(22) O AN < ¢ 3 18T iR o Bl AERET
oBm Fat*  #air m4F**

1 /? pEdaRBb e xaFiRLEL LT 5,
Hra 2B cBonn s RERA HFEX « ¥ « < 2. {ﬁlr_ﬁg m;’%#(i‘ téafﬁﬁiﬁfﬁ

Ao B EBLAI A4 st we - HBomn R RFH(E.P oL ) abft <2 2 B %

HHaEIER T ke sfBifvn  MAAEN A MAATER L, Has OB ARt A ER

E s 2Bk cs, ol tBB1z t o k4TEAEHTENL A BEFAN s XA
tww  Ela —Aa, MOMERFEATHRGMIt Sronmvoa,

Bl nrnBaathimI s hAm [EFHFAEN ]

tMBts 2 AR T w s AN
BT A v~ S I E AIGARRLY ¢ RV RS
’(1), (&6 %4 %)
ARcu, 2 aiAERIA ¢, BREALIMS Y

A HFL s h s MR oI5 ¢ BeR+ 5 %
wo HABREERE v kBRI ¢ BV K>, hav, walka , ¢ ukn B¥, D e
Lo aUashdi e ATRT > FiRR , By Ko Ev HMAK, v a k' T, heF2,

ROt A G v L2 4PEnBEBMRAHTER P AT R, A, Ay v MED K tE 0 v BF

D BREREE e T FR e ns,  :oafEEsH Ay Laplecean | Lr 5TF vEAMA FANT,
T, EAMe R A ABAHAIN BR T 5 < & 3k, & (2-1), (2-2) «< 2B A RE

£Y, Ke2-0770-F#Kx 3 wmsp,

(1) 472~ BHH A s wBd AR ¢ BT 2

e BRCHTR( BERINTER a K AR M) . tHAC, 2o BERAMEAT G L, A KR
() EfAAE ¢ Hme<, 470 2PERMAHIE Me TR XA v i s,

R v <8< Al Laplace HFEX o H AL 2 7 A) SW o B, b W (om0
S iy, AWRC(R) R, BAERAR R 2¢ or ot o

Daw - £« 2; £ L < - pu (2-1)

z o'W *
E’;A?fﬁx;,—: +£,—i}“—f=o (2-2)

w =Y etet | p-Pelet (2-3)

-B (k)X 55 28 (£,a)aez} - W=o0

WAl F s, F2aT A S K> LA on*
59, suns o B «MmBE ARE LGN ¢ i ;2N 2% + a4 >*F
SEY z 3
c2 A EAMBEER B I s e av ks, % 2% f:ra'l ::Z 2-%)
PR R oW - p
LT, MBS n T AT ¢ Fourier FAECRE ¢ o LEBE * AN Gy * (’“66
1o, AFiha Yt iaT, v, x=at , ¥=47 , A =%

B BB e BF AR CBEK, 2 A= 2 (-v) 8, & s Prate’/D
s AR« s s EAM At B BE W-aW , B-EAGE cFov s8]
¥ HAAG HETHE ASPLA XX HAAR HETHEF Eng 6. ri¥

—183—



G, ENR a3 E.P 3 L a8
AEHA=1 , Ax=4Ay= YR
wFB, T BT ¢4 A 2 @, NR-4),(2-5) « £
AEeEA L tEYAER L L, MTadia
2FERISA AR AN b B,

AW =M (4= +5%) @0
AD =F 2~7)
AM -2 E - 30w = 0 (2-8)
AF +—f—%—M_ =0 (2-9)
Tt aR ARt~ (2-D) BT, " F gy
2 s BER A F BB+
*

L (aW-M ) f£dy =0 (2~r)
(2—n)

[[(a8-F )% aa-o
L(AM—%&F—QAW)—?MJ):O (2~12)

L(4F+-§-M):€*a¢m=o (2-13)

o xx
('z-, ;, +, é ] W‘e:?/l’h'? -Fw«r.f'n)
i, REpr«2EEMAT sz

ke, K(z-1)~(2-13) 8,

L4535,

LW“;A@/ =fm/Mf day
‘/MlVme AT7 + /m’ W d3 (2-14)
[[Bed doy = [ F¥agy
- /mfl’mg AT + Ly i, wm
[,r1¥ da - [ AREFF day+ | e

(2-15)

v/aqmm"fm +/MM £ ar

jﬂ/m?‘m - - f@‘%‘ffl?d@
- L“F;n’é*‘{ﬂ + fa‘“F:?f,, AT (2

B s e iFs, (), -EC )

3. KAEAL <« 0 FE £ TH,

"FaBB r L, Xiz-b)~ (2-9) T
* X

ALAF o Laphxu- ’ﬁﬁi\"‘}g*ﬂ ‘ft; .+,
? % 1R

AW + & =0 (3-1)
42 + 6 =0 (3-2)
AM+ 6 =0 (3-3)
AF + 5; =0 (3-4)

Aa L, 5it Dime o delta #1%
2w o Loplace FRENa EFBR o % « FHl
BHehkN<wFxsma.

