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1. INTRODUCTION 

Isogeometric analysis (IGA) has been gaining 
popularity due to the accuracy and flexibility of its 
approximation schemes by using different computer-aided 
design (CAD) splines, i.e., T-splines, U-splines, S-splines, 
and B-splines. The IGA approach has been appropriately 
used to analyze various computational mechanics problems, 
including beam structures having large displacements. Based 
on the IGA concept, a planar straight Euler-Bernoulli beam 
element is introduced in [1], in which rational Bézier curves 
are used. In addition, a planar straight Timoshenko beam 
element is developed in [2] using B-splines. These straight 
elements are developed under the assumption of small 
strains. The assumption of small strains simplifies the 
formulations but still preserves their efficiency and accuracy. 
Planar curved Euler-Bernoulli and planar curved 
Timoshenko beam elements are introduced by the same 
group of authors in [3, 4]. The most popular IGA 
approximation scheme using non-uniform rational B-splines 
(NURBS) is employed in these curved beam elements. 
Under curvilinear coordinate systems, these curved beam 
elements are suitable for beam structures having large 
deformations and complex geometry. They also require 
much smaller numbers of degrees of freedom (DOFs) than 
those of straight elements. 

By considering the advantages of the studies mentioned 
above, a planar straight beam element for large displacement 
analysis is introduced in this paper. Here, the Euler-Bernoulli 
beam theory and the total Lagrangian formulation are 
applied. The proposed element is developed under a 
curvilinear coordinate system to create flexible applications. 
In addition, the assumption of small strains is also adopted. 
The kinematic variables are approximated by rational cubic 
Bézier curves. The validity of the proposed element is 
demonstrated by solving a problem of a deep circular arch 
subjected to a concentrated force at its apex. Good numerical 
results in this study demonstrate the applicability of the 
element to solving planar curved beam problems with 
complex deformations. 

2. KINEMATICS OF A CURVED EULER-
BERNOULLI BEAM 

2.1. Strain and stress measures   

 

 

The kinematics of a curved Euler-Bernoulli beam under 
a curvilinear coordinate system is shown in Fig 1. The 
definitions of 𝐀ଵ, 𝐀ଶ, 𝐆ଵ, 𝐆ଶ, 𝐚ଵ, 𝐚ଶ, 𝐠ଵ, 𝐠ଶ can be found in 
[3]. The covariant vectors 𝐆ଵ  and 𝐆ଶ  is employed as the 
basis vectors of the curvilinear coordinate system in the 
reference configuration. Their reciprocal contravariant basis 
vectors are denoted by 𝐆ଵ and 𝐆ଶ and defined as [3] 

𝐆ఈ . 𝐆ఉ = ൜
0     𝛼 ≠ 𝛽
1     𝛼 = 𝛽

 (1)   

where 𝛼, 𝛽 = 1,2. 

 

Fig 1. Kinematics of a curved Euler-Bernoulli beam 

 

Fig 2. A rational cubic Bézier curve 
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The Green-Lagrange strain tensor 𝐄 is measured in the 

contravariant curvilinear coordinate system 𝐆ఈ ⊗ 𝐆ఉ as [3] 

𝐄 =
1

2
(𝐅୘𝐅 − 𝐆) (2)   

where 𝐅 = 𝐠ఈ⨂𝐆ఈ  is the deformation gradient tensor and 

𝐆 = 𝐺ఈఉ𝐆ఈ⨂𝐆ஒ is the metric tensor defined in the reference 

configuration. 

With 𝜃 taken as the smaller angle between the vectors 
𝐀ଶ and 𝐚ଶ, the right stretch tensor 𝐔 and the transpose of the 

rotation matrix 𝚲୘(𝜃) are written as 

𝐔 =  𝚲୘(𝜃)𝐅 (3)   

𝚲୘(𝜃) = 𝐀ଵ ⊗
𝐚ଵ

𝑎ଵ
+ 𝐀ଶ ⊗ 𝐚ଶ 

             =
𝐆ଵ

𝐺ଵ
⊗

𝐠ଵ

𝑔ଵ
+ 𝐆ଶ ⊗ 𝐠ଶ 

(4)   

where 𝑎ଵ , 𝑔ଵ  and 𝐺ଵ  are the lengths of vectors 𝐚ଵ , 𝐠ଵ  and 
𝐆ଵ, respectively. 

