BETHRIE Vol .39 A (1993 3 /1) TAR%EL

S pl1 ine P r ismyEAEAHAWGWTESIEER
DO PBIAENT I D U

VIBRATION OF THICK RECTANGULAR PLATES BY USING THE SPLINE PRISM METHOD

KB BAGEH
BY TOMISAKU MIZUSAWA and SHINJI TAKAGI

This paper presents application of the spline prism method which is
a semi-analytical model based on the three-dimensional elasticity
theory to analyse vibration of both thin and thick rectangular
plates. To demonstrate the convergence and accuracy of the present
method, several examples are solved, and the results are compared
with those obtained by analytical method and by other numerical
methods. Stable convergence and excellent accuracy are obtained
using the higher-order spline prism models. The results of thick
rectangular plates with several boundary conditions are also

comapred with those obtained by means of the Mindlin plate theory
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Table. 1 Convergence study of frequency parameters, q%{
n¥=wl?/ pb/D of a square thick plate with " 1
the boundary condition of $S-FF: b/a=0.2, \

L/a=1.0, v=0.3 . \

Mode \
T k-1 M.M,  lst 2d 3d 4th Bth \

9.02 A
0364 14.335 24.545 32502 45.791 \
0088 14.195 24.387 29.590 45.542 o .
0035 14.147 24.378 20340 45.529
0021 14137 24.3T6 20.290 45.527 >
0016 14127 24,376 29.275 45.526 ]

0014 14.125 24.375 29.269 45 526 2

© w0 © W o W

oo
—
O S R )

0308 14,261 24.453 32.390 45,607 : a) First Mode
0084 14,250 24.381 29.574 45.538 458
0025 14.139 24.375 20.306 45.52%
0015 14.126 24.375 29.270 45.526 4.7
0013 14.124 24,375 29.265 45,526
0012 14.123 24.375 29.264 45.526 4.7
0012 14.123 24.375 29.263 45,526

0052 14.146 24.375 29.394 45,526
0015 14.125 24,875 28.270 45.526 5.6
0012 14.128 24.375 129.264 45.526
9774 14.080 * 29. 096 * 15.55
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45.85

™ o w0 w

31.681 36.613 53.906 57.45) 85.517 £5.5
31.617 36.327 50.395 56.377 64.709
31.488 36.230 50.072 §6.269 64.621 b) Fifth Mode Mo =M,

21'47: gg'lzz 49'92§ 56'2:2 64.611 Fig. 2 The effect of the degree of spline functions on
AT -1 48.9 56. 64. 607 convergence study of the frequency parameters
3474 36.178 49.948 56.240 64.605 nt=wl2/ pb/D for the first and fifth modes of

31.609 36.481 53.808 57.036 65.052 square thick plate with SS-FF; b/a=0.2 and L/a=1.0

31512 36.421 50,355 56.361 64.701
31.483 36.214 50.029 56.243 64.606 =
31475 36.182 49.952 56.239 64.604 = =
31,475 96.132 49,939 56.238 64.604 =
31473 36.174 49.936 56.238 64.603

31478 36.174 49.935 56.238 54,603 a) First Mode

31.498 36.232 50.190 56.253 64,608
31.475 36.181 49.954 §6.238 64.604
31,478 36.174 49.937 56.238 64,603
MPT 31,215 35.891 49. 447 * *
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MPT is the result calculated by the Mindlin plate theory'®’,
¥ These are cross—sectional deformed modes which are missed
by the Mindlin plate theory.
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BHELEFEE - FESIROE— Mt LT %, with SS-FF;b/a=0.2 and L/a=1.0
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Table. 2 Convergence study of frequency parameters, n¥=
wL*V B0 of a square thin plate with the
boundary condition of SS-FF: b/a=0.01 ,L/a=1.¢,
v=0.3 nf
9.66

Mode
T k-1 M<=M, 1st 2nd 3rd ith 5th 9.655
. 6408 16.183 37.976 90.118 203.14
.6355 16.162 37.315 82.556 168.21 9.65 4
. 6327 16.146 37.006 78.960 151.62

9.6557 16.216 40.088 103.74 487.69
9.6335 16.185 37.521 92,494 236.88 9.64
9.6298 16.137 36.914 79.048 167.85

