior.
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(a) Spectral Analysis : von Mises (plane stress)
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(b) Spectral Analysis : von Mises (plane strain)

1.6 v v r — r

14 [uniaxial compression]

- a=0
12 p=0
8‘ Ir. - HP / 2” =0 -
ET1 > e N ’/
¥ 03 \, 4
-~ {
=
g 0.6
3— 04

~~~~~ ~—--v =049
0z T e v=03
0 —v=0’
02, 30 () %0 120 150 180
0

B —2 Uniaxial compression in (a) plane stress and (b)
plane strain : von Mises (influence of v)
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(a) Spectral Analysis : Drucker-Prager (plane stress)

[uniaxial compression]

1 o=0.15
9 08
g
3 06
<
=
§ o4f
g
3 02

0

02, 30 60 9 120 750 180
6
(b) Spectral Analysis : Drucker-Prager (plane strain)
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BJ—3 Uniaxial compression in (a) plane stress and (b)
plane strain : Drucker-Prager (influence of 8/a)
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(a) SpectraI Analysis Drucker-Prager (plane strain)
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(b) Spectral Analysis : pure shear (plane strain)
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+ v(my + mz) } NG (50)
(b) FHOTHBITIY 58 : GIHI ERIREIC, nyj &
ng; OEMBITHUT ng = ngy my; = my(BAZE 54
W) DS ICEFRT S D& Ly R (46) BHilcd Noit
DFHH 67" 1, RATHEEIN S,
2 gerit _ _ M2(M1 — m2) + ma(m1 —ma2) + vh

n1(my — ma) + my(ny — ng) +vh
{51)

tan ¢crit

tan

7272U. h = ng(my — ma) + ma(ny — ny)

Eio. SAUSHIGT BEFEERE B 3,
Hz‘,"“ L n3m3z
E ~ (1-v)(1+v)
(nama — nymy)? + v2A?
4(1 - )1 + v)(ny — na)(my — ma)
2v(nimz — namy){ma(n1 — nz) — na(m; — mz)lz)
41 - v)(1+v)(ny —ny)(my —my)
TEIND, 5. NTHICHIET 5BERY bV
M:rit DK ¢cﬂ't iz, & (43) SOERATRDONS,

A Merit
tan ¢c"t = Mz:rit (53)

-+

TIT MR, MR 3. UTIRRTLOTH S,
. 1 . )
Mi:ﬂt = {2m; — — U(mlNi:ntz + mzNzcrttz)
14 .
+ I-_—_—;(‘mq + mg + m3)} N
M;ru —_ {2m2 - . V(mlentz + mzNzcntz)

v .
+ T:_;(ml + ma 4 mg)} N3 (54)

4.3 Drucker-Prager OR{REH~DOHHI

i tHORYTEZ I LT Drucker-Prager 2D IERE
FEhRZFER U, FEIGHE EFEHOTABICH UTR
AR BRERERRT 5,

R (47). (51) &9 RZ PV N, OFA 0 i3, &
ATEINS,

2 gerit __ 52+\/J2(a+ﬂ)
B = S Y VT (a+ )
(S2+vS3)+ (1 +v)y/Ja(a+4G)
T (S +vSs) + (L + V) a(a+P)
22T A (55b) ILBEWTRT Y VHERYD (v=0) &
B & ThiFR (55a) IKABET 3, . Jhicshis
THEAWHRE B 3, R (48). (52) LOHKAT
FINha,

Hcrit _ (a—,@)z
,,E =g 20
Hcrit B 1 .

(55a)

t anz gcnt —

5b)

(56a)

— (- y)(:/s%2 +a+B)’}  (56b)

R (56a) i A (HS™ > 0) THBHILERLTHL
B a = BEMEFKAN) OB HT® = 0, o #
BHEMERNR) OBE I > 0&730, FIRE
0.1. 8 = 0DEEHI/E = 0.0025 &5
%, TIbL, FHEHIEATHE. BEERNIDBA. IEH
E-78&8(H, = 0)IicBWT. £/, FEERNO
BE. IBHE— I HiOEBES (H, > 0) IZBT,

B OBRET 5 L2BRISHDOT, B-3ITHE
BLILEDTHbB. ULOBFRRZER. FEBIER
il & U8 o FEIES - FEOTABICEIT 5 6
EiHitbe = or/oi (VTN 0y < 0) LOBRE
KD\ B-6 TR Ui, FHEGHDFE. HEAM (e =
~1) o, EREICHB T BIC0. 0°7 3R Uy

2HERS LS RENITEVIRE (e > 0.6) TIXERML
RBEMRLUBNI EZRTELE DT, KTV VHLOE
BEZUTORNI EbbI3, —F, FEOTZ0DIE
B R7v v OoRBICK D, BEMMLERI TG
e DEFEALHALTHED. v BRI NIZE 07 k&
{75252 &b B, KiZ. Drucker-Prager £ D IER
FHROREAG, FEES - FEOTHBICEIT 5 6
Ey SHISHHET B 6% — ¢ ZI5FILb e DRI ER
B, B-TIFR LI, JIT. FAERBOERNS b
VO[] 67 EFBEEBYH 1 ¢ & DA (977 —
) id, MBI EDHAERL TS, #->Ts

FIZ . BRI BTHE- FOBICHTRD B &,
gerit ¢crit = 0° % Mode 1. gerit _ ¢crit = 90° ¥
Mode 2 iZ3xiid %, YLD X I IZ. BEMLOEEE—
FicBd 2 EAE (BRA A B, EB5 M) = B
IR T A ENTERLEEA S,

ax =
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(a) Direction of N : Drucker-Prager (plane stress)

90
a=0.15
p=0
60
pure shear
g 931 .
039 uniaxial compression
30
0 2 -
-1 0.5 v 0 0.5 1
e=0,/0
(b) Direction of N : Drucker-Prager (plane strain)
90 v v
60
ic
uniaxial compression
30
a=0.15
B=0
07 23

e=aq,l 0,

Bl -6 Direction of N in (a)plane stress and (b) plane
strain : Drucker-Prager (influence of v)

5. 5. HEHRELGUEHROZIEEE

WM OSERERIEE 2O MIE. BT
RUIEBDT, det(Q,,) =0, LI =07
BLEAZHLELTHEAONG, TITH ZOLHX
DEFGEDREREI N BOEREBITOVWTERTS
DT, ChiZR-8D LI ICHBT A ENTES, B
Rz, (2) 2EBRSE2SEHHOEREE & (b) FER
HicHST 2EMUO VT HOMBRERERMICE LD
ThHAbo

7 2T, BB B B LERE (5 E)
OMHOEREH 48T 572H. Yoshikawa « Willam
DRIET 55 Btk OBIBIEHR 1D 2RAT B, i
L. BED &I RRMICMZ T, HBHOBBEE (X
(1) ZObDDRO—BEHRAEZ BHERSBH.
AUTONTRIER D, BB 2BEshic. 7. -1
R Ule & ) @SR 1S M 2 M O sl 2 k=X
DOLHCBEHT S,

¢t =D} &t Df =D, (et,0t)

- =D_:&, D, =D,(e,07)

(57)

120 (a) Mode Type : Drucker-Prager (plane stress)

o=0.15
B=0
v=0

94349