*¥ ox 2 ]

F.3.F. & -Lui) 6-4)

X X K* xx

‘/:,-r, jﬁ‘; 7‘;"; 0?/1' = _'2_71!77— (3-4)
(r=#§-¢%.4)

FHXNG-1)~ 3-4)R 0 o0 BF e Eli%k
(3-£), (3-6) ¢ RIE o HER (2-19)~ (2-17) & K
ANdz:2Lwdot, T o NEPARsE,. Mg+ 5 3K
B EAKLE » .

Wi = = [ M [k 4] de

(3-7)
| Wl ()15 = [ W[k 3]
B = - [ FLae 4] 48

{3-8)

v [ B[t - [ F[ e 35 Jar

—184—



M; =_L1%ﬂ_ F[;,La'&(*/«‘)}{@ _LﬁWEtLA(H]/‘g 4. ﬁﬁ#{/ﬁ KB fﬂiﬂffb (E/ﬁlﬁlﬂii)

(3-9)

+ | ML bt r = [ M[ 5t 35T

F: =j@—,—“;m[—2—,’n—m~}—)]m
(3-p)
+ L WAt 2t —/MF[%’?%’JW

2n s aFRAAEXG, HRe v <o REFE
AWy <o Ao s s, HHE aMEE
vee, RAMaHEM s EZds ke,
BATELt BRAKTY sk Barkal2),
Mt FB Vs s ey, ABERNERE
B3 s FKATER, KX 5 i vm 5,
Wi = ~[ M [ 4 () Jacy
(3-11)

[ o L nl]r = | T2k &5 Dt

% =-[ FzeblH] 4o

(3-12)

+ [ Bal e bt 4 - [ Bt 35145

M=~

(3-13)

[ Ml )7 - [ 1]y 35 Tt

% F: =/‘q—§—ﬂ[z%ln (+)] Ay
(3-1)

# foy Bl I - | F ot 35170

22, O a BRHNR FE s hE R Y
“r,
=1 Sora potwt in the iaternal dpnain
u;{ «
=% Sora point sn the smootl beurdary.
oS Bfiwaa,

[ RF e btk et

M LA

M H B,

ML s ) BAB s RT3 81y,
KRo2oatHihazehzoms,

). " HARMDFTENL « &5 LG4

toafiffichot g  BREAHHLTEN 2 9
ABHAL < s BRBSKE T 52 L x hin i
AonkEnen, MMBRAMRTK 2y,
Wk (K #R8) «BANSS —gHEs nsh
B sy  BHaTA A 15,

(x), FHEARG¢iE . < BRE R o AEFE < T+
» " BAHAIEA < o5 1R

Y S T 2. L3 R L Lt
X aMkA R KHEFE a b B 0r 83 e vz £ a
w , HHx o RIPATN B v 5w s Bk
wtt, BAME AP FANCTA - T B A
AT, BEAREIBEN L BAMIAE T
bo s s s,

rrxg, REB AR VEYH 2 BF 181,
Tk, 3B EHIH, T m, L aMk,
Baif <A SHARE AR F R o BB A
Mo BEHEB B 5. HEHI2QA
Mle<uw , 29 RA~R-FEADLA e E X s
%2, —hH, EREFx T TR K L 2 @,
BRLBEE s -RBER(Fyp. 1) 2BAL AL
FAML A A 2 e s,

2o BE G,
AER v o
3 A4 o —
W ks 1R
Br, R%%k
nFFE R h
Y R

1 3 Hh o BEk

Fig.l Constant Elements

—185—



A, FERRLt AP s nBoHREE 4B
%, REPARE ¢ AFE & mAB o NEFBER « AR+
sk ow A ARER (3-11) A (3-H) HIATF o Bl
BuEBL L 5,
oW =‘gﬂz_[ml[7’1?jn (19 ] Ay
(4-1)

*i‘l{W"}/ [271;4(_)]’[77 EW/ [zn':r%

a:firgm fq l[?'m—m%ﬂm
(¢-2)

RN o st AN T

oM =-z:‘" Fi Lx-‘%“—[ﬁ’wﬁjm-gm Bl

(4-3)

St ety [t

di s = 5, & [ It ]2

(¢4-4

+5u1T | Lot - AN

L A BEMACEFER 2 R o, ERBF L
avs BEK YL LoBAamITehn, X2 BF
Wy e cwa st t#f&nl\m
Ay HRE o WEARK < M4 2L F o 875 Bl
BHFEN R n s el F 5.

