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This study deals with spatially correlated multivariate binary choice data, which is a set of individuals’ perceptions of
multiple spatial units. This type of data includes an individual’s spatial perception, visit experience, or choice set forma-
tion. To analyze such data, we propose a mixed spatial autoregressive logit model, which lies in an interface between
spatial statistics and discrete choice modeling, accounting for inter-individual heterogeneity and spatial dependence
among utilities. To estimate the model, we rely on Bayesian estimation aided by Pólya-Gamma data augmentation that
addresses the non-conjugacy of the logit model and allows for fast posterior inference. The proposed methods are ap-
plied to the data of individuals perceiving streets within a specific area, and we analyze the formative factors of spatial
city image.
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1. Introduction

This study aims to analyze multivariate binary responses
regarding individuals’ spatial perception, typically repre-
sented by a two-dimensional vector y = [yni] where
n ∈ {1, . . . , N} is an individual and i ∈ {1, . . . , S} is a
spatial unit. This type of data includes the responses repre-
senting spatial perception (if an individual perceives a spa-
tial unit), visit experience (if she has been to a place during
a period), or choice set formation (if she considers a desti-
nation as an alternative to travel). Such responses are likely
to be different among individuals. Also, the responses of
the same individual may often reveal a spatial pattern; for
example, an individual has been to places within a specific
region. Therefore, the analysis of such spatial data requires
the consideration of (1) inter-individual heterogeneity and
(2) spatial dependence.

To deal with such multivariate spatial choice data, this
study proposes a mixed spatial autoregressive logit model,
which combines a mixed logit (MXL) model in the dis-
crete choice modeling field (e.g., Train, 20091)) and a spa-
tial autoregressive (SAR) logit model in the spatial statis-
tics (e.g., LeSage, 20002)). Although this model simul-
taneously accounts for inter-individual heterogeneity and
spatial dependence among utilities, it remains a difficulty

in the model estimation. In particular, the capture of spa-
tial dependence in the logit framework is difficult due to
the inter-dependence of the utility functions. The incorpo-
ration of random parameters requires more computational
effort.

Among estimation methods for SAR choice models,
such as maximum likelihood3), generalized method of mo-
ments (GMM)4), and linearized GMM5), Bayesian esti-
mation2) has shown outperformance in terms of accuracy
and stability to small sample sizes (e.g., Calabresse and
Elkink, 20146)). However, Bayesian Markov chain Monte
Carlo (MCMC) estimation is also known to be computa-
tionally expensive especially for the spatial logit model
due to the non-conjugacy of the likelihood function. Re-
cently, Polson et al. (2013)7) presented Pólya-Gamma
data augmentation (PG-DA) technique to address the non-
conjugacy in MCMC estimation of binary logit models.
PG-DA augments the Gibbs sampler by introducing an ad-
ditional Pólya-Gamma distributed latent variable, which
ensures conjugate updates and thus does not need an in-
efficient Metropolis algorithm within MCMC estimation.
Krueger et al. (2020)8) and Krisztin and Piribauer (2021)9)

successfully applied this technique to spatial data analysis.

In this study, we also rely on Bayesian estimation
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aided by PG-DA. Focusing on its compatibility with the
Bayesian MXL model10), we present its extension for the
mixed spatial logit model. We show that the conjugate
posterior distribution for individual-specific (random) pa-
rameters can be derived, as well as the fixed parameters.
The efficiency and stability of this hierarchical Bayesian
MCMC with PG-DA will be demonstrated with numerical
experiments.

Furthermore, by applying the proposed model, we em-
pirically analyze the spatial perception of individuals. The
data indicates if an individual perceives a street within a
specific area (Oyama, 202311)). As well as the main ef-
fects of street attributes, we capture the observed and un-
observed heterogeneity of individuals. Moreover, given
that the streets compose a network, we consider the spatial
dependence using network-based spatial weight matrices.
This application reveals the formative factors of the sub-
jective spatial city image of residents and visitors and can
help policies related to the image building of the area.

The contributions of the paper are summarized as fol-
lows:

• We analyze spatial data with individuals’ subjective
perceptions. This is an exploration of the interface
between spatial statistics and discrete choice model-
ing.

• We propose a mixed Bayesian spatial logit model to
analyze such multivariate spatially-correlated binary
choice data, by utilizing the PG-DA strategy.

• We apply the proposed method and empirically an-
alyze individuals’ spatial perceptions. The analysis
reveals the formative factors of the subjective spatial
city image.

The remainder of the paper is structured as follows. Sec-
tion 2. provides a literature review. Section 3. presents
a mixed spatial autoregressive logit model (SAR-MXL).
Section 4. describes the Bayesian estimation strategy. Sec-
tion 5. shows a numerical experiment, and Section 6.
presents the empirical application to spatial perception
analysis. Finally, Section 7. concludes the study.

