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BUCKLING ANALYSIS OF FRAMES UNDER BENDING LOADS

*
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By Masa HAYASHI

Elastic buckling of rigid frames subjected to bending loads is
investigated by an analytical method. Vertical loads placed on

the cross beam of a frame produce primary bending moments in the
members and primary bending deformation before buckling. In this
paper, the effect of the bending moments and the deformation on
the buckling strength of the frame with inclined colummns or cross
beams are examined. The equations of buckling condition are
formulated by the theoretical method using a linearized procedure
related to the incremental axial forces as well as bending moments
or rotation angles of members at the instant of buckling. Numerical
calculations are performed, and it is found that the buckling
strength of the frames with inclined columns is considerably
reduced by the presence of the primary bending moments.
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RAKZH L, ZOBEOKEBHERICHT28£ERER(25) Ihrxk

DEHILTE B, N1 \/ i«x
2PH ([ z4 _
Zc cot ZC+H[ <—2' COtT"‘l)—O ( 6 0 ) / \
BEMEs A viedlLci, R(33)YEDKROEHIIKNE B,
, 2PH () & &
2 tan2c+H[ (1 2 ot2> 0 (61) . \
2 vV —Xx vOEAIE, X(46)DN,, N, #FBVTR— 8 l =
(b)) oMERBICH T IEESEAHRIE, R(45)kbkokIHLiRB,
tz+Nlh ( tz: —1)=0 (62) «©
21 CO 1 N2 12 22 Cotlz: -8 §}BE§ET€I§

eV rT A v THE, I-6DXMHHER LAHEOHBMARTHEIN &
KERNHER —8 (¢ )DL HIRIEREED, 20 XDEBEERET, X
(59 )YZBVTMi=0¢,BLERTEZONS,

4. B & &b

KEHRICED, 52X VORBERHRr #RkD>d, BREHAEP.IZ, BOEME/c LR EI: 2H
WTKRARTHEZ oS,
Per=7(Elc./1&) (63)

(1) FMES—xv
B—3imRLi2eyIMES -2 YEBEEMES -2 vOMTEHHEIC L 2 KEEHEBEIC>VTE
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BEL, HEE, BT E- Y OEENRLBEOLNIRO ODREICHEDHEL PARE LIEEL,
RO FRERAMEp ( pI=2P -9 2 ) 2BELIBEEO2BDEZLSL, ik, B, K-8
(a )DL R 2EOEFTHEPL ARBICHAL, H=0& LAKBEOKIEBHHELRD L, ZOLED

Btz onsdl,

2 Y zetanze —6 ks =0, BE i : zc cotac +6ks =0 (64a, b)

HIFEECLIEELENDIDE, RO3ZOOMERIL rOEERD B,

@D R(64)WKkBHE

@ (60 )FERER(E61DITLBEHEIK~-8(a))

® K(25)F/AEKX(33 )P E(R-3)

A (64T, EEMELEDOML 2 OEOHICKETZ 2, B0 LR ENMMERTSHESIIE 2
DDNG A= hy &S DECEET S, 22T, B/ 1 =05, 1, 20BAKO2OTERE =01~100D
HETr DEERDIz. TOFEERD - HE2E - 1ITLRT,

BHEAECREITOHHTE - A Y POEEIE, QLOOKBITLD be =1 DL ERREBREVH, £ 0D
EREBIIFBUTTHES it,@t@@ﬁ;@umKW%*%%%@E@ﬁH%;%%%dh,h/lﬁt
HIZPNENWEEERRELLT, BHOEGEANEDITHE IO L 0% LU (H/P204) K53 EBERER
5% EETL, BN SVEEME S -4 v THELIETT 2,