9.6292 16.125 36.733 76.054 141.74
9
9

X
—

o O oo
w > w0

9. 645

9.635

(6289 16.121 36.689 75.376 135,54 g |
.6287 16,118 36.674 75211 13400

9. 62 T T - T T T
L6297 16.187 87.133 93.075 233.00 ? 2 4 6 8 19 12

g
9.6294 16.127 36.848 718.020 163.67 2 First Hode LN
9.6290 16.122 36.690 75.611 140.12 .
96288 16119 36.672 75184 1sg.24
g
3
:
g

.6286 16.116 36.664 76,137 1383.45
. 6284 16.114 36.657 75.122 183,34
. 6279 16.109 36. 644 * * 400 -
L6314 16.135 36,726 * *

300
8 38.996 46,964 71.971 123.66 232.09

2 10 38.963 46.849 71.326 117.07 200.08
12 38,945 46.790 71.019 113.99 185.05 20 1

39.099 47.086 74.293 138.35 538,47
38.950 46.934 71.923 127.06 267.63
38.926 46.7427 71.08¢ 114.93 201.40
38.918 46.701 70.728 111.83 177.28 0 - : : .

38.915 46,687 70.63% 111.02 171.18 Wo-H,
38.913 46.680 70.606 110.80 169,95 b) Forth Mode

2 38.931 46.942 71.687 127.63 265.90

4 38.920 46.703 70.960 114.54 198.63 Fig. 4 The effect of the degree of spline functions on
§ 38.915 46.686 70.633 111.33 176.38 convergence study of the frequency parameters, n¥
8 38,914 46.680 70.600 110.77 169.87 for the first and 4th modes of square thin plate
10 38.912 46.675 70.584 110.69 168.99 with SS-FF; b/a=0.01 and L/a=1.0

12 38.911 46.670 70.571 110.66 168.86

MPT'®  38.908 46.661 70.545 * *

CPT2®  38.945 46.738 70.740 * *

o O o e o

—

% These are cross-sectional deformed modes which are missed

by both the Mindlin plate theory and thin plate theory. BRENTWS, Fig. 4-a), byid. ThFh1
REARDIRHE <5 # — 5 OPWHKREERL TWB, CNED, BRTIR. BKROSplineEF A EH W3
CRFHASE Y RBVE, EROTY XABREF N, BROT - FOIRBIE T, LF L 2GR
MHBBEohTVD, FAZONHEMER, MndlinkKEBHRCHEKBRICL ~TRDoNAE2Y EE—HKL
TW5, MOBRAEZHER > L BERSVTORAET > T 28, EMBERSE SN TWS,

Table 3iTid. BABMIHENLEAER (L/a=1.0, b/a=0.1, v=0.3, E=1.0, p=1.0) OMHEHKe
(rad/sec) DEETBESRINTVWS, HEORHIC, 3RITHBEIEGRICE T  BERES 2GR 4 v —
E'WICLBERORLTH S, INED, SrinivasS OBEREY LHEFCR R LAERMESATL
3. ULOBITERL D, HROSpline PrismikE VA, EiRD 5 ERE tHh—HICHEZEROEN
TS TR TH %,

Table 423, B4 OBERAKGEF >IELHER (v =0.3, L/a=1. ) DB <7 4 -y 52 3BEL
b/aDEENRENT VS, /o, Mindl inlKEHREZHVWTHIFLABESRLTH S, Ihip ., BEHD
BRT2EONT, 2IRTCHERTREELVIEER® - FPBROEH T - FesBhTETWS, ¥
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oo IMEMSKELR2 &, Spline PrismEOMIRMindl infRIF/ICLZHERLD ., PPREBEIRINT