2. Literature review

(1) Spatial choice model

Spatial binary choice models have been actively devel-
oped in spatial econoemtrics 12). McMillen (1992) 3) is
one of the pioneering studies proposing a probit model
considering spatial dependence in residuals and response
variables. Pinkse and Slade (1998)4) developed a one-

step generalized method of moments (GMM) estimation
for spatial error probit and logit models. The GMM has
been linearized for fast computation 5) while extended to
the two-step GMM to improve estimation accuracy12). The
GMM-based approaches have drawbacks including the un-
bounded parameter space for spatial autocorrelation coef-
ficients and the need for instrumental variables9).

Bayesian estimation has also been used to estimate spa-
tial logit models 2). Although its high accuracy has been
validated6), the MCMC can be inefficient due to the non-
conjugacy and the need for the Metropolis step. To address
this problem, the PG-DA strategy7) has been introduced
for binary and multinomial spatial logit regressions mod-
els 9),13), and confirmed better accuracy and computational
efficiency.

However, aforementioned spatial econometric studies
have ignored inter-individual heterogeneity despite its im-
portance in modeling location choice as well as individ-
ual perceptions. Bhat et al. (2004)14) and Bhat (2011) 15)

developed maximum likelihood estimation considering the
heterogeneity in spatial logit regression. Yet, to the best
of the author’s knowledge, the PG-DA has never been ex-
tended for spatial mixed logit modeling.

(2) Mixed choice models

Mixed choice models (e.g., Train, 20091)) extend stan-
dard choice models (such as binary or multinomial logit
or probit models) hierarchically by allowing model pa-
rameters to vary randomly across individuals. This makes
mixed choice models highly flexible. Mixed choice mod-
els can accommodate unobserved heterogeneity, flexible
substitution patterns and correlation in unobserved factors
over time (Train, 20091)). Due to this flexibility, mixed
choice models are widely used in practical work.

Mixed choice models are formulated by convolving a
choice kernel (such as logit or probit) with a mixing dis-
tribution, which controls the flexibility of the model. This
mixing distribution can be parametric (like normal or log-
normal), semi-parametric (like a mixture of normal) or
nonparametric (Vij & Krueger, 201716)). In practice, the
normal distribution is the most widely adopted mixing dis-
tribution. Parameter estimation in discrete choice models
can be performed using either frequentist maximum sim-
ulated likelihood methods or Bayesian MCMC methods
(Train, 20091)).
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(3) Spatial perception analysis

How people perceive and form the spatial image of
a city has been a major topic of interest in various re-
search fields17),18). To this end, the seminal work of Linch
(1960)19) presented a framework for analyzing the rela-
tionship between the spatial cognition of the city and the
external properties of the environment. Although Lynch’s
theory has led and inspired research in spatial cognition20),
behavioral geography21), and urban studies22), the extent to
which urban elements affect the spatial cognition of indi-
viduals is still unclear.

Coulton et al. (2001)23) and Smith (2010)24) analyzed
the formation of walking neighborhood areas perceived by
residents, on the basis of cognitive maps drawn by them.
Guimpert et al. (2018)25) also collected cognitive maps
in Santiago, Chile. They converted the maps to mesh-
based perception data, and modeled the mesh perception
probability of a resident with mixed binary choice model-
ing. Oyama (2023)11) presented a street-based neighbor-
hood perception model to analyze the effect of streetscape
features extracted from street images. These quantitative
approaches successfully measured the effects of the spatial
attributes of the spatial units and demographic character-
istics of respondents on the perception of neighborhoods.
However, their analyses treated the spatial units indepen-
dently and ignored the spatial dependence among the util-
ities. Because the perception units are small enough to be
closely related to each other, the consideration of spatial
dependence can significantly improve the prediction per-
formance of the model.

3. Model formulation

(1) Mixed spatial autoregressive logit model

Let yni ∈ {0, 1} be a binary response of an individual
n ∈ {1, . . . , N} for a spatial unit i ∈ {1, . . . , S}. We
aim to model the probability of yni being one based on the
binary logit framework:

P (yni = 1) =
exp(uni)

1 + exp(uni)
(1)

where uni is the utility function of space i perceived by
individual n.

To reasonably analyze such subjectively perceived spa-
tial data, we introduce the assumptions of spatial depen-
dence and inter-individual heterogeneity. This results in
the formulation of a mixed spatial autoregressive logit

(SAR-MXL) model. The utility uni is then defined as

uni = α⊤xni,F + β⊤
n xni,R + ρ

∑
j ̸=i

wijunj + ϵni. (2)

This can be written more compactly in the matrix form:

un = A−1(XF
nα+XR

nβn + ϵn), (3)

where

A = I− ρW, (4)

and I is an S × S identity matrix.

The covariates xni include the observed attributes of in-
dividual n and spatial unit i, which are decomposed into
xni,F that pertain to the fixed parameters α and xni,R

with the random parameters βn. The latter captures the
inter-personal heterogeneity in the perception.