#-1 95 -4 vOBEFRK

Kk Two - Hinged Fixed
b

h/% 0.1 0.2 0.5 1 2 10 0.1 0.2 0.5 1 2 10
(o] 0.497 0.842 1,422 1.821 2.104 2.387 [3.534 4.375 6.030 7.379 8.434 9,549
0.5 @ | 0.466 0.806 1.399 1.812 2,102 2.387 | 2.587 3.538 5.47% 7.133 8,365 9.548
. @ | 0.465 0.801 1,372 1.763 2,045 2.360|2.589 3.570 5.617 7.359 8.591 9.635
2p 1 @ | 0.489 0.833 1.416 1.819 2,103 2.387 {3.323 4.182 5.905 7.323 8.418 9.549
@ | 0.488 0.827 1.388 1.769 2.047 2.360 |3.355 4.259 6.089 7.567 8.647 9.636
2 @ | 0.495 0.840 1,421 1,821 2,104 2.387 [3.483 4.328 6.000 7.365 8.430 9.549
@ | 0,494 0.834 1.392 1,771 2,047 2.360 |[3.525 4.418 6.195 7.614 8.660 9.636
0.5 @ | 0,476 0.818 1.407 1,815 2.102 2.387 [2.925 3.833 5.678 7,221 8.38% 9,548
! @ | 0.475 0.814 1.388 1.782 2.064 2.369 12,933 3.866 5,783 7.377 8.540 9.606
2 1 @ | 0.492 0.836 1.418 1.820 2.104 2.387 13,396 4.248 5,948 7.342 8.423 9.549
P @ | 0.491 0.832 1,399 1,786 2,065 2.369 |3.420 4.303 6.073 7.505 8.576 9.607
2 @ | 0.496 0.841 1,421 1,821 2,104 2.387 [3.500 4.344 6.010 7.370 8.431 9.549
@ |0.495 0.836 1,401 1,787 2.065 2.369 |3.529 4.404 6,140 7.535 8.584 9.607

(2) HWES—xw
Z E-2 WS — A v OBREK

N*5K$Lt2tyym%i—fy@m$%ﬁﬁﬁmo
- . ) Case a b c d e
THHET 2, EREFBRBERD 4 >OREICEL - TRD 5, h/%o 1 0.5 1/3 0.2 6.2
D R(62) kA EK-8 (b)) £/% 0.5 0.25 1/6 0.2 0.2
e L /1 1 1 1 1 3
2 ACAS JIEERT, K =0 o L7 (cp) | 1.416 0.894 0.633 0.371 1.114
G R (45 0B WT, Mo =M, =0¢& L #48 o 3.214 2.585 2,039 1.129 2.605
- ; @ | 3.147 2,551 2,023 1.122 2.581
L L4502k BE 3 3,040 2.439 1.929 1.078 2.441
s Cs s T P Lo @ 2,987 2.411 1,917 1.073 2.422
LD ST RENTTEDDWLE T A VIZD0T, Z
& - ¢ ! Ref.5) | 3.210 2.577 2.033 1.085 2,547

iRk By oA K- 2WWRT .
B LR 2BE LcO0ER, OB LD 5.2~ T.6%BKE 0, T, EEAORMEEE 48R
LIODEG@DELD 4.6 ~6.6%Kx0H, BEFOHIT -2 v A2 BELTEHMEAEHEZERLL
BOMHEIELs~1.8% R (o nsERMOBENK T TH S,

K-208®OGRIES )T TER ELTHSAohifT, X1 E(T)ABBIIETRD LN
TEHEBERETHL, COBE, dDHEXROVIAREZOOTI LEQOEICRGEST, 20ER2 BUA
THb,
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DroftBEFTE, EEFMOMFE -2y XD EMEERICL IZBBOEBREIV EBbM L, &
B, BOIKERTI2MARERIN: 2ERLCIBEOEREL, dT49%, 0Dy —RT9~23%
A& LB,

(3) BERUzES—Xv

2 v UBEST-AvE, R—-60xlE7 A vIKDWTHET L, KEBHHEBEREICH T2EEGRHEDHE
ERDIDDOBHEILE -TKD B,

© HFHOHAD, EiX, ZNZhBREEINELAZ T IES
@ H(B59DITBOTM =0ELEBE(N-8(c))
® H(59 )KL BMHE

REBEEEREL, BRAEISE CEACEEEMCRNEELIBLCEHMANT A LD R REBOIF L Lic
D BEHET Z2HPNEL LD, e, ENARNELD SEPHBRCIZABDILUNSNELBL R CEn
5, OTHHEEPHE2 PEGREHEORI D OhRAXEFAL 72, QTRHOOMEIC LB KERNTH &
O ARIERAIN KELVHEARK -8 ( c )D IS ICER SR,