(AR o BEBATAERX )
[, + (@M, =[Gy o
152 + [@)F =6 ws
HM; + QIR + a3t (57 3

m] { M, 7

- [Qir, +[G5)(R); w0

E)Fs

( REFARK o BEBAL A TR D
2wy + [ + (00 M,
[Q, ]{W,, (4-9)
21 B+ [E)8; + [Q"’]Fz
[Q(” (4-lo)

2 My +[Hy ]MJ + [Q‘”JF}

o35 [~ m}W [G ]{Mm; (4-11)
2nFiy +[AE]F; -

+ [ Gy (Rl

/{Eb,%&ﬁﬂmﬂ%—dﬂrﬁmd,MTnWé

[

(1] N
) - L3
[@J - [ L]
(@) = j [ ()] 4y

J] AL 4|
63] -[, (4 ()] 4o

Qa] ,[,p, R [1" J”“Q’

€=1i,7 )

(@M,

(4-12)

whan L#4d

A(l

(#)] dey

(8=1,23,4 , p=1,2,

— 186 —



1T, MESTIAATRABATE 4 M
Besassva, ¥REEAsECEF L adk
At RATtakvsat, o RBcBL L
BRICVAB 12 s 9BX T2 LMY E A,

ME s 9, SERA W EPARE o BEEAL A A2
(4-5) ~ (4-1R)  BHEFMH ¢ BA15 e Y
BAME G kT4 5 2 bxba, Ko
FRFM e < BAREMSHBERLER . « HE
nBAEEEA ¢ Y15,

4.] BEmEMTIHFER < K13
EAAAES

[ Bsb 35 H R K44

= i@}' = = }Zk =0

4-/3)

ERERACAHTER (4-5) ~ (4-2) wBR 5 2 ¢ &
S0 W TFAAKEN t495 L e A FE 5,

(AR 2 B A HFE R )
QUM = [G 7l
[Q S -
(8], +23 [awa =[G )
[@sIM = (g5 )trh

(HIEFARIK o BEBALHAER )

(4-H4)
(2) §n} (415

(4-#)

“-17)

(4-18)

2aWr + [t = [ )}
(e )

My + [anﬁ\ +4y [é;,\l]w [ j{l‘ﬂ

#-20)

& +[OhlFa =

(4-19)

(4-21)

MFy = [Q;:]Ma [ c},‘,:’]{ﬁ‘b

3k, 871 BERAARN (4-14)~(4-21) 4%,
KFa B EH 55 nti#5,

(ThIWa = &

AL,

(T =+ - (o]
)= Lallah] [ai] -[ag)
K] = (& [l - (@3]
(o = (e)lasT (@8] - (2]
- [a) - [a)lsT Las)

(Y, x=1,2 -.m)
K@) whouz, Wa#otvs3§May

AnKRIR o O ha L v LF ABlAY
EAAFL h 5,

dt{[Tp] - [(ER]} = 0

LR (4-23) $fF< 2k ko v, BAME GF €K
Btz bnsr,

S. FRA17

MEIF e n BRI HER M L2
E.P. 2o (FREAd ) « B7 5 HA 7 E
(4-23) ¢ B, Fig. 2 aFFIEARE ¢ 4 K i, 1
AEAC rBEH < ¢ 6@351@414‘5*(])?#* ,
w Mg R ([ ¢
Gawss o R ) n ¥
SBE Kk 2 BB
Y ET SR
22, 188 wmedR
B v Pourver fi5 ¥ 0%
Ca R TS, £,

(4-22)

(K] Wa

tgu’( A,

4-23)