A nonnegative and row-stochastic spatial weight matrix
W = [wij ] contains information on the S × S linkages
between the spatial units in the sample, and ρ is a scalar
parameter measuring the strength of spatial autocorrela-
tion. In this SAR model specification, the utility uni of
individual n for spatial unit i depends on the characteris-
tics of other spatial units j ̸= i, and the spatial multiplier
A−1 = (I − ρW)−1 =

∑∞
r=0 ρ

rWr captures the spatial
dependence.

This model also implicitly considers two random com-
ponents: the spatially independent errors associated with
the logit model formulation (1), and a normally distributed
random shock ϵni that captures the spatial dependence in
the errors.

The model parameters to be estimated are (α,β, ρ). The
likelihood function of the model is

L(α,β, ρ) =
∏
n∈N

∏
i∈S

exp(uni)
yni

1 + exp(uni)
(5)

(2) Baysian specification

Following the standard MXL model formulation, we as-
sume the random (individual-specific) parameter βn to be
distributed according to a multivariate normal, i.e., βn ∼
N (ζ,Σ), where ζ is a KR-dimensional mean vector and
Σ is a KR×KR covariance matrix. The remaining param-
eters, α, ζ,Σ and ρ are treated in a fully-Bayesian man-
ner. The fixed parameters α and the mean vector ζ are as-
sumed to follow multivariate normal distributions. As for
the covariance matrix Σ, we employ Huang’s half-t prior
(Huang and Wand, 201326)), which Akinc and Vandebroek
(2018)27) showed outperforms the inverse Wishart prior
that is often employed in fully Bayesian MMNL models1)

in terms of parameter recovery. We also employ a beta
distribution for the prior of spatial parameter ρ.
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The generative process of the fully Bayesian SAR-MXL
model is summarized as follows:

1. ρ ∼ Beta(aρ, bρ)
2. α ∼ N (λ0, Ξ0)

3. ζ ∼ N (µ0,Σ0)

4. ak ∼ Gamma( 12 ,
1
A2

k
), k = 1, . . . ,KR

5. Σ ∼ IW(ν +KR − 1, 2νdiag(a))
6. βn ∼ N (ζ,Σ)

7. yni ∼ Logit(α,βn, ρ,Xn)

Note that (4) and (5) induce Huang’s half-t prior. We have
known hyperparameters {λ0, Ξ0,µ0,Σ0, ν, A1:K} and a
collection of model parameters θ = (α, ζ,Σ,a,β1:N , ρ)

whose posterior distribution to be estimated.

4. Estimation strategy

(1) Pólya-Gamma data augmentation

The main challenge of the standard Gibbs sampler for pos-
terior inference with the logit model is the unavailability
of a conjugate prior to the kernel, which requires a com-
putationally inefficient Metropolis method. To address this
challenge, we use a Pólya-Gamma data augmentation (PG-
DA) estimation strategy proposed by Polson et al. (2013)7).
PG-DA is the state-of-the-art technique to handle non-
conjugacy in MCMC estimation of binary logit models by
introducing a PG-distributed latent variable.

Following Polson et al. (2013)7), the Laplace transform
of the PG density is given by

exp(uni)
a

(1 + exp(uni))b

= 2−b exp(κuni)

∫ ∞

0

exp

(
−ωniu

2
ni

2

)
p(ωni)dωni

(6)

where κ = a − b/2, and ωni is a PG distributed ran-
dom variable with scale b and location parameter zero, i.e.,
p(ωni) ∼ PG(b, 0).

Note that this integral identity does not rely on numerical
approximation and can be estimated by sampling from the
conditional posterior PG distribution. Using the result in
Polson et al. (2013)7), the conditional posterior for ω also
takes the form of a PG distribution:

p(ωn|α,βn, ρ,yn) = PG
(
1,A−1(XF

nα+XR
nβn + ϵn)

)
(7)

(2) Conditional distributions

We notice that when a = yni and b = 1, Eq.(6) coin-
cides with the likelihood of the logit model (1):

exp(uni)
yni

1 + exp(uni)

=
1

2
exp(κniuni)

∫ ∞

0

exp

(
−ωniu

2
ni

2

)
p(ωni)dωni.