9, BT — A Y TEHIDDNT A= ke, 0, W/ 1, PBEHECEET S, 7 4 — 9 DEEEZL
THELAHREXR -3I10RT. QLOOHEN S, EBEATOMITE - A Y MICX 2B 3 b, =1, 0=75°
DEFICHEGEON, £/l DEPREVERSCEEL, /0, =02, 05,1, 2 0L EFLZnFN
@Dtz K2, 3, b, SHGECHRABICEENEL 5,

—, QL@ ETEE, ke, b1 NS HIZEOQOBEEI@ (4RO ) OELD bKEK D,
N, O EHICIERT AHERBNOEVICEIZ 6D TH-T, 07360 HIBOEZICr DK bAE
WEPELT, 2O0ZEH TN -2y PR BHIERED D,

#-3 BT+ vOERRK

P\\\k h/%, = 0.2 n/lz = 0.5
b
o 01 02 05 1 2 10 |01l o2 05 1 2 10
@ 0.351 0.635 1,167 1.526 1.747 1.933|0.657 1.148 1,918 2.317 2.528 2.690
30°| @ | 0.220 0.408 0,801 1.124 1,395 1.796 [ 0.527 0.934 1.614 2,021 2,291 2.610
@ | 0.220 0.408 0800 1.122 1.393 1.795|0.527 0.934 1.612 2.017 2.287 2.607
@ | 0.430 0.780 1,446 1.913 2.211 2.470[0.773 1.355 2.311 2.856 3.163 3.410
45°| @] 0.236 0,446 0,913 1.328 1.694 2.263|0.576 1.033 1.853 2.403 2.797 3.282
@ | 0.236 0.446 0.911 1.323 1.685 2.256( 0.576 1.031 1.842 2.382 2.771 3.269
D | 0.495 0.885 1.607 2.111 2.445 2,746 | 0.817 1.417 2,409 3.010 3.372 3,682
60° 1 @ | 0.257 0.491 1,026 1,509 1,928 2.544 | 0,604 1,082 1,955 2.567 3.015 3,557
@ | 0,257 0.490 1.021 1.494 1,903 2,525} 0,604 1.078 1.927 2.512 2.947 3.521
@ | 0.525 0.914 1.598 2.070 2.393 2.701|0.716 1.224 2.064 2.608 2.964 3,293
75°1 @ | 0.287 0.550 1.148 1.666 2.076 2.587{0.579 1.022 1.817 2.378 2.782 3.231
® | 0.287 0.549 1,138 1.636 2.032 2.560]0.577 1.015 1.779 2,305 2.695 3.186
0 B/l-1 h/is -2
@O | 1.142 1.915 2.826 3.152 3.297 3.403|2.056 3,105 3.759 3.913 3.977 4.023
30°¢ @ | 1.013 1.715 2,585 2.939 3.138 3.3521.932 2,938 3.599 3.781 3.881 3.993
@ | 1.013 1,714 2,579 2.932 3,132 3.349 | 1.931 2.934 3.591 3.773 3.875 3.991
@ | 1.332 2.261 3.495 4.011 4.257 4.440 | 2.438 3.835 4.940 5.231 5.353 5.44l
45°1 @1 1.125 1.939 3,099 3.660 3.992 4.354|2.220 3.538 4.660 5.003 5.189 5.390
@ { 1.124 1,933 3,067 3.612 3.946 4.3341{2.216 3.512 4.591 4.932 5.130 5.369
@ | 1.374 2,326 3,672 4,318 4,652 4,913} 2.605 4,149 5.582 6.015 6.205 6.343
60° | @ | 1.151 1.986 3.259 3,949 4,373 4.823 | 2.340 3.791 5.248 5.750 6.015 6.285
@ | 1.148 1.968 3,169 3.810 4.231 4.759| 2.326 3.705 5.001 5.476 5.779 6.191
@ | 1.044 1.761 2.865 3.507 3.895 4.231 | 1.824 2.991 4.487 5.154 5.495 5.763
75°0 @] 0.93% 1.600 2,672 3.331 3.759 4.186|1.707 2.827 4.311 5.007 5.388 5.729
@ | 0.930 1.579 2.578 3.176 3.592 4,109 1.692 2,748 4.033 4.641 5.042 5.581

