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1. Introduction 

To estimate the traffic conditions of the entire road network, 

link traffic flow and link travel time are collected by traffic 

detectors and probe cars, respectively.  

Several studies have been conducted to estimate 

unobserved traffic conditions in networks. Tani and Uchida 

(2020) constructed a maximum likelihood estimation model with 

equilibrium constraints based on a traffic assignment model that 

considers the uncertainty of the road network and proposed a 

method to estimate the joint distribution of link traffic flow and 

delay time for the entire network for multiple time periods. 

Kawamura et al. (2021) proposed a method for estimating 

the posterior distribution of traffic conditions. The probability 

distribution of traffic conditions is estimated from the maximum 

likelihood estimation model constructed by Tani and Uchida 

(2020) as the prior distribution, and then Bayesian estimation 

using traffic flow data obtained from traffic detectors and travel 

time obtained from probe data as the likelihood. The proposed 

method is based on the Bayesian estimation of the posterior 

distribution of the traffic condition. 

However, because of the high cost of installing and 

operating traffic detectors, it is not realistic to install traffic 

detectors covering the entire road network due to financial 

constraints. Therefore, traffic detectors are installed in a limited 

number of links throughout the road network. Since the location 

of the detectors cannot be changed, and it is impossible to install 

traffic detectors throughout the network, incomplete and highly 

repetitive data is obtained. However, when using traffic  

observation data for traffic condition estimation, complete data 

can be required. 

In order to solve the problems mentioned above that are 

  

caused by sparsely installed traffic detectors, this study 

usesECT2.0 data for spatiotemporal estimation of the traffic 

state of the road network. Compared with traditional traffic 

detectors, ETC 2.0 can collect information in the road network 

randomly instead of only targeting fixed locations. This will 

make our model more realistic. In a prior study, the maximum 

likelihood estimation method was used to estimate the 

spatiotemporal state of the road traffic network, and its 

feasibility was verified on a small test network. When solving 

the likelihood maximization problem for traffic state estimation, 

an optimization problem under equilibrium constraints is 

difficult to find the search direction of the solution. This can 

require significant computational time when scaling up for large 

networks.  

The paper is organized as follows. Chapter 2 describes the 

details of the proposed model. Finally, Chapter 3 provides a 

summary of the study and future prospects. 

 

2. Model 

Notations 

The notations below are adopted in this study to express 

traffic flow characteristics in a road network. Random variables 

are expressed in capital letters, and lowercase letters are used to 

denote the expected values of the corresponding random 

variables. 

𝐴 Set of links in network 𝐴 = 𝐴𝑤𝑜 ∪

𝐴𝑤   

𝐴𝑤𝑜 Set of links without toll in network 

𝐴𝑤 Set of links with toll in network 

𝐼 Set of OD pairs 

𝐽 Set of paths  
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𝑄 Total traffic demand  

𝑄𝑖 Traffic demand between OD pair 𝑖 

𝑇 Link delay time  

𝐶𝑎 Traffic capacity on link 𝑎 

𝑝𝑖 Ratio of traffic demand between OD 

pair 𝑖 to the total traffic demand 
𝑝𝑖𝑗 Probability of selecting path 𝑗  for 

OD pair 𝑖 
Ξ𝑖𝑗 Travel time on path 𝑗 between OD 

pair 𝑖 
𝐹𝑖𝑗 Traffic flow on path 𝑗 between OD 

pair 𝑖 

𝑙𝑎 Length of link 𝑎 

𝑃𝑎 Toll of link 𝑎 (JPY/KM) 

𝜏 Value of time 

𝑉𝑎 Traffic flow on link 𝑎 

𝑡𝑎
0 Free flow travel time on link 𝑎 

𝛼, 𝛽 Parameters of BPR function 

𝑐𝑖𝑗  Generalized path travel cost on path 

𝑗 between OD pair 𝑖 

𝜇𝑖 Minimum path travel cost between 

OD pair 𝑖 

𝑭, 𝝁, 𝚵, 𝑸, 𝑪 Vectors of path traffic flows, 

minimum path travel costs, path 

travel times, OD traffic demands and 

generalized travel costs 

𝒇, 𝒄, 𝒒 Mean vectors of path traffic flows, 

generalized travel costs and OD 

traffic demands 

 

(1) Traffic flow 

Consider a transportation network 𝐺(𝑁, 𝐴) with a set of 

nodes 𝑁 and a set of links 𝐴, together with a set of OD pairs 𝐼. 