(8)

Using this result, the conditional posterior density of α is
given by

p(α|y1:N ,β1:N , ρ,ω1:N )

∝ p(α|λ0,Ξ0)

N∏
n=1

I∏
i=1

p(yni|βn,α, ρ,ωn)

∝ exp

(
−1

2
(α− λ0)

′Ξ0(α− λ0)

)
·

N∏
n=1

exp

(
κnA

−1XF
nα− ωnu

2
n

2

)
, (9)

and similarly, the conditional posterior density of βn is
given by

p(βn|yn,α, ρ,ωn)

∝ p(βn|ζ,Σ)

I∏
i=1

p(yni|βn,α, ρ,ωn) (10)

∝ exp

(
−1

2
(βn − ζ)′Σ(βn − ζ)

)
·

exp

(
κnA

−1XR
nβn − ωnu

2
n

2

)
. (11)

As a result, the conditional posterior distributions of α and
βn reduce to the following Gaussian distributions:

α|y1:N ,β1:N , ρ,ω1:N ∼ N (µα,Σα) (12)

βn|y1:N ,α, ρ,ωn ∼ N (µβn ,Σβn) (13)

where

µα = Σα(Ξ
−1λ0

+

N∑
n=1

(A−1XF
n )

⊤Ωn(zn −A−1XR
nβn −A−1ϵn))

(14)

Σα = (Σ−1 +

N∑
n=1

(A−1XF
n )

⊤Ωn(A
−1XF

n ))
−1 (15)

µβn = Σβn(Σ
−1ζ

+ (A−1XR
n )

⊤Ωn(zn −A−1XF
nα−A−1ϵn)) (16)

Σβn
= (Σ−1 + (A−1XR

n )
⊤Ωn(A

−1XR
n ))

−1 (17)

Ωn = diag(ωn1, . . . , ωnI) (18)

zni = κni/ωni (19)

Note that in the above derivation, our study extendedly
combines the mixed logit case (Bansal et al., 201910)) and
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the spatial logit case (Krisztin and Piribauer, 20219)).

(3) Augmented Gibbs sampler

The joint distribution of the model factorizes as

p(y1:N ,θ) =p(ρ)p(α|λ0, Ξ0)p(ζ|µ0,Σ0)·

p(Σ|a, ν)
KR∏
k=1

p(ak|Ak)
∏
n∈N

p(βn|ζ,Σ)

(20)

Then, the augmented Gibbs sampler algorithm for the
SAR-MXL model can be summarized as follows:

1. Sample ρ using a griddy Gibbs sampler28)

2. Sample α using Eq.(12)
3. Sample ak from Gamma( ν+KR

2 , 1
A2

k
+ ν(Σ−1)kk)

4. Sample Σ from IW(ν + KR − 1, 2νdiag(a) +∑N
n=1(βn − ζ)(βn − ζ)⊤)

5. Sample ζ from N ( 1
N

∑N
n=1 βn,

Ω
N )

6. for n = 1 : N :
(a) Sample ωn using Eq.(7)
(b) Sample βn using Eq.(13)

Note that we used a beta distribution for the prior of ρ,
following the literature29). However, because the condi-
tional posterior for ρ does not have a conjugate distribu-
tion, a griddy Gibbs sampler28) is used to sample from the
conditional posterior, based on

p(ρ|y1:N ,α,β1:N ) =
p(ρ)p(y1:N |ρ,α,β1:N )∫ 1

−1
p(ρ)p(y1:N |ρ,α,β1:N )dρ

≈ p(ρ)p(y1:N |ρ,α,β1:N )∑
r∈G p(r)p(y1:N |r,α,β1:N )

(21)

5. Numerical experiment

This section presents a numerical experiment to demon-
strate the performance of the proposed method. The ex-
periment is based on simulated observations and mainly
aims to assess the accuracy of the estimates under different
strengths of spatial dependence.

Note that the efficiency of PG-DA compared to the tradi-
tional MCMC has been already proven in the literaturec7),
in terms of computational time and sampling efficiency.
Also, because our data involves two dimensions and is not
typical for spatial statistics, meaning that no other estima-
tion methods or existing package is available. We therefore
focus on the accuracy in this experiment. Also, we imple-
mented the model by writing our own Python code.

(1) Simulation setup

The observations yni for the experiment are randomly
sampled from the binomial distribution with the probabil-
ity of the SAR-MXL model:

yni ∼ B
(
1,

exp(uni)

1 + exp(uni)

)
(22)

where un is defined by (3).

In this experiment, we consider 50 individuals (N =

50) and 200 spatial units (S = 200). We considered two
parameters with fixed effects (KF = 2) and two random
parameters (KR = 2), and their true values were set as
follows:

• α∗ = (1.0,−1.0)

• ζ∗ = (1.0,−1.0)

• Σ∗ = diag(0.5, 0.5)

The explanatory variables X were sampled from the
standard normal distribution and then normalized. The
spatial weight matrix W was constructed using 4-nearest
neighbors based on a spatial location pattern randomly
generated from a uniform distribution U(0, 1).

We tested different strengths ρ of spatial dependence and
examined how the estimation results were affected. Dur-
ing the MCMC estimation, we drew 10,000 times and the
initial 5,000 draws were discarded as burn-in. As for the
Griddy Gibbs sampler for the conditional posterior for ρ,
we used 100 grid points.