W3, Eﬁ@%‘f%* F D Table. 3  Comparison of accuracy of natural frequencies(rad/sec) of simply
- - . . supported squre plate(SS-SS):k-1=4, Mx=My=12, L=1.0, v=0.3, a=L.0,
REVEOCBI L Tid, Mindlin b0 1, E=1.0, and poL 0
Wﬁ?mlii/)f%\ 2%1;[ Mode
NOKEET 3 o lon Methods Ist  ond  3rd _4th  5th  Bth ~ Tth  8th
Present method 0.0919 0.4385 0.7401 3.1317 3.2044 5.6885 6.2172 6.3526
L2 E—HLTOWS, 1,1 Exact method® 0.0919 0.4385 0.7401 3.1317 3.2044 5.6885 6.2172 6.3625
& 512, Table 512 i, 3IK5E FLM 0.0920 0.4385 0.7401 3.1443 3.2174 5.7261 6.3194 6.4520
L‘v - +
. S . . Present method 0.2197 0.6933 1.1674 3.1774 3.3493 5.5917 6.2404 6.5320
Spline PrismiE& Mindlin  § 3 pyaer method® 0.2197 0.6937 11673 61774 3.3493 5.5917 6.2403 6.5320
WEmAH VT, QoK FLM 0.2200 0.6934 1.1674 3.1900 3.3626 5.6355 6.3422 6.6164
. PN 2 Present method 0.3376 0.8770 1.4729 3.2225 3.4840 5.5284 6.2634 6.6687
REMZSUEFCERD 2.2 Exact method® 0.3376 0.8770 1.4743 3.2224 3.4840 5.5284 6.2634 §.6687
REH S A - itB L5 FLM 0.3381 0.8770 1.4749 3.2348 3.4378 5.5750 6.3649 6.7513
BENOEERRENTY Present method 0.4117 0.9806 1.6438 3.2522 3.5691 5.4967 6.2788 §.7498
§ 1,3 Exact method® 0.4117 0.9806 1.6438 3.2522 3.5691 5.4966 6.2787 6.7497
5, Chin. HFIRE FLM 0.4123 0.9805 1.6440 3.2643 3.5832 5.5445 6.3800 6.8319
- FOIREE 52— % Present method ©.5171 1.1180 1.8691 3.2963 3.6908 5.4538 6.3017 6.8611
e B 2.3 Exact method® 0.5171 1.1180 1.8690 3.2963 3.6908 5.4598 6.3017 6.8611
B BRORBEE T L FLM 0.5179 1.1180 1.8692 3.3083 3.7053 5.5090 6.4025 6.9430

_‘ﬁl LTW53 o i t' Fig- 5 FLM is the result solved by Cheung et al.'” using the finite layer method with ten layer
it HEE%EH)?@ 1 Zk@ elements, and (¢,m) is the number of half waves in the x- and z-direction, respectively.
N

REIE /5 2 — % nx i Table 4. The effect of b/a on the frequency parameters, n¥=wL?/ ob/D

. _ . of a square thick plate; L/a=1.0, v=0.3, k-1=4, M.=M,=12
ABEEDL EBEREHOE

B Bounary Mode

ERRENTVWE, Ik conditions b/a Ist  2nd  3rd  4th  5th  6th  Tth  8th
b, BEkoBRKe b 0.01  29.40 5508 70.58 95.74 102.4 131.6 141.1 157.1
BRI L. T MPT 28.92 54.67 69.19 94.36 102.0 128.7 139.8 154.2
o B A < CPT 28.95 54.74 69.33 94.5% 102.2 120.1 154.8
& 5E D $— i

= = 0.1 26.86 49.38 59.80 79.52 87.39 102.6 113.1 113.7
HPLTWB, MPT 26.64 49.06 59.12 78.68 86.72 101.2 111.8 %

Table 6&Fig. 6 Il S$-CC 0.2 22.63 40.30 45.38 56.90 59.50 60.52 66.6% 72.01

. . MPT 22.31 3%.76 44.47 ¥ 58.36 ¥ 65.57 70.28
20T B 208N
0.4 15.87 27.36 28.41 28.49 30.10 87.21 38.25 42.04

Pt LHHOBS MPT 15.50 27.52 26.70 % £ 36.08 % 40.87
DIREFE S A -5t BZ 0.6  11.95 19.01 19.78 20.18 20.33 25.50 26.26 26.59

. e MPT 11.58 %  19.55 19.56 *  25.62 %  26.31
BN, L/a0BERRE

nNTWw3, L. EBE 0.01  23.85 51.33 57.99 85.23 99.84 112.0 132.6 139.2
MPT 23.63 51.62 58.57 85.97 100.1 112.9 133.4 140.4

HELIREREL. Rl CPT 23.85 5167 58.85 86.13 100.3 113.2

BD7»ic, Mindlin 0.1 22.47 47.29 52.46 74.57 76.42 94.01 110.1 113.7

- - MPT 22.38 47.06 52.09 74.00 ¥ 93.06 109.1 112.5
MICKBHERSRLTH S,
$$-CS 0.2 19.86 38,22 39.33 41.97 57.62 59.33 §£6.33 66.96