~~~~~

§ o 7596

© pure shear

g ~4931
D 40.39 ) :
50 uniaxial compression

iy 03 0
e=0,/0,

050.61 1

. {b) Mode Type : Drucker-Prager (plane strain)
0 —

=015
|3/a=0 -4
v=0

9863

~—.

2 80.79

. 60
E ~4931
© 4039 s :

0 uniaxial compression 5\

pure shear

B -7 Direction of N and M in (a)plane stress and (b)
plane strain : Drucker-Prager

727Uy Dfs D, i3, FEBHEICHT 2 EMEA
FOBBRERBIREEL TS, Jhid, 2RI
BT, OTFHPIEIREBRRAL S 1D, CHhICEKET
MR R D, DRETEILIZLEHDTH
5o TOXIBREWE, £k dAEE DM TIE
MRS RS B C EERTIRET A bOT, B/
¥ ¥4 I8 (plastic/plastic bifurcation) &FpiEh 5, —
%. D} — D,. D, — E 0L>EKETS
&L ThiR. TELEHEOEANIERERTT. AR
BT DI EEBRL. LWbWARY [ S (elas-
tic/plastic bifurcation) IZbEHAT 2 Z LN TE S,

KiZ, DR OHBHBRAZERLT 5720, RO
£ 3 DOFRKEBILT %o

LOTHBEEDOME: et =& +[[€]]

2. BRIOHMPILOT HEEDE : [[¢]] =
N]B koK K

ANFHEDRZ MLt 08 : [t]]=N-[[¢]]=0

ZIT, RGBT E&BELLD, FERHEICHT S

M ®

BT, BE IR BHAEOVEMLERL. M @ NI* =
(M@N+NgM)/2 &35,
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o’} (a) fundamental path
8+
fy
R 8-
.
4 bifurcation path
0 ele
P-P bifurcation
ek @) Al
& . 1
&Q 144 > 0
N
&& I+ ® <0
Qb
o
E-P_bifurcation
0 b et

initial yield bifurcation
f(e)=0 det(Q,)=0

—8 (a)Schematic description of fandamental/bifurcatal
paths, (b)Relationship between two strain tensors
across digcontinuity