(2) Results

Tables 1 and 2 report the results. Overall, the true param-
eter values were well reproduced, including the random pa-
rameters, regardless of the strength of spatial dependence
in the generated observations. Even for the extreme cases
(ρ∗ = 0.9 and ρ∗ = −0.9), the autocorrelation parame-
ter ρ was estimated with small biases. Given that the poor
performance of GMM methods with high levels of autocor-
relation is known6), this result clearly shows the stability of
our Bayesian method with respect to spatial dependence.

It is worth noting that the estimates were slightly biased
when ρ∗ is positive and large, compared to when ρ∗ is
small or negative. A possible explanation for this is that,
with a high and positive autocorrelation, the observations
can exhibit similar spatial patterns and the valid sample
size can be reduced.
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Table–1 Means of posteriors: Case 2 with ρ∗ ∈ [0.0, 0.9].

ρ∗

TRUE 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

ρ̂ -0.045 0.052 0.155 0.253 0.362 0.458 0.566 0.664 0.763 0.881
α̂1 1 1.054 1.004 0.984 1.010 0.996 0.990 1.047 1.121 1.146 1.160
α̂2 -1 -1.040 -1.026 -0.972 -0.995 -1.105 -1.015 -1.108 -1.117 -1.141 -1.149
β̂mean
1 1 0.979 1.139 1.101 0.994 1.157 1.221 1.260 1.067 1.114 1.164

β̂std
1 0.5 0.524 0.624 0.564 0.575 0.657 0.537 0.614 0.600 0.729 0.596

β̂mean
2 -1 -1.032 -1.133 -0.955 -1.036 -1.169 -1.013 -1.011 -1.079 -1.291 -1.234

β̂std
2 0.5 0.675 0.562 0.572 0.526 0.475 0.492 0.596 0.536 0.621 0.598

Table–2 Means of posteriors: Case 2 with ρ∗ ∈ [−0.9,−0.1].

ρ∗

TRUE -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1

ρ̂ -0.914 -0.790 -0.696 -0.600 -0.488 -0.414 -0.311 -0.195 -0.087
α̂1 1 0.996 1.016 1.057 1.040 0.987 1.034 1.047 1.031 1.012
α̂2 -1 -1.014 -1.019 -1.014 -1.048 -1.061 -1.028 -1.033 -0.971 -1.032
β̂mean
1 1 0.993 0.946 1.176 1.109 1.061 1.020 0.952 1.002 1.016

β̂std
1 0.5 0.580 0.569 0.629 0.580 0.622 0.578 0.535 0.554 0.555

β̂mean
2 -1 -1.000 -1.065 -0.974 -1.008 -0.926 -1.044 -1.116 -0.964 -1.039

β̂std
2 0.5 0.502 0.552 0.573 0.637 0.545 0.604 0.681 0.553 0.664

6. Empirical results

(1) Data and variables

The data used in this study is the subjective cognitive ar-
eas of two neighborhoods in Tokyo, Kiyosumi-Shirakawa
and Kiba. The data was collected through an on-street sur-
vey, where respondents drew a cognitive map as a polygon
on the base map, relying on their experiences or prior in-
formation on the neighborhoods. We converted the cogni-
tive maps into street-based perception data yni ∈ {0, 1},
indicating whether the respondent n perceived the street i
within the neighborhood area (yni = 1) or not (yni = 0).
We collected samples from 25 residents and 25 visitors for
each neighborhood, resulting in 100 respondents in total.
The target networks of Kiyosumi-Shirakawa and Kiba con-
tain 258 and 473 streets, respectively (Figure 1). Thus, the
numbers of observations account for 12,900 and 23,650,
giving a total of 36,550.

As for the spatial attributes of the streets, we mainly fo-
cus on (1) the distance from the reference point, (2) bound-
aries, and (3) streetscape features. We show a reference
point for each neighborhood as the star-marked point in
Figure 1, which was defined as the closest location to the
metro station named after the neighborhood (Kiyosumi-
Shirakawa Station of the Hanzomon Line, and Kiba Sta-
tion of the Tozai Line) among the points along the main
park (Kiyosumi Garden & Park for Kiyosumi-Shirakawa
and Kiba Park for Kiba). The distance is defined as the
network shortest path distance. As for boundaries, we used

three dummy variables indicating if a street is inside the
boundaries of the river, avenue, and administrative district
(Figure 1). The landscape features were extracted as pixel
values from the street photos we took.

In addition, we consider observed heterogeneity cap-
tured by the personal characteristics of the respondents,
including age, gender, and familiarity with the neighbor-
hood. Familiarity is measured by the years of residence
for residents and by the visit frequency for visitors.

Note that the reader who is interested in the details of the
data is referred to Oyama (2023)11) who provides a detailed
description of data and variables with statistics.