Substituting Eqs. (3) and (4) into Eq. (2) and applying 
the small-strain assumption yield an alternative form of 
Green-Lagrange strain tensor 𝐄, i.e., 

𝐄 = (𝑔ଵ − 𝐺ଵ)𝐺ଵ𝐆ଵ ⊗ 𝐆ଵ (5)   

or  

𝐸ଵଵ = (𝑔ଵ − 𝐺ଵ)𝐺ଵ (6)  

Some relations are obtained in terms of 𝑘଴  and 𝑘 that are, 
respectively, the initial and deformed curvatures as 

𝐀ଶ
ᇱ = −𝑘଴

𝐀ଵ

𝐴ଵ
 𝐚ଶ

ᇱ = −𝑘
𝐚ଵ

𝑎ଵ
 (7)   

where 𝐴ଵ is the length of 𝐀ଵ. 

With the aid of Eq. (7) and the forms of 𝐆ଵ and 𝐠ଵ in 
[3], 𝐸ଵଵ is explicitly expressed as 

𝐸ଵଵ = 𝛤ଵଵ + 𝑇𝐾ଵଵ 

        = 𝐴ଵ(𝑎ଵ − 𝐴ଵ) + 𝑇 ൬
𝐴ଵ

𝑎ଵ
𝐚ଵ. 𝐚ଶ

ᇱ − 𝐀ଵ. 𝐀ଶ
ᇱ ൰ 

(8)   

where 𝛤ଵଵ  is the membrane strain and 𝐾ଵଵ  is the bending 
curvature. 

The energy conjugate of the Green-Lagrange strain 𝐸ଵଵ 
is the second Polar-Kirchoff stress 𝑆ଵଵ that is specified in the 
covariant curvilinear coordinate system 𝐆ఈ ⊗ 𝐆ఉ as 

𝑆ଵଵ = 𝐸ത𝐸ଵଵ (9)   

where 𝐸ത = 𝐸/(𝐴ଵ)ସ. In addition, 𝐸 is Young’s modulus of 
the material, while 𝐸ത is Young’s modulus expressed in the 
covariant curvilinear coordinate system. 

2.2. Principle of virtual work 

The virtual work principle is written as 

𝛿Π௜௡௧ − 𝛿Π௘௫௧ = 0 (10)   

where 𝛿Π௜௡௧ and 𝛿Π௘௫௧ are, respectively, the internal virtual 
work and the external virtual work, given by 

𝛿Π௜௡௧ = න 𝛿𝐸ଵଵ𝑆ଵଵ𝑑𝑉
௏

= න 𝛿𝚪୘𝐃𝚪

௟

଴

d𝑆 (11)   

𝛿Π௘௫௧ = න൫𝛿𝐮଴
୘𝐟 + 𝛿𝜃𝑚൯d𝑆

௟

଴

+ 𝛿𝑢଴௑(0)𝐹௑(0) + 

𝛿𝑢଴௒(0)𝐹௒(0) + 𝛿𝑢଴௑(𝑙)𝐹௑(𝑙) + 𝛿𝑢଴௒(𝑙)𝐹௒(𝑙). 

(12)  

Here, 𝑙 is the initial length of the beam element and 

𝚪 = [𝛤ଵଵ  𝐾ଵଵ]୘ 𝐃 = ൤𝐸ത𝐴 0
0 𝐸ത𝐼

൨. (13)   

In addition, 𝐮଴ = [𝑢௑ 𝑢௒]୘  and 𝜃  are the displacements 
and rotation of the beam axis, respectively. Moreover, 𝐟 =

[𝑓௑ 𝑓௒]୘ and 𝑚 are, respectively, the distributed forces and 
distributed moment applied on the beam axis. In addition, 
𝐹௑(0) and 𝐹௒(0) are the concentrated forces applied at 𝑆 =

0, while 𝐹௑(𝑙) and 𝐹௒(𝑙) are the concentrated forces applied 
at 𝑆 = 𝑙. 