P g ) INEPVAE =3 A3 NPas WT 19.67 *  38.86 41.33 56.67 *  65.25 %
Ebic, KB S A -7 0.4 14.87 19.12 27.12 2770 29.59 33.48 36.40 36.85
. ) . WT 1459 %  26.51 26.97 % £ 3583 %
WRELED, £/ Mindlin
. 0.6 1151 12.75 19.55 20.09 20.19 22.00 22.32 23.67
20 - -
REGRIC L BfEE HELS WPT 1122 % 19.52 18.50 ¢ % 22.00 #
HLEEERELNATV S,

MPT and CPT are the results calculated by the Mindlin plate theory'®
and classical thin plate theory®®’, respectively,

* These are cross-sectional deformed modes which are missed by the Mindlin
plate theory.
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Table 5. The effect of b/a on the frequency parameters, n¥=wlL?y pb/D
nNTWwWid\\h, KHECIE. 3 o of a square thick plate; L/a=1.0, »=0.8, k-1=4, M.=M,=12
HimicE-3 { Spline PrismE %AW T, Bounary Mode
%ﬁfﬂzﬁ?‘jﬁ‘@ﬁi@#ﬁ@j%ﬁ%ﬁh conditions b/a 1st 2nd 3rd 4th 5th 6th Tth 8th

/ y
AEHOKRBLERLEFEERDE 0.01 1267 32.94 41.65 62.83 7208 90.44 102.7 111.6
B e WPT  12.66 33.01 41.65 §2.88 72.24 90.43 102.8 1115
B o WTRA ERIT e E e, CPT  12.69 95.07 4170 63.01 72.40 9061
e AR CHGEECREELER 0.1 12.27 30.52 38.73 56.04 63.11 €8.54 78.88 86.44
U Mindlin BERZIC & B 5CEAR & I WPT  12.25 30.39 38.61 55.74 62.65 %  78.43 85.77
[, "
_ SS-CF 0.2 1140 25.96 33.11 34.27 45.15 49.10 53.00 59.54
T Y - Zo s sE 2 ..
BRE b7 - foo AR TR SALE WPT 11.35 2570 32.83 %  44.62 48.37 % %
BERZVE TN, ROLH LR 5B, 0.4 9.396 17.13 18.36 23.62 26.40 29.72 30.07 31.20
(1). SROSpline Prisn® L% WPT 9.308 ¢ 18.04 23.22 %  29.46 %  30.45
. e ) 0.6 T.728 1141 13.62 17.43 17.73 19.77 20.68 21.75
N DI A 3
Huohid, DiRw7 ) XAEZRHTS WT T.626 % 1333 % 1137 %  20.30 21.28
BROIREH ¥ TEE LIRSS
L o 0.01  9.629 16.12 36.67 38.91 46.68 70.61 75.21 87.84
S, FRBIREORVWERNES WPT 9.628 16.11 36.64 38.91 46.66 70.54 75.10 81.82
nTws CPT  9.631 16.14 36.73 38.95 46.74 70.74
(o}
v o 1 e 0.1  0.446 15.40 33.91 36.44 42.85 48.76 62.34 86.41
=3 1 =
(2). BR7TYZXLEFVEROD WPT 9.439 15.38 33.84 36.33 42.76 %  62.08 56.14
¥, BREEC EATE, BERP o SS-FF 0.2 9.000 14.12 24.38 20.26 8147 36.17 45.53 49.94
WK E TH— M EERIE A1 5 C & WT 8.977 14.08 %  20.10 31.21 35.89 %  49.45
c 0.4 T.780 11.32 12.18 21.19 22.72 22.76 25.33 28.09
-
PTE o MPT  7.721 1L24 % 20.95 22.34 % 2498 ¥
o o I
(8). Mindlin B & D RO 7HE 0.6  6.600 8.120 9.015 15.18 15.90 17.16 18.40 18.70
WT 5.520 % 8941 % 1569 16.80 18.50 %

REEBLT, AFECLIHRE,

EELOHAL L HITPPOKEIMEE  WpT and CPT are the results calculated by the Mindlin plate theory'®

RLTWE,

(4). EROKREE - PRI, #
e F. mRNE- FERAERE -
Fhh o REPRERDRRLE
B, BEHFHomERE - VL@
NE- FEEBLTRS,

7
30

S

0+

0 02 04 0’6

b/a
Fig. 5 The effect of the thickness ratio,b/a on the
first frequency parameter, n¥ of square thick

plate with several boundary conditions; L/a=1.0,

k-1=4 and M.=M,=12

and classical thin plate theory
* These are cross-sectional deformed modes which are missed by the Mindlin
plate theory.