(2) Network-based weight matrix

Since the spatial units of our data are streets that com-
pose a network, we defined the spatial weight matrix W

based on the network and the shortest path distance on it.
The following weight matrices were tested:

1. Adjacency: wij = 1 only when i is adjacent to j

2. K-nearest: wij = 1 if i is one of k-th nearest neigh-
bors to j

3. Within-D: wij = 1 if i is within distance D from j

4. Angle: wij = aij/180 where aij ∈ [0, 180) is the
angle between streets i and j and aij = 0 if i is not
adjacent to j

In addition to adjacency and distance-based neighbor
matrices, we considered the angle-based matrix based on
the hypothesis that two neighboring streets with a small
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Figure–1 Networks of Kiyosumi-Shirakawa and Kiba.

angle difference can be recognized as being the same con-
tinual street and are positively correlated with each other.

Note that although matrices based on distance, such as
power or exponential, are often used in spatial statistics,
they were not considered in this study because they per-
formed very poorly for the networks in the preliminary
tests. All the tested matrices were normalized so that the
sum of each row was equal to one.

(3) Goodness-of-fit metrics

Given the observations yni and the retained sample from
conditional posterior θ = (θ1, . . . , θR) where R is the
number of the retained realizations, the following three
metrics were used to measure goodness-of-fit of the mod-
els:

1. LPPD (log pointwise predictive density)30):

LPPD =
∑
n

∑
i

log

∫
P (yni|θn)p(θn)dθn

≈
∑
n

∑
i

log

(
1

R

R∑
r=1

P (yni|θr
n)

)
(23)

LPPD corresponds to the logarithm of the pointwise
likelihood integrated over the posterior distribution of
the relevant model parameters and can be approxi-
mated with the posterior draws.

Table–3 Model comparison

Kiyosumi-Shirakawa

Logit SAR MXL SAR-MXL

LPPD -4789.096 -4748.782 -2591.718 -2285.240
RSME 0.341 0.339 0.243 0.227
FPR 0.838 0.840 0.919 0.933

Kiba

Logit SAR MXL SAR-MXL

LPPD -10293.721 -10188.046 -7437.416 -6611.511
RSME 0.374 0.372 0.316 0.296
FPR 0.802 0.804 0.855 0.876

2. RSME (root mean square error):

RSME =
1

NS

∑
n

∑
s

√
(ŷni − yni)

2 (24)

where ŷni = E(yni|θn) ≈
∑R

r=1 P (yni|θr
n)/R.

RMSE measures the discrepancy between the pre-
dicted and observed street perceptions, ŷni and yni.

3. FPR (first preference recovery):

FPR = 1− 1

NS

∑
n

∑
s

|I(ŷni > 0.5)− yni| (25)

where I(ŷni > 0.5) takes one if ŷni is greater than
0.5 and zero otherwise. FPR is the percentage of the
model predicting the accurate perception on the basis
of maximum a posteriori probability (MAP).

(4) Results
We performed the MCMC estimation for each neighbor-

hood with 10,000 iterations, where the first 5,000 iterations
were burn-ins, and 100 grid points for the griddy Gibbs
sampler.

Model fit We first compared the following four models
(where SP stands for spatial dependence and IH for inter-
individual heterogeneity):

1. Logit: without SP and IH,
2. SAR: with SP but without IH,
3. MXL: without SP but with IH,
4. SAR-MXL: with both SP and IH,

where we used a simple adjacency matrix for W of SAR
and SAR-MXL models. Table 3 reports the result. Be-
cause smaller LPPD and RSME and greater FPR indicate
better performance, the capture of both spatial dependence
and inter-individual heterogeneity improved the model fit.
Hereafter we focus on the SAR-MXL model.

Then, we compared the different network-based spatial
weight matrices W, as defined in Section 6.(2). Table 4
reports the comparison result. While the adjacency matrix
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Table–4 Comparison of different network weight matrices.

Kiyosumi-Shirakawa

LPPD RMSE FPR ρ̂

Adjacency -2281.270 0.227 0.934 0.745
Nearest (k = 5) -2504.171 0.238 0.925 0.422
Nearest (k = 10) -2553.014 0.241 0.922 0.250
Within (≤ 200m) -2498.425 0.237 0.926 0.394
Within (≤ 400m) -2523.141 0.239 0.924 0.265
Angle -2384.135 0.232 0.930 0.660

Kiba

LPPD RMSE FPR ρ̂

Adjacency -6620.576 0.296 0.876 0.756
Nearest (k = 5) -6648.999 0.296 0.877 0.783
Nearest (k = 10) -6396.574 0.289 0.882 0.813
Within (≤ 200m) -6886.085 0.301 0.873 0.667
Within (≤ 400m) -7043.031 0.305 0.870 0.619
Angle -6705.054 0.298 0.874 0.735

performed best for Kiyosumi-Shirakawa, the 10-nearest
neighbors based on the shortest path distance performed
best for Kiba. This implies that the perception utilities
of streets in Kiba more widely depend on each other than
those in Kiyosumi-Shirakawa. Yet, the simple adjacency
matrix overall performed well. The angle-based adjacency
matrix did not outperform the simple one.