2.3. Discretization of the kinematic unknowns 

In isogeometric Euler-Bernoulli beam elements, the 
translational displacements of control points are usually 
considered degrees of freedom (DOFs). In this study, the 
beam element is approximated using cubic rational Bézier 
curves [1], as shown in Fig 2. The displacement vector 𝐔 is 
introduced as 

𝐔 = 

[𝑢௑ଵ 𝑢௒ଵ 𝑢௑ଶ 𝑢௒ଶ 𝑢௑ଷ 𝑢௒ଷ 𝑢௑ସ 𝑢௒ସ]୘ 
(14)  

where 𝑢௑௜ and 𝑢௒௜ are the displacements of control point 𝐏௜ 
in 𝑋 and 𝑌 directions. 

Accordingly, the virtual work terms are written as 

𝛿Π௜௡௧ = 𝛿𝐔୘ න 𝐁୘𝐃𝚪𝑑𝑆

௟

଴

 (15)   

𝛿Π௘௫௧ = (16)   
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          𝛿𝐔୘ න(𝐇௑
୘𝑓௑ + 𝐇௒

୘𝑓ଢ଼ + 𝐇ఏ
୘𝑚)𝑑𝑆

௟

଴

+  𝛿𝐔୘𝐅. 

Here, 

𝐁 = ൣ𝐁௰భభ

୘ 𝐁௄భభ

୘ ൧
୘

 (17)   

𝐁௰భభ
= 

൤
𝜕𝛤ଵଵ

𝜕𝑥ଵ

𝜕𝛤ଵଵ

𝜕𝑦ଵ

𝜕𝛤ଵଵ

𝜕𝑥ଶ

𝜕𝛤ଵଵ

𝜕𝑦ଶ

𝜕𝛤ଵଵ

𝜕𝑥ଷ

𝜕𝛤ଵଵ

𝜕𝑦ଷ

𝜕𝛤ଵଵ

𝜕𝑥ସ

𝜕𝛤ଵଵ

𝜕𝑦ସ

൨ 
(18)   

𝐁௄భభ
= 

൤
𝜕𝐾ଵଵ

𝜕𝑥ଵ

𝜕𝐾ଵଵ

𝜕𝑦ଵ

𝜕𝐾ଵଵ

𝜕𝑥ଶ

𝜕𝐾ଵଵ

𝜕𝑦ଶ

𝜕𝐾ଵଵ

𝜕𝑥ଷ

𝜕𝐾ଵଵ

𝜕𝑦ଷ

𝜕𝐾ଵଵ

𝜕𝑥ସ

𝜕𝐾ଵଵ

𝜕𝑦ସ

൨ 
(19)  

𝐇௑ = 

൤
𝜕𝑢௑

𝜕𝑥ଵ

𝜕𝑢௑

𝜕𝑦ଵ

𝜕𝑢௑

𝜕𝑥ଶ

𝜕𝑢௑

𝜕𝑦ଶ

𝜕𝑢௑

𝜕𝑥ଷ

𝜕𝑢௑

𝜕𝑦ଷ

𝜕𝑢௑

𝜕𝑥ସ

𝜕𝑢௑

𝜕𝑦ସ

൨ 
(20)  

𝐇௒ = 

൤
𝜕𝑢௒

𝜕𝑥ଵ

𝜕𝑢௒

𝜕𝑦ଵ

𝜕𝑢௒

𝜕𝑥ଶ

𝜕𝑢௒

𝜕𝑦ଶ

𝜕𝑢௒

𝜕𝑥ଷ

𝜕𝑢௒

𝜕𝑦ଷ

𝜕𝑢௒

𝜕𝑥ସ

𝜕𝑢௒

𝜕𝑦ସ

൨ 
(21)  