Table 6.

20 respectively,

The effect of L/a on the frequency parameters, n¥=wiL?/ pb/D
of a rectangular thick plate(SS-FF);
b/a=0.1, v=0.3, k-1=4, M.=M,=12

Aspect ratio

L/a

Mode

Ist  2nd 3rd 4th 6th 8th

0.5

0.75
MPT

10

L5

2.0

MPT 9.

MPT

1.25
MPT

MPT
175

MPT 9.

MPT 9.456 26.45 37.76 61.54 *

w©

109 10.72 15.58
083 10.69 15.52

23.26
23.12 ¥

31.70
31.43 ¥

32.93
32.66

w

372 12.96 23.63 35.01 38.41 39.47 41.51
.360 12.94 23.57 34.84 38.23 ¥ 41.32

446 15.40 33.91 36.44 42.89 48.76 62.34
439 15.38 33.84 36.33 42.76 L] 62.08

49.18
48.90

o  w

66.41
66. 14

w o

466 18.02 37.13 46.60 47.28 56.28 77.38
461 18.00 37.06 46.52 47.18 ¥ 77.13

467 20.76 37.49 51.84 61.81 62.35 81.98
464 20.74 37.44 51.76 61.71 * 81. 75

463 23.58 37.68 56.62 67.25
461 28,57 37.64 56.55 *

80.12
79.81

©o @

94.53
94.28

w w

79.61 83.13
79.4% 82.96

103.1
102.8

9.458 26.47 37.78 $61.60 83.87

83.73

108.7
108.5

MPT is the result calculated
* These are cross-sectional deformed modes which are missed by

by the Mindlin plate theory'®,

Mindlin plate theory.
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Fig. 6 Comparison of the first frequency parameter, n¥
calculated by the present method and the Mindlin
plate theory for the thick rectangular plate
with $S-FF: b/a=0.1, k-1=4 and Mx=M,=12
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APPENDIX

11 290 0o 11 00 090
[Kuve) = (bLDo/a) {ImiJa; Ay +D2(a/D)* Imidas Ar +D2(a/L)? Imidas Az}
10 01 01 10
[Kyv] = (bLDo/a) Dia/B) TmiJws AL + Defa/D) T miJ .y Ay

10 01 00

[Kowl = (bLDo/a) { Da(a/L) Loy JusAs ¢ Da(a/L) LonJus Ad )

01 10 10 01

[KVU] = (bLDc/a> { Dl(a/b)Im(JnJ AL+ Dz(a/b) ImiJnJAl }

00 11 11 00 00 00

[va] = (bLDo/a) { (a/b)zlmljnj Ay v+ Delmiday Ay + DZ(a/L)ZIm(Jnj Az}

10

[Kuvul = (bLDa/2) { Da(a/b)(a/L) 1urd vy As + Do(a/b) (a/L) Tord vy As )

PN

o1 D0 10 oo

[KWU] = (bLDo/a) { Dl(a/L)Im[Jn,- As t+ Dz(a/L) ImiJnj As }

00 01 00 [y

[va] = (blLD./a) | Di(a/b)(a/L) ImiJas As +D2(a/b)(a/L) I mi Ty As }

oo 00 oo (L) 11 oo

[KWW] = (bLD./a) { (a/L)ZImiJnj Ay + DZ(a/b)ZImiJnJ Ag +DalnmiJa; As }
£f, v 7HEB- M) s 2k RATEI NS,

00 0o 00 oo

[Muu]:(abLP) {ImiJnjAl}y [Mvsz(apr) { ImiJnJAl}

0o 00

[(Myw] = (ablLp) HmdnjAs}ctﬁL\ImtJQu\WﬁT%énéo

tu 1 (t) (u) 1 (] u

tu t (u)
Imi = J Na«(EINL ((E)dE, Jaus = J Nuk(n)Na «(7) dy

ICT, t,uld, FRNFHEEBOKRMTE 2, FHAIRKATERINS,

A= Z0(0)zZp(E) AL, Aw= § 2 (&) 2p(E) dE, As= § Z 0 (£)Zp(L) dE

Av=0 Z20(O)Zp(0) AL, As=J Z0(£)Zp(E) A0, Ae=1 Z 0 (£)2p(L) dt
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L(E)Zp(L) AL, Ae=F Z () Zp(L) dt
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