Table 4 also reports the estimated posterior mean of spa-
tial parameter ρ̂ for each case. Regardless of the definition
of W, it was estimated as a positive value, indicating the
positive spatial correlation between the utilities of streets
spatially close to each other.

Estimation results Table 5 reports the mean, standard
deviation, and credible interval of the posterior of each es-
timated parameter for the SAR-MXL model, and Table 6
reports the effect sizes of the policy variables. The effect
sizes, elasticities for continuous variables and marginal ef-
fects for dummy variables were calculated using the re-
tained sample from conditional posterior. More specifi-
cally, we computed the mean, standard deviation, and cred-
ible interval of the effect size of k-th variable for each pair
(n, i) and then reported the means of the statistics over the
records of N × S. Direct effect sizes evaluate the effects
of a change in an attribute of a street on the probability
change of the street, while indirect ones evaluate the sum
of its effect on the probability changes of the other streets.

The main findings from the estimation results are four-
fold. Firstly, the spatial parameter was estimated as a large
positive value for both neighborhoods. This indicates a
high spatial dependence between the utilities of streets that
are spatially close to each other. Since we used a spatial

autoregressive (or spatial lag) specification, the utility of
a street depends not only on its attributes but also on the
attributes of the neighboring streets. The estimated indi-
rect effect sizes also indicate nontrivial spillover effects of
attribute changes of a street on its neighboring streets.

Secondly, the marginal effects together with the posi-
tive signs of the coefficients for the inner-boundaries vari-
ables indicate that the boundaries played as edges of the
cognitive area of the individuals. Therefore, mitigating
boundaries can be an effective way to expand the cog-
nitive area of a neighborhood. The results suggest that
the river boundary is the strongest edge of area cognition
in both neighborhoods. It has a particularly large effect
in Kiyosumi-Shirakawa, where on average a 7.0% change
in perception probability is suggested between inside and
outside the river boundary, while the change is compara-
bly trivial as 1.7% in Kiba. It also has a non-trivial indi-
rect marginal effect on surrounding streets, 5.0% change in
Kiyosumi-Shirakawa and 1.3% in Kiba, respectively. The
avenue boundary has less impact on perception probability
than the other boundaries in both neighborhoods.

Thirdly, as expected, the distance is negatively associ-
ated with the perception probability. A 1% increase in dis-
tance from the reference point decreases on average the
perception probability of a street by 0.49% in Kiyosumi-
Shirakawa and 0.36% in Kiba, respectively. We also cap-
tured observed heterogeneity by the interaction terms of
distance with personal characteristics and the direction in
which a street is located from the reference point. In Kiba,
women and people 40 years or older are in particular more
sensitive to distance, meaning that their cognitive areas
tend to be smaller than those of men and young people.
Residents who have lived in the neighborhoods for less
than 10 years also have larger cognitive areas than those
who have lived longer, possibly reflecting the ambiguity of
their cognitive areas.

The sensitivity to distance also highly depends on the
direction. A positive value of the coefficient for a direc-
tion interaction term mitigates the resistance to distance. In
Kiyosumi-Shirakawa, the streets in the south are the least
sensitive to distance, followed by the east, north, and west.
In Kiba, the streets in the north are the least sensitive to
distance, followed by the south, east, and west. This result
captures the effect of the extent of Kiba Park; indeed, most
respondents drew their cognitive maps so that the entire
area of the park is included (Figure 1).

Finally, we evaluated the extent to which the visual land-
scape features of the streets affect their perception proba-
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Table–5 Estimation result of the SAR-MXL model.

Kiyosumi-Shirakawa Kiba

mean std. dev. 2.50% 97.50% mean std. dev. 2.50% 97.50%

Spatial parameter
ρ 0.739 0.032 0.663 0.782 0.760 0.009 0.743 0.782
Fixed parameter
Intercept -0.303 0.169 -0.639 -0.011 0.057 0.096 -0.144 0.242
Boundaries

Inner river 1.225 0.134 0.994 1.508 0.195 0.031 0.134 0.256
Inner avenue 0.089 0.057 -0.022 0.201 0.016 0.025 -0.034 0.065
Inner admin. district 0.223 0.045 0.133 0.308 0.107 0.033 0.044 0.173

Distance × demographic chars.
Live less than 10 yrs 0.315 0.141 0.064 0.584 0.223 0.113 0.006 0.467
Visit once a month or less -0.092 0.173 -0.456 0.230 0.158 0.117 -0.032 0.401
Female 0.079 0.153 -0.268 0.341 -0.048 0.092 -0.227 0.126
40 yrs or older -0.065 0.155 -0.334 0.256 -0.241 0.098 -0.469 -0.087

Distance × direction
East 1.234 0.113 1.029 1.468 0.499 0.040 0.422 0.579
North 0.221 0.161 -0.092 0.536 1.295 0.046 1.209 1.394
South 1.690 0.112 1.477 1.916 0.765 0.050 0.669 0.864