L

L

Fig.2 Analytical Domain

—187—



H, BAEHE b2, N ES SRR E e

/i %
~RBH<HA L, HABAAR « Lo, AR - !
- !
Fp [k Gauss 4 BE ( ERE, PHE ) S , 'E . i !
1 O
R, HEPBE 24 2 R KT Gauss /6 /2 M ____L____; P
(3648, 4 AEIBRAAR AL, @ | 7T AR .
| | ‘ |
HeFu v, ARG DR E4 L FNL, K__;____l____l VA N
MODEL A MODEL B
A B Ao e, 2BQRIHIFA L £. - —
R )
3£, EHE 1o , K7yt o00, Bt oss - 3_:‘:
1 Vo
BB Er L7, Table 1 @~ , FEaZ ___i__..,' f i"s_':.
1 1 T
A EFHc e » ML Fourier 853FE + & bt BX ___i___:___: - ?—i--:—-l:—“:
A h [ 1 dudapatl g
(HBKE - 3 AB) ¢4T% > £k & Y, Fig.4 ___:___;__lr_ﬁ- 1_1-‘5__:_:,_;_,:
. . ! A - S S -
@w~ee) o, BEEK s BaEBL TI T V___i_-.;'---l_..i__.: 7o
Eta _(“* » . MODEL C MODEL D
Table 1-(a) Comparison between the Present Fig.3 Analytical Models
Solutions and Fourier series ones ( m=1l,n=1 ) 1.2
) Fourienrz Present Solutions 0% ) Qi a=0.00 —0.01
E if Series 1-10_9_ 7 ke
A Solution|MODEL A|MODEL B| MODEL ¢ MODEL [ It s s . G
0.00 9.96 A e -
(Binte;| 19.74 | 21.30| 20.73| 20.41] 19, s
0.01 30.38 31.42] 31.03] 30.82] 30,52 o
0-02 ] 50,23 | 50.86] 50.63| 50.50| 50.32 5 7 5 co
N a ; curvature
0.03 72,04 72,481 72,321 72,231 72,10 Fig.4-(a) Comparison of @2 and (2
( Boundary Integral Points 4,Internal I.P. 16 ) for Element Numbers ( m=1,n=1 )
Table 1-(b) Comparison between the Present
Solutions and Fourier series opes ( m=1,n=2 1.2
G Fourien Present Solutions 7 £=0.00 a=0.01
M \ % | series 1.1 :::"'l‘-———di_ —
2« Solution| MODEL, A MODEL BMODEL C|MODEL D it’.‘_;::: :_—_—_—;g—_—:-:{.:_:.: S3zag,
0.00 YT e Y
(Plate)| 49,35 55.88 | 54.81( 53.31| 50.73 o \a=0_03 )
°-0 | Sh.48 | 60.47] 59.u8| 58.09| s5.7uf %
0.02 67.59 72.50] 71,681 70,53{ 68.6 3 4 5 7
0.03 N a ; curvature
85.06 89.01| 88.34]| 87.42] 85.87 Fig.4-(b) Comparison of 92 and {2
( Boundary I.P. .4,Internal I.P. 16 ) for Element Numbers { m=1,n=2 )
Table 1-(c) Comparison between the Present
Solutions and Fourier series ones ( m=2,n=2 ) 1.2 |
Gl Fourie?z Present Solutions g2 ’ ___ A0 00 »‘3=0-01A
] ii Series 1. t—::.__-;::.}: :___:::::_izta
E < SolutionMODEL A [MODEL B [MODEL C|MODEL D kY \a=0.02 T ey
1. Op—
(vievey| 78.96 | 89.36| 90.35| 87.98| 82.37 o Ya=0.03
95z
0.0l 82.26 92,30} 93,26 90.96] 85.55 0.8l 82
0-%2 1 91,47 {1006 |101,5 | 99,36 9.4 3 r 5 Ca—
0-03 ]105.0 [113.1 |113.9 |112.0 | 107.6 : N a7 curvature
( Boundary I.P. 4,Internal I.P. 16 ) F;g;—‘;;{;}nencomparlson W nma, 2ne ¥

—188—

t Numbers (

m=2,n=2 )}



Table 2 @i~ () 1z, MODEL C tH&
K, A E A B (ERFAE, AN )
K& a L ol g B EBKE - & 3=
v iR A A,

$k, 22 HMRER L & Fowier $8¥
kdrBAM My, X(2-4), (2-5) E
HARE a fRIE tHRy « XA N X F B

§=§; Apn s m g sn nEA
W=};l;: Bmnsin m L sin nch
tAXNT3 sy, RXeHE2 803,

,6,4 = (—g‘)z + [(mz:)z+ (nn)? ]2
(ma EAM 5%, nelshmaR¥)