T —A VTR, BIBD3 DD X — 5 O BEMOM Lt &0 RV 1 L OB
HEICEET 5, CITHRERM (71, =L )OBARSDVTHELABREK -9, 1 0KRT,
BERBICREZTHHRTE -2 v DBBREE — A VOBREEREBY, 0WNSTh, ke b/l
BREVEFLL. RIERLEFT-UAOHERRLEDTHANL E, 0260°Th, k. B/ HED
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RIMEOE Szifire -2 b OFEERN 108 EEREbLN D, Hic, 08/ hs0Exiid 204584
BLENSHD,0=30°DLEIC R 1, =05Thk ,kM2ULREEEy OER LB EISLES,
I, DEQDEROINGONCIEVESERVTENEADOND L &b o, BEREFCRWEME % E
CRSGEW L ENbhb,

10 (k;=0.5) 1 (k, =1)
v F —-—sal.®| 4 | —-—s501.®
e — 801, (D ®
8- ® n/t,=1.0 8l 0 - sol. I sl
______ Sol. P [SHO)

e

o 0.11 1 sz 0:3I0.|5A Aul| n zl :; I ;AIIAIJO k, 0 310 1 510 Il 72) eI 5 o 3;0 i 510 i 710 el 0
K-9 =74 v OEEGRE (& =1, 0=45°) K-10 nfo—* v OEEBER (b =1)
. p §D

5. # G

Chwalla® Lu DHEASBEHDVWTOREMIT CCERERFIOMT £ -2 Y VOREEBLEFE LT — X VDR
EEHAEZFEL QI L, ARFTCHRERLSOBRPERFHEAOOLNTO L RXARARICO O TH
AT AR FENTELACLOTANAMO S I2BITETH 5, £/, O HINWREBREEETOTEICEL
2T, SIHBFE- A Y OANOTHBEERLGEBTL LN TE L, COBITFERE<M I v 7 2 HEE
BITEIEHTNE, SoR—RNEHIRESER T2 880EBRTEERET 2P TES,
BEABEOER»S, MBS - A VDL 2B EAEI - A vTl, GO LIMERATIHFRECL 28E
BB ETEIEBE NIV EOEE LN S, BOEE LS A v THEHZIOEEZRETELL
BEDHLIEMbP ol T FRBENTUEHL P L CORERIERIN T Y,', 7 -2 VG
MOV THRHPEVRBEEIN TR LI THY, SOLUKBTTILENDS.

B OB ABRKEFTIREEZS ATV VEIARES BERIAOHAF 7 4 VERNEZER (£
Bk BAZEL)OFREEAFCHBERLET,

& z X ik
1) C R C of Japan:Handbook of Structural Stability, Corona Publishing Co. Ltd., 2-23~2-56, 1971.
2) Chwalla, E. : Die Stabilitat lotrecht belasteter Rechteckrahmen, Der Bauingenieur, Vol. 19, 1938.
3) Bleich, F. :Buckling Strength of Metal Structures, McGraw—Hill Book Co., New YorK, pp. 227~231, 1952.
4) Lu, Le—Wu: Stability of Frames under Primarv Bending Moments, Proc. ASCE, Vol. 89, ST3, 1963.
5) AR BEEFHOBEKTER ST, BABEFESR TE, No. 48, 1954,
6) BiHEH « % IE BERBITICB Y 35 mEIEREAEXOMEFEE, F11EJSSCw b)) v 7 XETEHRHE R XE,
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) b e TNk BEA - BE D BER, FETEEFRR 12, BEH, pp. 445~447, 1968,
8) @itk 3) ®pp. 196~210.
9) FHEEK @ 7 — FREOMS, BFEEEE, Vol. 5 No. 7, 1971
10) BilE=H -4 E: )77 - FiLBI2EFOLEE, TARESHCHRESE, No. 299, 1980.

— 454~