Fixed parameter
Mean

Distance -4.017 0.239 -4.516 -3.612 -2.252 0.083 -2.416 -2.092
Green pixel 0.026 0.005 0.017 0.036 0.026 0.002 0.022 0.030
Building pixel 0.000 0.003 -0.005 0.006 0.003 0.001 0.000 0.005
Road pixel 0.014 0.004 0.007 0.022 0.005 0.002 0.002 0.009
Sky pixel 0.006 0.005 -0.004 0.016 0.016 0.003 0.011 0.021

Std. dev.
Distance 1.491 0.194 1.166 1.907 1.111 0.054 1.010 1.220
Green pixel 0.030 0.006 0.017 0.040 0.025 0.002 0.021 0.029
Building pixel 0.030 0.003 0.025 0.036 0.021 0.001 0.019 0.023
Road pixel 0.041 0.003 0.035 0.047 0.027 0.002 0.023 0.031
Sky pixel 0.043 0.005 0.034 0.053 0.041 0.003 0.035 0.047

bility in each neighborhood. In both neighborhoods, the
pixel values of Green, Building, Road, and Sky are posi-
tively associated with street perception probability, but the
credible intervals of their effect sizes included negative val-
ues, indicating their random policy effects among individ-
uals. Only the Green pixel value in Kiba clearly had a
(small but) positive effect on the street perception proba-
bility. This result indicates that street greenery forms the
spatial image of the Kiba neighborhood and increasing it
can reinforce such an image. However, the spillover effect
of increasing greenery has a very limited effect.

It should be noted that the effect sizes were the means
across all observations with the size of N×S, which might
have made the discussion on effect sizes unclear. We will
therefore focus on several representative streets in terms of
policy or location and analyze the effect sizes more specif-
ically.

7. Concluding remarks

This study proposed a Bayesian SAR-MXL model to an-
alyze multivariate binary choice data. Based on the semi-
nal work of Polson et al. (2013)7), we extend it to simulta-
neously capture inter-individual heterogeneity and spatial

dependence. The high performance of the framework was
demonstrated with both the numerical experiment and em-
pirical application.

In the application, we successfully captured the ob-
served and unobserved heterogeneity and spatial depen-
dence on to what extent the spatial attributes affect the
perception probability of streets. As such, the Bayesian
SAR-MXL model is a flexible framework to analyze sub-
jective spatial perception and can be applied to other con-
texts. One may use the SAR-MXL model as a choice set
formation model for a destination choice model. Since the
choice set definition is crucial in destination choice mod-
eling, the integration of our model may improve its pre-
dictability.

Note that our framework is for binary responses, which
may limit its applicability. Although the extension to
mixed MNL specification is not straightforward (Bansal et
al., 201910)), in the spatial statistics context, Krisztin et al.
(2022)13) successfully applied the PG-DA strategy to a spa-
tial MNL model and efficiently analyzed urban expansion.
Therefore, it would be appealing to seek the possibility of
extending our framework to an MNL case.
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Table–6 Effect size: Direct effect of a variable of the street of interest, and its indirect effect on the neighboring streets.

Kiyosumi-Shirakawa Kiba

mean std. dev. 2.50% 97.50% mean std. dev. 2.50% 97.50%

Marginal effects
Inner river

Direct 0.070 0.021 0.035 0.118 0.017 0.004 0.010 0.027
Indirect 0.052 0.015 0.027 0.083 0.013 0.003 0.008 0.020

Inner avenue
Direct 0.005 0.004 -0.001 0.013 0.001 0.002 -0.003 0.006
Indirect 0.004 0.003 -0.001 0.010 0.001 0.002 -0.002 0.005

Inner admin. district
Direct 0.013 0.005 0.005 0.023 0.010 0.004 0.003 0.017
Indirect 0.010 0.003 0.004 0.017 0.007 0.003 0.003 0.013

Elasticities
Distance

Direct -0.490 0.102 -0.714 -0.317 -0.358 0.064 -0.497 -0.246
Indirect -0.162 0.029 -0.224 -0.110 -0.117 0.019 -0.157 -0.084

Green pixel
Direct 0.061 0.049 -0.027 0.165 0.069 0.033 0.009 0.139
Indirect 0.005 0.005 -0.003 0.015 0.004 0.002 0.0004 0.009

Building pixel
Direct 0.111 0.141 -0.153 0.398 0.087 0.055 -0.017 0.196

Indirect 0.002 0.002 -0.003 0.006 0.0004 0.0003 -0.0002 0.001
Road pixel

Direct 0.159 0.186 -0.197 0.532 0.054 0.085 -0.110 0.225
Indirect 0.001 0.001 -0.001 0.004 0.000 0.0005 -0.001 0.001

Sky pixel
Direct 0.034 0.087 -0.130 0.211 0.047 0.039 -0.025 0.128
Indirect 0.0002 0.002 -0.003 0.004 0.0009 0.001 -0.0003 0.002
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