The total demand 𝑄 following a log-normal distribution is 

𝑄~𝐿𝑁(𝜇𝑄 , 𝜎𝑄
2) (1) 

where 𝜇𝑄  and 𝜎𝑄
2  are the parameters of the log-normal 

distribution. The traffic demand 𝑄𝑖 for OD pair 𝑖 is expressed 

as 

𝑄𝑖 = 𝑝𝑖 ⋅ 𝑄 ∀𝑖 ∈ 𝐼 (2) 

here the ratio 𝑝𝑖 for OD pair 𝑖 holds ∑ 𝑝𝑖𝑖∈𝐼 = 1.0. OD traffic 

demand 𝑄𝑖 follows the following log-normal distribution. 

𝑄𝑖~𝐿𝑁(𝜇𝑄𝑖
, 𝜎𝑄𝑖

2 ) ∀𝑖 ∈ 𝐼 (3) 

Its parameters are given as follows. 
𝜇𝑄𝑖

= 𝜇 + ln(𝑝𝑖) ∀𝑖 ∈ 𝐼 (4) 

𝜎𝑄𝑖

2 = 𝜎2  ∀𝑖 ∈ 𝐼 (5) 

The vector of mean OD traffic demand is represented as 

follows: 

𝝁𝑄 = (𝜇𝑄1
, … , 𝜇𝑄𝑖

, … , 𝜇𝑄|𝑖|
)∀ 𝑖 ∈ 𝐼 (6) 

In this study, the variation in OD traffic demand is considered 

constant.  

𝜎𝑄𝑖

2 = 𝑐𝑜𝑠𝑡𝑎𝑛𝑡 (7) 

The path flow 𝐹𝑖𝑗  is calculated as the product of the OD 

demand 𝑄𝑖 and 𝑝𝑖𝑗 which is the probability of selecting route 

𝑗 between OD pair 𝑖.  

𝐹𝑖𝑗 = 𝑝𝑖𝑗 ⋅ 𝑄𝑖 =  𝑝𝑖𝑗 ⋅ 𝑝𝑖 ⋅ 𝑄 

 ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (8)
 

The path flow follows the following log-normal distribution. 

𝐹𝑖𝑗~𝐿𝑁 (𝜇𝐹𝑖𝑗
, 𝜎𝐹𝑖𝑗

2 ) ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (9) 

where 
𝜇𝐹𝑖𝑗

= 𝜇 + ln(𝑝𝑖𝑗 ⋅ 𝑝𝑖) ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (10) 
𝜎𝐹𝑖𝑗

2 = 𝜎2 ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (11) 

The link flow is expressed as the sum of path flow that pass 

through the link. 

𝑉𝑎 = ∑ ∑ 𝐹𝑖𝑗

𝑗∈𝐽

⋅ 𝛿𝑎𝑗

𝑖∈𝐼

= ∑ ∑ 𝑝𝑖𝑗 ⋅ 𝑝𝑖 ⋅ 𝑄

𝑗∈𝐽

⋅ 𝛿𝑎𝑗

𝑖∈𝐼

∀𝑎 ∈ 𝐴, ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (12)

 

Its parameters are given as follows. 

𝑉𝑎~𝐿𝑁(𝜇𝑉𝑎
, 𝜎𝑉𝑎

2 ) ∀𝑎 ∈ 𝐴 (13) 

𝜇𝑉𝑎
= 𝜇 + ln(𝑝𝑖𝑗 ⋅ 𝑝𝑖) ∀𝑎 ∈ 𝐴 (14) 

𝜎𝑉𝑎

2 = 𝜎2 ∀𝑎 ∈ 𝐴 (15) 

 

(2) Travel Time 

In this study, the link travel time is defined by the BPR 

function. Using the previously defined link flow and the link 

capacities 𝐶𝑎~𝐿𝑁(𝜇𝐶𝑎
, 𝜎𝐶𝑎

2 ) (∀𝑎 ∈ 𝐴) , the link travel time 

follows the following shifted log-normal distribution. 