𝐇ఏ = 

−
𝐚ଵ

𝑎ଵ

. ൤
𝜕𝐚ଶ

𝜕𝑥ଵ

𝜕𝐚ଶ

𝜕𝑦ଵ

𝜕𝐚ଶ

𝜕𝑥ଶ

𝜕𝐚ଶ

𝜕𝑦ଶ

𝜕𝐚ଶ

𝜕𝑥ଷ

𝜕𝐚ଶ

𝜕𝑦ଷ

𝜕𝐚ଶ

𝜕𝑥ସ

𝜕𝐚ଶ

𝜕𝑦ସ

൨. 
(22)  

Moreover, 𝐅 is the applied nodal force vector, written as 

 

𝐅 = 

[𝐹௑(0) 𝐹௒(0) 0 0 0 0 𝐹௑(𝑙) 𝐹௒(𝑙)]் . 
(23)  

Eventually, the equation system can be obtained by 
substituting Eqs. (15) and (16) into Eq. (10) as 

න 𝐁୘𝐃𝚪𝑑𝑆

௟

଴

= න൫𝐇௑
୘𝑓௑ + 𝐇௒

୘𝑓ଢ଼ + 𝐇ఏ
୘𝑚൯𝑑𝑆

௟

଴

+ 𝐅. (24)   

3. A DEEP CIRCULAR ARCH SUBJECTED TO A 
CONCENTRATED FORCE AT THE APEX 

In this section, the proposed element is applied to 
analyze a deep circular arch subjected by a downward 
concentrated force 𝑃 at its apex 𝐵 as described in Fig 3. The 
arch has a pinned support at point 𝐴 and a clamped support 
at point 𝐶. 

To appraise the efficiency and accuracy of the element, 
the displacements of the apex 𝐵  are investigated. The 
numerical solutions in [5] are adopted as references. To solve 
the problem, this study employs 24 proposed elements with 
73 control points or 118 DOFs. The load-displacement 
curves obtained in this work are plotted together with the 
reference solutions in Fig 4. In the figure, 𝑢௑  is the 

displacement in 𝑋 direction and 𝑢௒ is the displacement in 𝑌 
direction. Moreover, 𝐸 is Young’s modulus of the material 
while 𝐼 is the in-plane cross-sectional moment of inertia. 

 

Fig 3. A deep circular arch  

 

Fig 4. Normalized load-displacement curves of the apex 

 

Fig 5. Initial configuration and deformed configurations of 
the arch at the snap points 
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The numerical solutions give good agreement with the 
reference ones. The arch exhibits severe snap points, i.e., 
snap-through and snap-back points. These snap points 
require the problem to be solved by the displacement control 
method [6]. The deformed configurations at the snap points 
(1), (2), (3), and (4) are illustrated in Fig 5. This problem is 
also investigated in other studies, e.g., in [7], where the arch 
is simulated by 20 three-noded curved beam elements with 
123 DOFs. 

4. CONCLUSIONS AND REMARKS 

A curved Euler-Bernoulli beam element for analysis of 
curved beams undergoing large displacements and small 
strains is developed using the total Lagrangian description. 
Isogeometric representations using rational cubic Bézier 
curves are employed to approximate the element and 
discretize the kinematic unknowns. The validity of the 
proposed element is demonstrated by analyzing a deep 
circular arch subjected to a concentrated force at its apex. 
Under the load, the arch exhibits severe snap-through and 
snap-back behavior; therefore, the displacement control 
method is required for the analysis. 

Due to the use of a curvilinear coordinate system and 
the isogeometric approach, the element exhibits flexibility in 
solving problems with complex geometry and large 
displacements. Concretely, the accuracy of the element is 
proved by the obtained good numerical results. Furthermore, 
being able to solve a problem with snap behavior strongly 
displays the reliability and efficiency of the formulation 
derived. 
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