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1, Introduction

There are many methods to estimate the overall properties of media with heterogeneous microstructures,
which were proposed by such as Voigt, Reuss, Taylor; H. Horii & Nemat-Nasser, M. Hori etc. One of
the most powerful methods for periodic microstructures is the homogenization theory, firstly used by
Sanchez-Palencia (1974) in seepage problem. This method requires that the medium is periodic or well
random. It has been shown that structures of a unit cell do not affect the effective properties noticeably
and volume fraction is an important quantity for linear elastic media. But this is not true for nonlinear
materials specially when they are in the intense interaction among the constituents. Homogenization
theory is advantageous when the interaction is intensified during nonlinear zone of material properties.
In authors' knowledge few publications on application of homogenization theory to nonlinear properties
of each constituent appear.

This paper extends the homogenization method to the case including nonlinear constitutive laws of each
constituent. Firstly, we give out the generalized description of material nonlinearity problem, then
homogenization process is applied. Finally we discuss one dimensional case of the densification problem.

2, Statement of the problem

do LI TH
Governing equations E”- +ffx)=0 &)= %(g;u‘— +?xL) 0; = Egy(x,67)eq@®)  (1,2,3)
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Boundary condition: ogn; = F(x) on I’y and 4/ =#;(x) on I,.

Where € = — denotes Y-periodicity and € <<1. y is the fast variable and x is the slow variable.
y
Ej(x,6,) = Ej (%, 87 ) = Egy (x,61,) = Ejj (%, £7, )is the function of strain history or stress history,

generally expressing a linear or nonlinear constitutive law (Sometimes in incremental form with matrix
[D,,] for elastoplastic constitutive law, at this time all quantities are replaced by their increments) .

3, Asymptotic expansion
Fundamental assumption for homogenization theory: Displacement can be expanded as series of € :

uf (r) = u(xy) = W (@y) +ag (my) + @)+ wlEy)=ul@y +Y), @=0,1,2. (4
Y: The minimum periodicity of the microstructure.
42,10 (5 md letor)=Solmy)+ Ay redlwy) +e (6)
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And by use of averaging technique in a periodic cell unit Y: < <I>>=ﬁ Pdy (7)
Y

Let the coefficients of €% power zero (because a polynomial of ¢ is obtained) and both macroscopic
problem and cell (microscopic) problem are derived out. Firstly , u? = u,-0 (x) and j(x,y) =0 from

¢ power. u? (x) depends only on the macroscopic scale x.

The Macroscopic problem

<ol > o 1 .08 _?_ 1 h 0.0
_J_dvj +< fi(x,y)>=0 <g>=¢g = 5(;}:}- + ™ ) < 0 >= E,.jk,(x,e,s Y ®
<o;>n =Ff(x) on Ig ul =i,(x) on T,
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Where Ejy(x,60) = " ' [E,-ju(x,eg) —E,)pm(x,sz)—ay—L}ly (9) and W: is given by the solution of
Y ' m

—339—



m-7

cell problem and it expresses the effect of interaction among the constituents of a cell unit on overall
properties. This is specially effective for materials with high defect density. If &;fk,(x,erg) is known

equation set (8) express a usual boundary value problem. It can be easily solved by analytical method or
numerical method usually used.

The Cell problem

ao,
From £~ power cell problem —% = 0 is obtained.
J

3 . o 0 K] oyl Oul . .
—{Efy(n e G+ =) +( 2+ =0 (10) with the Y-periodicity boundary condition.
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Its solution is, given ;’— for each cell problem, 4] (x,y) =-W" (y);;‘ +c(x) (11)
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ufx,y) =u (x) + i (v) 4 (y)=-ew; () (12)

o
Where I'Iil(y) is the fluctuation of displacement relative to averaged displacement u] (x) (or rigid
displacement) for a cell unit.
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o.(x,y)= 0.(x, =—F¢ x’es __L+_L + _L+.__L 13
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Eq.(13) is independent of parameter ¢, giving a equivalent constitutive relation. That is, considering a

0
sample as a cell unit, strain %Cu’— vs 0{; =< Oé(x, ¥) > is easily determined if all microconstitutive laws of
j

0
each constituent are known. The 0,.’} ~ %ux’— is consistent to that tested in Lab. What is the difference from

the usual one is that the interaction of microstructures is emphasized in this proposal..

4, Numerical procedure
Equation set (8) is equivalent to following virtual work principle:

fg< ol > 86l = fQ fouldv + j; Edu’dl (14)

u® can be solved from cquation (12) if {E "} is known. é denotes variational.
Equation (10) is equivalent to following virtual work principle:

Pq
f By Gos) DMy Cre 0Ty, (15) for any % =¥i() with Y-periodicity.
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5 Conclusions
(1), A new boundary value problem is derived out based on homogenization theory and a equivalent
constitutive relation is obtained if behaviors of all constituents are known.
(2) The equivalent constitutive law emphasizes the interaction among the elements of microstructures.
What is the bridge between this method and Eshelby problem or Tanaka-Mori problem needs further
theoretical work.
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