𝑡𝑎(𝑉𝑎 , 𝐶𝑎) = 𝑡𝑎
0 ⋅ (1 + 𝛼 (

𝑉𝑎

𝐶𝑎
)

𝛽

) 

∀𝑎 ∈ 𝐴 (16)

 

For the set of links without toll, link travel time is expressed as 

follows. 

𝑡𝑎(𝑉𝑎, 𝐶𝑎) = 𝑡𝑎
0 +

𝑡𝑎
0 ⋅ 𝛼𝑎

𝐶𝛽𝑎
⋅ (𝑉𝑎)𝛽𝑎

= 𝑡𝑎
0 + 𝛾𝑎 ⋅ (

𝑉𝑎

𝐶𝑎
)

𝛽𝑎

∀𝑎 ∈ 𝐴𝑤𝑜 (17)

 

𝛾𝑎 = 𝑡𝑎
0 ⋅ 𝛼𝑎  ∀𝑎 ∈ 𝐴𝑤𝑜 (18) 

Considering the links that need to be charged like expressway, 
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the expressway toll can be calculated as the part of travel time as 

shown by (17). 

𝑡𝑎(𝑉𝑎 , 𝐶𝑎) +
𝑙𝑎 ⋅ 𝑃𝑎

𝜏
= 𝑡𝑎

0 +
𝑙𝑎 ⋅ 𝑃𝑎

𝜏
+ 𝛾𝑎 ⋅ (

𝑉𝑎

𝐶𝑎
)

𝛽𝑎

 

∀𝑎 ∈ 𝐴𝑤 (19) 

The link travel time shown above can be divided into a 

deterministic term (free flow travel time) and a random term 

(link delay time).  

The random term is affected by changes in link flow and 

link capacity. Since the link flow and link capacity follow 

mutually independent log-normal distributions, the link delay 

time also follows a log-normal distribution. If the link flow is 

used as the traffic state to be estimated simultaneously with the 

travel time, it is appropriate to use the link delay time as the 

traffic state to be estimated in order to facilitate the calculation 

of the likelihood. The link delay time follows the following log-

normal distribution 

𝑇𝑎
′ = 𝛾𝑎 ⋅ (

𝑉𝑎

𝐶𝑎
)

𝛽𝑎

~𝐿𝑁(𝜇𝑇𝑎
′ , 𝜎𝑇𝑎

′
2 ) ∀𝑎 ∈ 𝐴 (20) 

where 

𝜇𝑇𝑎
′ = ln(𝛾𝑎) + 𝛽𝑎 ⋅ ln(𝑝𝑖𝑗 ⋅ 𝑝𝑖) + 𝛽𝑎 ⋅ (𝜇 − 𝜇𝐶𝑎

)

∀𝑎 ∈ 𝐴, ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (21)
 

𝜎𝑇𝑎
′

2 = (𝛽𝑎)2 ⋅ (𝜎2 + 𝜎𝐶𝑎

2 ) ∀𝑎 ∈ 𝐴 (22) 

The link travel time follows a shifted log-normal 

distribution. Thereby, the link travel time is 

𝑇𝑎 = 𝑡𝑎
0 + 𝑇𝑎

′  ∀𝑎 ∈ 𝐴 (23) 

Then, the mean and variance of link travel time are respectively 

given by 

𝐸[𝑇𝑎] = 𝑡𝑎
0 + 𝐸(𝑇𝑎

′)

= 𝑡𝑎
0 + exp (𝜇𝑇𝑎

′ +
1

2
𝜎𝑇𝑎

′
2 ) ∀𝑎 ∈ 𝐴 (24)

 

𝑣𝑎𝑟[𝑇𝑎] = 𝑣𝑎𝑟[𝑇𝑎
′]

= exp(2𝜇𝑇𝑎
′ + 𝜎𝑇𝑎

′
2 ) (exp(𝜎𝑇𝑎

′
2 ) − 1)

∀𝑎 ∈ 𝐴 (25)

 

The path travel time is expressed as the sum of the link travel 

times as follows 

Ξ𝑖𝑗 = ∑ 𝑇𝑎 ⋅

𝑎∈𝐴

𝛿𝑎𝑗

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (26)

 

where 𝛿𝑎𝑗 is the variable that equals 1 if path 𝑗 uses link and 

0 otherwise. Here the mean and variance of path travel time are 

calculated as follows, 

𝐸[Ξ𝑖𝑗] = ∑ 𝐸[𝑇𝑎] ⋅

𝑎∈𝐴

𝛿𝑎𝑗  

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (27)

 

𝑣𝑎𝑟[Ξ𝑖𝑗] = ∑ 𝑣𝑎𝑟[𝑇𝑎] ⋅

𝑎∈𝐴

𝛿𝑎𝑗

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (28)

 

The vector of path travel times is expressed as follows. 