6. ¥ =&

WMEw ey, BRI BGEY ¢AAT 2
Ewo EABETE -, A58 48 &yt
N AL RBATIERE B L < RES 4 A 5
Stk YREL T3,

1) AR EAE RN G275 > 4
RS s RABI¢E, e RAARI FARLE
4,

2) ERLaHAIER atisRath <,
MEsshak o Ao g A2 v v s E KK,
Btz NEE b 13 ABEN BT+
ALenSRREAR TS bkt a,

3) EAMMBRtt s EEAEA
ElAws -4 ngantenz, BFaN
EAREAc L BABLIRETS 2 LF 545,

4) BEaREM B < w, BIFaFA
BRI I T 388 a B8 ¢ Fourner SBHRE
HB L eFyg. 4 @~c) ¢ Bict, —Hcdx
Eizvnsvdrnhs,

5) HREA o WEARA Bk 4R o BRI
kit , Gauss n AR 4R A L £ W, Table
2@~ T T L EfEn, BASE a2 s
¥k ¢ ) Fowrer AREAR w38 " < ARfIA 4 5,

Table 2-(a) 02 for Integral points ( m=l,n=1 )
ﬁ Present Solutions { MODEL C

" B AT
(Piate) |  20.41 20.35 | 20.33
0.0l 30.82 30.78 30.77
0.02 50,50 50,47 50,46
0.03 72.23 72.21 72.20

Table 2-(b) @2 for Integral points ( m=l,n=2 )

ﬁ! ) Present Solutions {( MODEL C
‘ﬁ,_t & A7 E 4 | ARAAE 6| AIKAE 8
XK - Ib (g8 - 36143 - “
0.00
(Plate) 53,31 52.93 52.80
0.01 58.09 57.75 57.63
0.02 70,53 70.25 70.15
0-03 87.42 87.19 87.11

Table 2-{c) @2 for Inteqral poipts ( m=2.p=21

g# i} Present Solutions ( MODEL C
o & & RS S 4 | ARIKAE 6 | AR 2 8
x WEE . Jb|aEE . 36 H¥ - b4
RS 87.93 86,96 86.60
0-01 90,96 89,97 89.62
0.02 99,36 98,146 98,14
0.03 112.0 111.2 110.9
# £ X FK

(1] %B ; "THESAFE R « 5 EF1H a
MAKET S, AAARAAE IHA X 123 B
LR ARAEH (121-9)

R] fm, &g ; "RAG R A L=mFizl
BRAG , BASRME 154 415 AAAFELS
kBT A Y, TR ERAG TR ARR R A WA
(r98/-"7) 29-34

(3) fm, %k ; FRAT A [ < a5 Helnholty

HFEN o B AMBBEAT, arek TS Er %A
DAtk (RS (HIEEBR) (1781-11) 4/- ¢4

Q) £33, 1A, CR TR LA AR FIRR 2 TR
HARER kg3 AE I AP A MK IREK <055
[5] 4o E05 ; B H 5 B2 AEAE (v52)

—189—



EIGENVALUE ANALYSIS OF A SHALLOW SHELL

BY INTEGRAL EQUATIONS

By Kazuhiko KAKUDA *
and .
Nobuyoshi TOSAKA

The object of this paper is to show the applicability of our new
integral equation method to the free vibration problems of shallow shells under
the Kirchhoff-Love hypothesis describing by the coupled fourth order
differential equations. This method proposed generally by one of authors
( N.Tosaka ) is considered the one as the extended Boundary Integral Equation
Method. We had already shown the efficiency of our method on the static
analysis of a shallow shell in another paper.

First of all,we start with to rewrite the governing equations for the
deflection and stress function of a shallow shell as the coupled system of four
Laplace equations. These have the so-called canonical form. Next, the
coupled integral equations are derived from four Laplace type equations through
the weighted residual expressions and the fundamental solutions of our canonical
forms.

The determination for the approximate solutions of our integral
equations is given by means of a numerical procedure relying on some
discretization of not only boundary but also interior regions. From this
procedure, the problems are reduced to analysis of the eigen-value problem with
matrix form.

To show the efficiency of our method,we apply this method to the free
vibration problems of a shallow elliptic shell ( including a square plate as
the special case ) with simply supported boundary condition and calculate some
numerical solutions for several analytical models. Finally,we show the
validity of our coupled integral equation method through the comparison our
numerical results with the analytical solutions by Fourier series.

* Graduate student, Dept. of Architectural Engineering,
*% Associate Prof., Dept. of Mathematical Engineering,
College of Industrial Technology, Nihon Univ.

—190—



