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On the Strict Treatment of the Dynamic Stability in
Elasticity under Periodic Force

Youichi Minakawa*

There are many papers which deal with problems of the dynamic stability in
elasticity under periodic force. In these systems, the deformation before
instability is the symmetric deformation (axial deformation in rods, inplane
deformation in plates, symmetric deformation in arch, ring and shells), and the
deformation after instability is the asymmetric deformation (bending deformation
in rods, and plates, asymmetric deformation in arch, ring and shells). If the
equations of motion are derived by considering the finite deformation theory in
elasticity, the symmetric and the asymmetric deformation modes are coupled
through nonlinear terms of spring. Then, applying periodic force with symmetric
mode, the equations of motion which have external periodic force terms, and the
symmetric and the asymmetric deformation modes coupled in nonlinear spring terms
are derived. In conventional treatment of the systems, the symmetric deformation
modes are assumed to be solved under separate variables from the asymmetric
deformation modes, Assuming separate variables, the symmetric deformation modes
are solved with linear terms, then these solutions are substituted into equations
of motion corresponding to the asymmetric deformation modes. The derived Mathieu-
Hill equations are treated as the basic equations for the dynamic stability under
periodic force,

For example, adopting the deformation before instability (%,)and the defor-
mation after instability(Xz)in foregoing elastic systems, we get the equation of
motion with two-degree-of-freedom as presented in Eq,(l). Assuming Eq.(l-a) is
solved without nonlinear term, normal mode Az is given by Eq.(2), Substituting
Eq.(2) into Eq.(1-b), we get the Mathieu-Hill equation (3). Some authors who
investigated the dynamic stability in elasticity under periodic force based on
the Mathieu-Hill equation corresponding to Eq.(3)., Many authors neglected the
inertia force of the deformation before instability and dealt with the Mathieu-
Hill equation corresponding to Eq,(3) where w®=0 .

In this paper the conventional approximate procedure in not adopted, but
Eq. (1) is solved by the method of harmonic balance, We employ the shallow
sinusoidal arch as a model gerverned by Eq.(l) and show the numerical results in
84, The obtained typical results are compared with the results which are
obtained by applying the conventional treatment in § 5. The comparisons make
clear the influence of nonlinear response before instability and the nonlinear
vibration after instability. Especially, they show that there is substantial
difference in the steady-state amplitude after instability for the same elastic
model,

In order to investigate whether the obtained solutions are stable or unstable
for perturbance, the complex eigenvalue problem is solved.

In the last, an approximation method to solve a sort of nonlinear equations
of motion is proposed, By applying the method, some nonlinear vibrations are
analyzed without solving nonlinear algebraic equations by iteration procedures
such as the Newton-Raphson procedure. 1In order to analyse nonlinear free vib-
ration and forced vibration of ¥, and determine the boundary region of dynamic
stability of ¥z this method is applied to Eq,(1).

* Student, Institute of Industrial Science University of Tokyo, Dr, Eng.