𝚵 = (Ξ11, … , Ξ𝑖𝑗 , … , Ξ|𝑖||𝑗|)
𝑇

 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (29) 

 

(3) User Equilibrium Assignment Model 

The vector of generalized path travel costs 𝑪 is expressed 

by 

𝑪 = 𝐸[𝚵] + 𝜃 ⋅ 𝑣𝑎𝑟[𝚵] ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (30) 

where 𝜃 is a parameter used to indicate the risk-averse route 

choice behavior of drivers. The mean vector of generalized path 

travel costs is  

𝒄 = 𝑬[𝑪] = (𝑐11 , … , 𝑐𝑖𝑗 , … , 𝑐|𝑖||𝑗|)
𝑇

 

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (31)
 

The vectors of path traffic flows, OD traffic demands, and 

the mean vectors of path traffic flows and OD traffic demands 

are respectively represented by 

𝑭 = (𝐹11 , … , 𝐹𝑖𝑗 , … , 𝐹|𝑖||𝑗|)
𝑇

 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (32) 

𝒇 = 𝑬[𝑭] = (𝑓11 , … , 𝑓𝑖𝑗 , … , 𝑓|𝑖||𝑗|)
𝑇

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (33)
 

𝑸 = (𝑄1, … , 𝑄𝑖 , … , 𝑄|𝑖|)
𝑇

 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (34) 

𝒒 = 𝐸[𝑸] = (𝑞1 , … , 𝑞𝑖 , … , 𝑞|𝑖|)
𝑇

 

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (35)
 

When mean vector of path flows is 𝒇 ≥ 0, minimum path 

travel cost between OD pair 𝑖 is expressed as follows. 

𝜇𝑖 = 𝑚𝑖𝑛{𝑐𝑖𝑗 , ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽} (36) 

Here, the vector of minimum path travel costs is shown blow. 

𝝁 = (𝜇1 , … , 𝜇𝑖 , … , 𝜇|𝑖|)
𝑇

∀𝑖 ∈ 𝐼 (37) 

For any path 𝑗 ∈ 𝐽  between OD pair 𝑖 ∈ 𝐼 , the mean 

vector of path flows 𝒇  is in Wardropian equilibrium (User 

Equilibrium) shown below  
𝑓𝑖𝑗 > 0 → 𝑐𝑖𝑗 = 𝜇𝑖  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (38) 
𝑓𝑖𝑗 = 0 → 𝑐𝑖𝑗 ≥ 𝜇𝑖  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (39) 

The equilibrium condition for User Equilibrium (UE) 

assignment for a given OD pair is that the generalized costs of 

the used routes are all equal and are smaller than or equal to the 

costs of the unused routes.  

Given this equilibrium condition, the user equilibrium 

condition can be expressed as the following variational 

inequality problem: 

∑ ∑  𝑐𝑖𝑗(𝑓𝑖𝑗 − 𝑓𝑖𝑗
∗)

𝑗∈𝐽

≥ 0

𝑖∈𝐼

(40) 

∑ ∑  

𝑗∈𝐽𝑖∈𝐼

𝑓𝑖𝑗 = 𝑞𝑖 (41) 
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𝒇 ≥ 0 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (42) 

In addition, (40) can be expressed as follows. 

𝒄 ⋅ (𝒇 − 𝒇∗) ≥ 0 (43) 

 

(4) Maximum Likelihood Estimation Model 

Vector of link delay time𝑻′ = (𝑇1
′ , … , 𝑇𝑎

′ , … , 𝑇|𝐴|
′ )   (∀𝑎 ∈

𝐴) follows the following multivariate log-normal distribution 

𝑻′~𝑀𝑉𝐿𝑁(𝝁𝑇𝑎
′ , 𝚺𝑇𝑎

′) (44) 

where 

𝝁𝑇𝑎
′ = (𝜇𝑇1

′   𝜇𝑇2
′ … 𝜇𝑇|𝐴|

′ ) 𝑇 (45) 

𝚺𝑇𝑎
′ = (

 𝜎𝑇1
′,𝑇1

′ ⋯  𝜎𝑇1
′,𝑇|𝐴|

′

⋮ ⋱ ⋮
 𝜎𝑇|𝐴|

′ ,𝑇1
′ ⋯  𝜎𝑇|𝐴|

′ ,𝑇|𝐴|
′

) (46) 

A method for estimating traffic conditions by maximum 

likelihood estimation model is based on the method proposed in 

Tani and Uchida (2020).  