RlOHFEIZIGH D [[0]] KRR TERIN S,

(6l = 6% — 67 =D& : [[€]] - [[E,]] : €

(6] = 6% — &~ = D, : [&l] - [B]}: &+ (58)

Fe, FESRICH T IHUOENNEOTLEED
ElloRExsFET7id, RN(58) E&H2. 3L
ROLHICEZ SNh3B,

4= (NOM]* : [Ep]]: €~

IN®M]’ : [[E,]] : é’g
M-Qf-M :

M-Q, M

= 9)
rtZls ([Bll=Ef —E; =D_, - D},

¥ OYERRIERIE . TEEE IS 2 Ao
ROFLEEDE [[¢]] DREXE25X5HDTHB, i
A, WROHNT 5 OFAEEIEE (et =) e
X, YRE¥oLAD, EHERESL L RAITTHS
TEEBHRT D, —H. det(Q,,) = 0 BAUEEMIC
EUCBRBIZ. $XHEUOMBNR—OBEHERINE
BFL (D} = D). K(59) OAFiREOEBELELED
2. 2B b¥adiih, yRFEELENLSE, LML, &
wHESMER IO, BEBERSETAIEICLD. YHRBE
DEFFEOI LD, T7bb, ZOXDBIBHED
G~ OTHEREBET A LN, ESHOBY
BThH3,

F 2T, FESEH I AW ORI O AEE
D [[€] 2. R (59) i2 [MON]* 2% L. EfOVTA

BE ICLVRDEICETHILENTES,
(&) =w:& (60)
T BROVTAEER.
&=L —-9): et (61)
DL ICEASND, L. Tid, FRTDLHKD

FUINELTRAD LS IZEHE U,
M@ N} ® [N @M]* : [E,]]

v = — (62)
M-Q,, M
o T, BREICKRO &) RERENB SIS,
D_ :ée
o= it . 63
{D;p:(h——!?):e‘*' (63)

SITC Lt 4BOBAT VYN EEL. L= 6ibp
DEIIBINE. DL DT, FESEICHRT S
HRMORL BV HEEL, Pk THICEKRIT
5NBIELbh B,

IIT, Wit/ B (DY — Dep. D, — Ee)
FEZ A, R(62) ZAV. BEEMOEIHRETE
HRDOOFAEEICL > TRD LI IFEIh B,
E.:[M@®N}®[N®M] :E}

7- ={E. - IM®NJ : E, : [N ® MJ’

}:et
(64)
ULk &)z, BEMOOTAHEZBEHMDO O A

HEICLVEHIh. SEROIEST ~ 0T AR

PIATBEBENOVDTAEHEIC L > TR I ENTES

18)

6. *im

ARFFEE. FEREER AR E IR E U, BELicl
THHEBEBTNCER UicdS, BohicERE LU
BERIIOWT, YTk &Y S,

L RERHEORAILHS OTHDOFLITDONT,
BaEREEE Lz, Jhiucks &, BRICE T
rHBEEF V1 Q,, = N D, - NOFT
FIRA, det(Q,,) = 0 %W & &, REMKE
& Nepie ODERFRICH > TERINE, k.
Drucker-Prager BB BHBRANICEATEE LD
. 2REMBEICEAL, B OBEY I V-
VavEERU

I BFLIci8d 2Bt v Q,, DEFHE
LD, RO LS BEBME - BERS Mi%x
Hiiz,

Ar=1- %a~[Qe]_1-b
M «[Q,]™* b

OI. I51Z0 A = 0 AEBDSRD K D LFHIEE
% (BlEE— N) OHREEE L,
H}=-n:E.:m+a-[Q] ' b
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IV. Ric. &GV RSBEERINBER SO
THEEL. ZORDBFLOEREH 0 &3t
T BERBAR HE™ £k Ulze S, BlR
. FREEHORE. RREHL S,

2 gerit _ Sz + \/Jz(a +ﬂ)
tan“ @ —_Sl+\/.72(a+ﬁ)
H™ _ (a—f)
E = 4
FEEROFEEFIIOWTHE., —RICERERIEE
BAGRES (H, > 0) KEL, FEOFA LY B4
&3, FERHEENRELEE L,

V. X515, MERREFUHHOEEHICMEY 51
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