Given 𝐺  days of traffic observation data, define the 

observed state vector 𝒎𝑔  and the observed value vector 𝒅̂𝑔 

for the observation on day 𝑔 ∈ {1, … , 𝐺}.  

𝒅̂𝑔 is a vector representing the traffic conditions observed 

across the road network on day 𝑔 ∈ {1, … , 𝐺}, defined as 

𝒅̂𝑔 = ( 𝑡̂1 …  𝑡̂𝑎 … 𝑡̂|𝐴|) (47) 

where  𝑡̂𝑎 is the logarithm of the observed delay time of link 𝑎. 

For instance, the link delays observed on day 𝑔 ∈ {1, … , 𝐺} in 

a simple network which is comprised of three links are 10 min 

at link1 and 5min at link 2, then the 𝒅̂𝑔 is expressed as follows. 

𝒅̂𝑔 = ( ln(10)  ln(5) − ∞) (48) 

If there is no observed value or observed value is less than 

or equal to zero, the corresponding value is assumed to be −∞. 

Due to the fact that the link delay time is defined as the increase 

in travel time relative to free flow travel time. The link delay 

time cannot be defined if the link travel time is less than or equal 

to the free flow travel time.  

Observed state vector 𝒎𝑔  shown by (49) reflects the 

traffic state on links, and its entry 𝑚𝑎,𝑔 equals 1 if the link delay 

time is observed on link 𝑎 and 0 otherwise. 

𝒎𝑔 = [𝑚𝑎,𝑔, ∀𝑎 ∈ 𝐴] (49) 

where 

𝑚𝑎,𝑔 = {
1, 𝑖𝑓  𝑡̂𝑎 ≠ −∞
0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(50) 

The 𝒎𝑔 corresponding to (48) is: 

𝒎𝑔 = (1 1 0) (51) 

𝑴𝑔 is defined as the diagonal matrix of 𝒎𝑔 from which 

each row containing only zero entries is removed. This indicates 

that only data from observed links are used to calculate the 

likelihood. For example, 𝒎𝑔 = (1 1 0), as shown in (51), 𝑴𝑔 

can be expressed as: 

𝑴𝑔 = (
1 0 0
0 1 0

) (52) 

If the number of data observed on day 𝑔 ∈ {1, … , 𝐺}  is 

𝑛(𝑔), the likelihood function for estimating the network traffic 

conditions is defined as: 

𝐿(𝝁𝑄|𝒅̂𝑔, 𝑴𝑔 ∀𝑔 ∈ 𝐺, 𝜎𝑄)

= ∏
exp (−

1
2 (𝒅̂𝑔 − 𝝁𝑔)𝑇𝚺𝑔

−1(𝒅̂𝑔 − 𝝁𝑔))

2𝜋
𝑛(𝑔)

2 [𝚺𝑔]
1
2𝑔∈𝐺

(53)
 

where 

𝚺𝑔 = 𝑴𝑔𝚺𝑇𝑎
′𝑴𝑔

𝑇 (54) 
𝝁𝑔 = 𝑴𝑔𝝁𝑇𝑎

′ (55) 

𝒅̂𝑔 = 𝑴𝑔𝒅̂𝑔
𝑇 (56) 

 

3. Conclusions and Future Tasks 

For large road networks, existence of unobserved links in 

large road networks makes it difficult to estimate the traffic 

condition of the entire network. Under the assumption that some 

links have no observation data, a method for estimating traffic 

conditions using ETC2.0 data is developed in this study, and also 

providing a theoretical foundation for future applications to 

estimate actual large road networks. 

In the future, numerical computations will be performed 

on the large road network in Asahikawa, Hokkaido, in order to 

validate the model provided in this study. 
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